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Composite Finite Elements for 3D Elasticity
with Discontinuous Coefficients

Lars Ole Schwen* Tobias Preusser’ Martin Rumpf*

For the numerical simulation in continuum mechanics the Composite Finite Element (CFE)
method allows an effective treatment of problems in which material parameters are discontinu-
ous across geometrically complicated interfaces. Instead of complicated and computationally
expensive tetrahedral meshing, specialized CFE basis functions are constructed on a uniform
hexahedral grid. This is a convenient approach in practice because frequently in biomechanics
geometric interfaces are described via 3D image data given as voxel data on a regular grid.
Then, for a particular coupling condition that depends on an underlying physical conservation
law and the local geometry of the interface, one constructs CFE basis functions that are capable
of representing functions satisfying this coupling condition. In this paper we present in detail
this construction for heat conduction and linear elasticity as scalar and vector-valued model
problems. Furthermore, we show first numerical results.
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AMS Subject Classifications (MSC2000): 74505, 74B05, 65D05, 65M60, 65N30

1 Introduction

In many technical and medical applications physical processes on multi-phase materials with
complicated interfaces have to be simulated. Let us mention a few examples. Technical applications
include heat conduction in chip design [9] and the elastic behavior of composite materials, e.g. [23].
Some medical applications are the simulation of heat distribution during RF ablation therapy [15],
electric fields in the human body as the forward problem of electrocardiography [12], the brain
shift in neurosurgery [35], and effects of vertebroplasty on macroscopic properties of trabecular
microstructure [14].

The standard FE procedure in this context is to generate a geometrically complicated simplicial
(i.e. triangular or tetrahedral in 2D or 3D, respectively) FE mesh that represents the interface between
the different materials and then use relatively simple FE basis functions for the discretization of
the physical quantities. Good 3D meshing, however, is not a trivial task [2, 10, 28, 30, 29] and
may require substantial user interaction. There are already various approaches available in the
literature that avoid meshing, see [6, 1, 16, 8] for overviews on those “meshless methods”. In
many applications, the geometric description of the objects considered is obtained by 3D imaging

*Institute for Numerical Simulation, University of Bonn = Endenicher Allee 60, 53115 Bonn, Germany
{martin.rumpf,ole.schwen} @ins.uni-bonn.de

TFraunhofer Institute for Medical Image Computing MEVIS; Jacobs University Bremen
tobias.preusser @mevis.fraunhofer.de


mailto:ole.schwen@ins.uni-bonn.de
mailto:tobias.preusser@mevis.fraunhofer.de
mailto:martin.rumpf@ins.uni-bonn.de

L.O. Schwen et al. Composite Finite Elements for Discontinuous Coefficients

(MRI, CT, ...). Such voxel data inherently defines a uniform (topologically) hexahedral grid.
Binary segmentation and assigning material properties (cf. [20, 33, 19, 31, 37, 5] for the case of
material-void interfaces) suffers from a non-smooth interface representation. This can be remedied
by subsequent smoothing of the mesh [3], at the possible cost of distorting elements.

As an alternative, the Composite Finite Element (CFE) [26, 17, 25, 24] method presented here
uses a standard hexahedral grid and represents the geometric complexity of the interface via
adapted basis functions. Given the geometry of an interface, material properties on both sides and
a physical conservation law, one can derive local coupling conditions for the physical quantity
under consideration, e.g. continuity along the interface and a discontinuous derivative across the
interface. CFE basis functions are constructed such that they can suitably represent this behavior
when applying a corresponding nodal interpolation on the standard hexahedral grid.

The overall construction of the adapted basis function is as follows. The hexahedral grid cells are
first divided in six tetrahedra. These are further subdivided such that the interface is approximated
via piecewise planar facets. This local construction is never stored but only temporarily generated to
assemble the required finite element matrices. We refer here to [17] for the algorithmic description
of this temporary subdivision process in the context of composite finite elements and to the classical
marching cubes [18] and marching tetrahedra [32] algorithms for the overall algorithmic approach.
In [17] composite finite elements are discussed in the case of complicated domain boundary
represented as level sets of a given function on a hexahedral mesh, whereas in this paper we treat
the case of complicated interior interfaces. Thus, based on this local and temporary grid, we present
here the construction of a local linear interpolation scheme from neighboring nodes of the “regular”
computational grid to additional nodes on the local, temporary grid obeying the local coupling
condition. These interpolation weights are used to compose CFE basis functions as weighted sums
of standard affine tent functions on the virtual grid—hence the term “composite”.

Outline of the article. 'The intention of this article is to provide a detailed discussion of coupling
conditions and consequently the construction of CFE basis functions for two model problems:
(scalar) heat conduction and (vector-valued) linear elasticity. In Section 2, we will discuss the
construction for 2D isotropic heat conduction, already explaining all essential steps in the simpler
scalar case. Furthermore we investigate how this can be extended to 3D and anisotropic material
properties. The CFE construction for 2D Lamé-Navier elasticity and its extension to 3D and
anisotropic linear elasticity is then presented in Section 3. Some algorithmic aspects assembling
CFE matrices are discussed in Section 4. Finally, Section 5 shows first results obtained by the
proposed CFE method.

2 Composite Finite Elements for Heat Diffusion

Let us first consider heat diffusion as a scalar model problem, with the corresponding elliptic
operator

u— —div(AVu) ey

on a domain Q for A being a second-order thermal diffusivity tensor and temperature u. We
assume that the domain Q is subdivided into two subdomains Q4 and Q_ (Q = Q; UQ_ and
Q. NQ_ = 0) with a piecewise smooth but geometrically complicated interface Q, N Q_. The
diffusivity, represented by the diffusion tensor .4 is now allowed to jump on the interface. In
what follows we already assume that the interface is piecewise polygonal and consists of facets of
simplices generated in the local subdivision step mentioned above.
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2.1 Coupling Condition for Isotropic Heat Diffusion in 2D

At first we consider isotropic heat diffusion with corresponding operator
u— —div(aVu) ()

with a scalar thermal diffusivity coefficient a (i.e. A = al in Equation (1)). Energy conservation at
the interface implies a continuous heat flux across (i.e. in normal direction N to) the interface

(a*Vu' ,N) = (a~Vu ,N) 3)

which translates to
8Nu+ = a—+8Nu_ =. K'aNu_ (4)
a

where k will be referred to as “kink ratio” and where we use the notation (-, -) for scalar products in
R?. Moreover, the temperature u is continuous along the interface.

2.2 Locally Admissible Profiles

Let us now consider a point z on the interface between Q_ and Q. with (unit) normal N and (unit)
tangent 7', see Figure 1 (middle). Such z will be called virtual node to reflect that the node is only
used for the construction of basis functions but has no associated degree of freedom (DOF). A
locally (in a neighborhood of z) admissible temperature profile has the form

u.x'_){K(b(x—z),N)+c<x—z,T)+d xeQ,, 5)

(b(x—2z),N)+clx—z,T)+d xeQ_.

The space of locally admissible temperature profiles is spanned by the local prototype functions

(x—z,N) forxeQ_

mx) = (x—zT)
Mm(x) =1

K(x—z,N) forxe Q
no(x):{ < > +

(6)

2.3 Simplex-Wise and Local and Interpolation Scheme

Now let o = (rg,r1,r2) be three nodes of a triangle containing an interface point z on an edge. We
will apply the following considerations for a triangle generated by the first not interface adapted
subdivision of initial regular mesh. Without any restriction, let rg,r7, € Q_ and r| € Q. , see Figure 1
(middle).

Now, we ask for an interpolation scheme on ¢ of the form

u(z) = wlu(ro) +wilu(ry) + wiu(rp) (7)

that is capable of correctly interpolating any locally admissible function. Taking into account the
local prototype functions 7);, we obtain the system of linear equations

No(z) = wno(ro) +wi'no(r1) +w2no(r2)
N1(z) = wni(ro) +wi'ni(r1) +wini(r2) ®)
N2(2) = w'ma(ro) +wi' ma(r1) +wrna(r2)
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Figure 1: Left: Interface (red line) cutting through a square of the regular grid, divided in two
regular triangles 0y, 07 subdivided in virtual triangles (by dotted blue line). Middle:
Normal and tangential directions at a virtual node z in a triangle (ro,r1,r2). Right:
One virtual node z lies in a tetrahedron (r,...,r3) being cut by an interface (red
plane) with normal direction N and tangential directions S and 7.

corresponding to the system of equations

<r0_Z;N> K(l’l—Z,N> <r2_Z7N> W;O 0
(ro—z,T) (n—-zT) (n—2zT)| [wi'| =10 )
| | 1 W 1

which we can solve for the interpolation weights. Let P, be the set of adjacent simplices to one
virtual node z, cf. Figure 1 (left). In case of a planar interface, the interpolation is exact on any
adjacent simplex. If the interface is curved and thus the piecewise planar approximation of the
interface is not globally planar, this is no longer true. In either case, arithmetic averaging of
the interpolation weights over all adjacent simplices (up to ignoring very thin or small and thus
“numerically unreliable simplices”, cf. [24]) can be used to define a local interpolation operator.

Let the notation w>° denote that the interpolation weight from r to z was obtained on the
simplex 0. Moreover, let the tilde indicate that the averaged interpolation weights will now be used
for a different purpose:

A (10)
[P (,;D
Let C"8(z {r regular node | W] # 0} be the set of constraining regular nodes (short: constraints)

of a Vlrtual node z. Interpolation of u from regular nodes r to a virtual node z is then defined as

Z (an

recing(z

2.4 Composite Finite Element Basis Functions

Starting from the regular hexahedral grid, a virtual grid can be defined by first subdividing each cube
in six tetrahedra, adding the virtual nodes and introducing additional edges consistently across facets
of the cube and in such a way that we obtain a piecewise planar approximation of the interface. This
construction is an automatic and purely local operation. Standard piecewise affine basis functions
on this virtual grid will be denoted virtual basis functions y*. The term “virtual” reflects the fact
that these will not be used directly for the calculation because the virtual tetrahedra may be of very
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low quality (e.g., there is no lower bound on their aspect ratio [30]). DOF are associated only to
nodes of the regular hexahedral grid.

Let us now reinterpret the interpolation of Subsection 2.3 to use it for the construction of CFE
basis functions: we consider linear combinations of virtual basis functions y* (with DOF on the
local auxiliary grid) to obtain CFE basis functions y“FF (with DOF on the regular rectangular grid
only).

For this purpose, let us interpret the interpolation weights in Section 2.3 in a different way:
consider a function b with discrete values b(r) = 1 at the regular node r and b(s) = 0 at all other
regular nodes s, then by (11) the interpolation of b at a virtual node z is Z[b](z) = w’. Even though

such b does not globally satisfy (3), we can use w’, as a (coarsening) weight with which the virtual

basis function (pzA contributes to a CFE basis function ¢CFF.

Let C(r) = {z virtual node | r € C"¢(z) } U{r} and W, := 1. We define the Composite Finite
Element (CFE) basis functions as

Y ) = Y W (x) (12)
zeC(r)
and define
SCFE . — span { l//,CFE | r regular node}. (13)

For two regular nodes r, s, we have W), = &,; (with the Kronecker symbol §). This implies nodality
of the basis functions, thus the ' indeed form a basis. Due to the construction, they are piecewise
affine with additional kinks at the edges of the virtual grid. The last equation in (9) implies that
they form a partition of unity. However, (12) is not a convex combination, thus basis functions may
attain negative values; moreover the support of CFE basis functions is still local but larger than
for standard piecewise affine FE (resulting in a different sparsity structure of CFE matrices, see

Figure 3). Figure 2 shows examples for 2D CFE basis functions.

2.5 Extension to Anisotropic Heat Diffusion

In case of anisotropic heat diffusion (1), the coupling condition is still relative to the orientation
of the interface with normal N = (Ny, N1) and tangent vector T = (Tp,T}). For the change of the
coordinate system from the canonical basis to the basis (N,T) we obtain

NO N] 80u . aNI/l

TO T1 81u N aTu

dou| [No To| |Ovu| . |Onu
< {&u] N {Nl TJ {&Tul =0 {8Tu}

with the orthonormal 2 x 2 transformation matrix G. The continuity of the heat flux in normal
direction, (A*Vut N) = (A~ Vu~,N), now reads as follows:

(14)

(ATG PN“i] N)=(AG [aN”_} N). (15)

aTI/t aTl/li
Thus, written in components and using Einstein summation convention we get

A?ijNigNujL + .Aj;T]N,aTLﬁ = A[;NjNiaNui + A:jT]]VzaTui (16)
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Figure 2: 2D CFE Basis functions are depicted. In the first row a top view with the virtual grid
is shown, whereas in the second row a side view is displayed using a hsv blue-to-red
color transition to additionally encode the values of the basis function. Away from the
interface, we obtain standard piecewise affine tent functions on the usual cross grid
(left). Near the interface indicated by magenta lines the CFE construction produces
modified basis functions for a kink ratio k = 10 (middle and right).

so the complete set of of coupling conditions at the point z is given by

[ASNN; AjjTjNi} [amﬁ} _ {A,}N;Ni A,._jTjN,} [aNu—}

0 1 8Tu+ 0 1 aTLt_
pa pa
-aNqu =1 p— 8Nu* . Kyy Knr 8Nu*
;5_8Tu+}_(1() Ko | ] = o ] fow (a7

where K™ is invertible iff A?;N iN; # 0. The entries of K depend on the thermal conductivity tensor
A and the local geometry (N, T).
Again, for the isotropic case A = 1, Equations (15) and (17) simplify to (3) and (4), respectively.
Prototype functions for locally admissible temperature profiles in this case are:

Kyn(x—2z,N forx € Q
o) = T -
(x—2z,N) forxe Q_
) Knr(x—2z,N)+ {(x—2,T) forxcQ, (18)
x) =
m (x—2z,T) forxeQ_

m(x) =1

The remaining construction using these local prototype functions, i.e. setting up and solving a
system similar to (9), averaging interpolation weights (10), and defining CFE basis functions (12))
is done in the same manner as before.
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2.6 Extension to Heat Diffusion in 3D

In three space dimensions, we have the normal direction N plus two tangential directions S and 7',
cf. Figure 1 (right). This implies in the isotropic case that locally admissible temperature profiles
are of the form

X Kb<(x_z)7N>+CO<X_Z7S>+CI<X_Z7T>+d X€Q+ (19)
b((x—z),N)+colx—2z,8)+c1(x—2z,T)+d xeQ_
and can be written as a linear combination of the prototype functions
K(x—z,N) forxeQ
T’()(X) — < > + ,
(x—2z,N) forxeQ_
Mnx) = (x—1z>95), (20)
772(x) = <X_Z>T>7
mx) =1.

If we consider a tetrahedron with vertices ro,r, € Q_ and ry,r3 € Q. (see Figure 1, right), we
obtain the system of linear equations (cf. Equation (9))

<V()—Z,N> K<r1 _Z7N> <r2_Z7N> K<r3_Z7N> W;’O
<7'0—Z, S> <I"1—Z, S> <r2_z7 S> <I"3—Z, S> W?
<7’()—Z,T> <I’1—Z,T> <7'2—Z,T> <l”3—Z,T> sz

1 1 1 1 wi

21

— o O O

to be solved for the interpolation weights w.’. Again, the remaining construction is performed as in
Subsections 2.3 and 2.4. Now, let us consider the anisotropic case. Using (cf. Equation (14))

8014 8Nu N 0 SO TO
dul =G asu with G= |N; S1 T, (22)
hu oru Ny, S T

the anisotropic coupling condition (cf. (17)) is of the form

[ALNN: AfSiNg ALTiNG [ou™ AGNiN; ADSiN ADTiNG| [owu
0 1 0 aslxtJr = 0 1 0 aguf
L 0 0 1 8Tu+ 0 0 1 oru~
[Oyu™ Kny Kns Knt| |[Ovu™
= asu+ = 0 1 0 dsu™ | . (23)
_&Tbﬁ 0 0 1 aTl/li

Locally admissible profiles 1 are defined in the same manner as in (18) and (20) and the remaining
construction is again the same as in the previous subsections.
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3 Composite Finite Elements for Linear Elasticity

Linear elasticity is described by the elliptic operator
u— —div(Ce(u)) (24)

with the symmetrized gradient (strain) &(u) = 3 [Vu~+ (Vu)T] for a displacement u and a fourth-
order linear elasticity tensor C. Coupling conditions are obtained from continuity of u in tangential
direction and the equilibrium of forces at the interface, i.e. continuity of the normal stress

Cte(u ) N=Ce(u )N (25)
across the interface (in normal direction N). We will see that this generally implies a coupling of the
derivatives of all spatial components of u. The Lamé-Navier elasticity tensor (isotropic) is given by

E-v E

Cijki = A8ij0u + 1 (6 0j1 + 8ubj) with A = (1+v)(1 —2v)’“ - 2(14v)

(26)

where the Lamé numbers A, 1 depend linearly on Young’s modulus E (stiffness) and nonlinearly on
Poisson’s ratio v (bulging/volume conservation parameter). Moreover, the normal stress is given by

Ce(u)N = A(divu)IN + p (Vu+ Vu' )N = A(divu)N + p (Vu+ Vu' ) N. (27)
We are interested in the case where both £ and v are discontinuous across an interface.

3.1 Coupling Condition for Lamé-Navier Elasticity in 2D

Let N = {NO] and T = [TO} , then we can express Vu in terms of directional derivatives (cf. (14))

M T
No To| _ |douo Jiug| [No To| _ |Onuo Irug
Vu {Nl T1:| - |:a()l/t1 81u1 N1 T1 o aNul aTl/tl (28)
so that
Vy— dvug OJrug| (No To|  |dvuo Jrug| [No N
- |Ovur Orui| [Ni Ti|  |[Ovur Orui] |To Th
_ Noonug + Todrug  Nyodyug + Ty 9drug 29)
Nooyui +Todruy  Nioyui +Tioru; |’
divu = tr Vu = Nydyug + Nionuy + Todrug + T 9ru; .
Hence
Vit vl — 2Nodnug + 2Tyorug Nidyug + T drug + Nodyui + Todruy
Nooyuy + Todruy + Nydyug + T drug 2Njonyuy + 2T druy
_ . oNug  drug
=2¢e(u) =:2G {81\’”1 druy | (30)
_|No Ny . _ 1
If weletR = , then the fourth-order tensor G is given by G;jx; = 5 (5,~le j+o ijl,-).
v T, 2

Now, we collect the terms necessary for computing C€(u)N:

(2N§ +N12)3Nu() + (N0N1)8Nu1 + (2N()T0 + N; T])aTM() + (Nl T())aTul

Vu+Vu' )N = :
( ) |:(N()N1)8Nu()—|—(N§—|—2N12)aNM1 +(N0T1)8Tu0+(N0T0+2N1 T])&Tul

8
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. . N&&Nuo -+ NoN;dyuy + NoTodrug + NoTy druy
(divu)N = NoN 9o+ Nidyuy + Ny Todrug + N1 Ty druy D
Making use of the orthonormality of N and T (Ng —|—N12 = TO2 + le =1, NoTop + N T = 0) we obtain

[ANZ + 1 (14 N3)] dwuo + [ANoNy + UNoN; | Oyuey + . ..

CS(M)N _ T MNOTO + ,I.LN()T()] drug + MNOTI + UN; To] oruy
MNONI —l—,LLNoNl] oyug + [ANIZ + H(l —{-le)} oyuy + ...

...+ MN]T() —l—,LLN()Tl] drug + [7LN1T1 —I—[.LNlTl] oruy

(32)

Hence, the coupling condition across the interface is given by the system of linear equations

(ATNG+ 1T (14+N3) ATNoNy+uTNoNy A TNoTy+ 1 NoTo A TNoTy + 1 Ni Ty | [ovug ]
ATNoNt + Ut NoNy  ATN? +ut(14+N3) ATNITo+u ™ NeTy ATNTy +u Ny Ty | | Owuf

0 0 1 0 orug

i 0 0 0 1 ] _aTuT_
_)\«_Ng +u(1 —|—N3) A NoNy + U1~ NoNi A~ NoTo+u NoTy A~ NoTy + ,U_NIT()_ —8Nu5_
A~ NoN1 + u~ NoN; ;L_le—F,U_(l—Fle) A NiTy+u NIy AN\Ti +u N Ty 8Nu]‘

0 0 1 0 aTLta

0 0 0 1 O, |

which we abbreviate by K [8Nug,8Nul+,8Tua“,8TuﬂT =K [8Nu6,8Nu1’,8rua,8Tuﬂ " and
finally obtain

3NM§ Uy Knony Knony Koty Kngr, | | Onvig
ONUY | _ iyl o |ONUy | o | KNy Kvivy Ky Kwyry || Ovuey
8Tu(‘{ o (K ) K 8Tu5 o 0 0 1 0 8Tu5 (33)
aTuT 87"141_ 0 0 0 1 8Tu1_

where again the structure of (K +)_1 K~ follows from simple matrix algebra. Clearly, the coupling
condition K, depends on N, T (the “direction” of the interface) and AT, [.Li (Lamé-Navier material
properties). Let us point out that, in Equation (33), normal and tangential derivatives are even
coupled for v = 0 (which implies A = 0) and a jump only in E.

Note that K™ is in fact invertible if the upper left block has strictly positive determinant

det ATNZ+ut(1+NZ)  ATNoN; + 1t NoN,
ATNoNy + 1T NoNy  ATNEZ +put(1+N?)
et Ng(l++“+)+“+ (l++u+)N0N1
(AT +ut)NoNt  NF(AT+ut)+put
2
= (NoAT +u") +u") (AT +ut)+ut) = (AT + 17NN )
= NoNF (AT + 0>+ ut (NG +ND) (AT +u7) + (uF)? = NgNF (AT 4 u7)?
=ptA+p) + () >0

(34)

which is satisfied for physically meaningful values of £ >0 and —1 < v <0.5.
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3.2 Locally Admissible Profiles

Again let us consider a point z on the interface between _ and €, with (unit) normal N and (unit)
tangent 7. Locally admissible displacements now lie in the span of

( _KN()N() 0 <X—Z,N> ( _KNONI 0 <x_Z’N> xeQ
KNIN() 0 <X—Z, T> Ky N, 0 <X_Z7T> i
No(x) = (o , M) =9 F 0 ,
| o \ _(x—z,N>] xeQ.
( _KNoTo 1l | (x=z,N) ( _KNOTl 0 |x=2N) x e (35)
Ky O (x—z,T) Kvr 1] |[&x=zT) "
Mm(x) = [ , M) =< F 0 ,
| 0 ] \ _(x—z,T}] xeQ_
Na(x) = {(1)] , ns(x) = [ﬂ

3.3 Simplex-Wise and Local and Interpolation Scheme

Let us again consider the simplex formed by (rg,r1,r2) with ro,r, € Q_ and r; € Q. (cf. Figure 1,
right). The simplex-wise interpolation scheme (cf. Equation (7)) is now given by

[uo(z)} _ [uo(ro)} LW {uo(n)} e {uo("z)} (36)

ul(Z) ul(l”o) ul(r1) u1(}’2)

with interpolation weights W.’ which are now 2 x 2 matrices. We have six prototype functions,
each of them with two components. Hence, we obtain twelve equations to determine the twelve
unknowns in the interpolation weights: 1;(z) = W, °n;(ro) + W; 'ni(r1) + W;?n;(r2) Vi implies

. _O- _ 10 _<r0_Z7N>_ 1 -KN()N() 0 <7"1 Z7N> r <r2_Z7N>
No: o =W, _ 0 | +W, Kvy, 0] [(n—2.T) +W, 0 ,
. _O- Ry 7441) 0 r -KNoNl 0 <7"1 - Z7N> ) 0
m: 0] = | (ro—2,N) | W Ky, O] [(r1—2,T) +We (r,—z,N) |’
. 0] — W' _<r0 _Z7T>- T _KNoTo 1 (r1 _Z7N> r <’"2 _Z,T>
n: _O_ = WZ I 0 | +Wz _KNlTO 0 <r1 _Z,T> +‘/VZ 0 s (37)
. -0- — wro [ 0 | r _KNOTI 0 <I’1 —Z,N> ) 0
M- _0_ o WZ _(ro _Z,T>_ +WZ _KNlTl 1 <I‘1 —Z,T> +‘/VZ (r2 —Z,T> !
[1] (1 1 1
o el el
0 =0 <0 <0
. -0- _ ro _O r1 O mn 0
ns: 1 =W, _1] +W, 1 +W, 1l

The resulting weights are general 2 X 2 matrices, in particular they are not symmetric or even
diagonal.

10
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3.4 CFE Basis Functions for Linear Elasticity

To build continuous CFE basis functions, we apply the same averaging scheme as in Equation (10),
now applied to the matrix valued weights and obtain

W/ ’P| Y wre. (38)

ocP;

Finally, the CFE interpolation operator (cf. Equation (11)) is defined as follows

I{Zﬂ )= Y W {”O(r)}. (39)

recing(z) ui (7")

Let ‘PZA;(X = l;/zA &4 be a standard tent function on the virtual grid “in space direction o and W/ = 1
for regular nodes r. Then the vector-valued CFE basis functions (cf. (12)) are constructed via

YIE) = Y W)= Y vA W e, (40)
zeC(r) z€C(r)

Note that a single virtual basis function ‘PZ « only discretizes displacement in one space direction o
whereas a single CFE basis function ‘PCFE (near the interface) may have contributions in all three
space directions because the weights Wzr are not diagonal.

Again, Ws’ = J,,1 implies nodality of the basis functions (which thus in fact form a basis), the
bottom four equations in (37) imply that they form a partition of unity.

3.5 Extension to Anisotropic Linear Elasticity

In an anisotropic linear elasticity setting, the normal stress condition (25) still holds. Using G
defined in Equation (30), we obtain (cf. (27))

ovug  Orug ovus  drus
+ Nt  9THo | v — NUg  Orly
G [8Nuf aT”T] N=C"G {&Vul‘ aT”f] N (41)
or, in components:
ovug  Orug oyu, OJru,
+ N T*g . —C- NYq TUg )
Cijleklmn |:aNu—1i_ aTui":| man C;Jleklmn |:aNM1_ 9Tu1_} NJ. (42)

Expanding both sides of (42) (a vector of length 2) yields more complicated expressions than (32),
but it is obviously still linear in 8{ ~,T}U{0,1}- Hence it can be rewritten in the same way as above in

(33). The remaining construction is done in the same fashion as in the previous Subsections 3.2, 3.3,
and 3.4.

3.6 Extension to 3D Anisotropic Elasticity

In 3D, let again N be the normal and S, T be two tangential directions so that N, S, T are orthonormal.
Using (29) we can define the fourth-order tensor G as the 3D analog of (30):

dyuo dsug  Irug
28(u) = Vu+VuT =:G | dyvu 8Su1 druy | . 43)
8Nu2 a_guz 8Tu2
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Let us now only consider general anisotropic linear elasticity. The normal stress can then be
written in the form (cf. Equation (32))

dnug Idsug  drug
Ce(u)N = CijxiGiimn | Onur dsur drup| N

oNuy Odsur Odrun o

my x5, (Owtto, uy , i, dsuo, dsuy , Asua, dyug, druy, Iy ) e
= m(clzv s.7(Onuo, Onur, Iyuz, dsuug, dsuy, sz, drug, druy, druy)
m(c 3\, s.7(Onuo, Onur, Iy, dsug, dsuy, s, Iy, druy, druy)

()
C,N,S,T
depending on C*,N., S, and T. The continuity of normal stress can be expressed as (cf. (42))

where the m are linear in each partial derivative of each component of u with coefficients

8Nu0 (95148r or u6L (9]\]1/16 8Su5 or ua
8Nu2 aSu; or u; mn aNuz_ asl/tz or Uy mn

and we obtain a coupling condition of three equations for the normal direction, plus six equations
from the continuity in tangential direction. Both in case of Lamé-Navier elasticity and for the fully
anisotropic linear case, the normal stress is of the same form as in Equation (33):

[ovug | [Knony Knony KnoNs Knosy  Knos, Knos, Kwory Knori Knors | [Ovug |
oyt Kvny Kninvy Kviv, Knvis, Knis, Kvis, Knr Kvyr Kwvyn || Ovuy
Nty Knng Kwonvy Knon, Kinpsy Kinys, Knys, Koy Knyr Kwyry || Oty
agug 0 0 0 1 0 0 0 0 0 agug
dsu; | =| 0 0 o 0 1 0 0 0 0 ||du]| @6
Osu; 0 0 0 0 0 1 0 0 0 dsu;
orul 0 0 0 0 0 0 1 0 0 Oruy
oru; 0 0 0 0 0 0 0 1 0 Oruy
ou;| L0 0o o o o 0o 0o 0 1 ||ou.

Locally admissible displacements now lie in the span of the following local prototype functions
10, M1t with (j = 0,1,2) (cf. (35)):

( _KNon 00 <X—Z,N>
Kyny, 0 O x—2z8 xeQ
Moss () = { [ S oes) "
Knynv, 0 0] | (x—2,T)
[ (x—2,N)é; xeQ
([Knos, S0 O] [(x—2,N)]
Ky s. 6; 0 x—2z,8 xeQy
Mg =4 |05 o TR ,
[Knys; 62 O] [(x—2,T)] (47)
k<x_Zas>Zj xe_
( _KNQTJ' 0 50j_ _<X—Z,N>_
Ky, 0 61| | (x—2,8)| xeQy
No+j(x) = K Y ’ :
|Knor; 0 & [(x—2,T)]
k<x_Z7T>gj XEQ_

Moy j(x) =¢€;.
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In the same manner as before, we now need to determine an interpolation scheme

up(z) uo(ro) uo(rn) uo(r2) uo(r3)
ul(z) = VVZrO ul(ro) —|—Wzr1 ul(rl) +WZVZ ul(rz) —I—‘/Vzr3 ul(}’g) (48)
uz(z) uz(ro) up(ry) uz(r2) uz(r3)

where the 36 unknown entries of the four interpolation weights in the W,’ are determined by
plugging the spanning functions 1 into (48) which yields 12 -3 = 36 equations. Again, we go
through the same remaining construction as in Subsections 3.2, 3.3, and 3.4.

4 Assembling CFE Matrices

In the implementation, neither the virtual grid nor the CFE basis functions are explicitly stored. The
CFE basis functions are temporarily and locally constructed to assemble the finite element matrices.
Here we consider the assembly of the corresponding mass and stiffness matrices, which enables
the solution of linear elliptic but also linear parabolic problems with implicit time discretization.
We confine here to the most general case of linear elasticity and do not detail the case of scalar
problems. Entries of the FE mass matrix M and stiffness matrix L for the heat conduction case are
defined as follows:

M= [ W= Y Y wied [ vfu, (49)

2€C(r) yeCl(s)

L= [ a@VyS®- vy = ¥ ¥ wiwy [ a0 Loy (50)

z€C(r) yeC(s)

The global matrices are assembled using the usual element-by-element technique of computing
per-element contributions and summing them up in the global matrix. We can make use of the
fact that rows corresponding to nodes sufficiently far from the interface are essentially identical
throughout Q_ and Q. (and need to be stored only once), for this and further algorithmic aspects
we refer to [17].

Mass Matrices. Recalling Equation (40), we can write the (block) mass matrix for the elasticity
problem as follows

(Mgp)rs = / ¥ia W = / ( Y Wiy é’a) ( Y Wy 513)

zeC(r yeC(s)

- ¥ zzvv s / VAV oD

z2€C(r)yeC(s) k

Note that Mg has 3 x 3 block structure with nonzero off-diagonal blocks.

Elasticity Matrices. For the linear elasticity matrix, we have to evaluate

o= [ Ce(weiF) - e(wR)
(52)

_ Z Ciimn [8 (‘PCFE) +8n(‘PS;EcE)m} [8k(\P

(9 \PCFE
lemn 4 )l+ ( )]

s
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Figure 3: Visualization of (a) a CFE stiffness matrix for jumping heat conduction coefficient
with k¥ = 2, (b) a CFE mass matrix and (c¢) a CFE elasticity stiffness matrix for
(E~,v7)=(1.0,0.3) and (E~,v~) = (1.5,0.1) are shown. For comparison, (d) an
affine FE stiffness matrix and (e) a CFE elasticity stiffness matrix for a complicated
domain and (E,v) = (1.0,0.3) are also shown. A nonlinear HSV blue-to-red color
scale m== = represents the values of nonzero entries where green are entries almost
equal to zero and white are entries exactly equal to zero.

and hence terms of the form

A [amCPS;EE)n} [achEEE)z] = /Q[ Y (W) mw?] LZ <W;>z;s8kwf]

(33)
= L X W [ v oews”
z€C(r) yeCl(s)
have to be computed. Finally, we obtain
Z Z Cklmn ) ( )lﬁfg mYz ak‘l/y ( ) ( )kﬁfg mWz 8l‘l/y . (54)
2 klmn Wr)ma(Ws)lﬁ Jo V2 0V + (W )ma(W)ip Jor On s Oy

In Figure 3 we visualize the sparsity structure of CFE matrices compared to affine FE and CFE
for complicated domains [17] with 15-band structures in each block. The underlying grid is a
discretization of [0, 1] using 5° nodes and interface at |x| = 0.8v/3. CFE for interior interfaces
yield a significantly denser band structure compared to CFE on complicated domains. Moreover,
off-diagonal blocks in the block mass matrix (c¢) contain nonzero entries corresponding to nodes
near the interface.

5 Numerical Results

One major advantage of the structured hexahedral grid underlying the CFE computation is the
underlying hierarchy of meshes. This in particular permits the use of geometric multigrid strate-
gies [4, 38, 39, 11] for solving or preconditioning. For the scalar heat conduction problems, we
have so far used standard coarsening (applying the same weights as for piecewise affine finite
elements, which are not adapted to the interface) up to some fixed coarse resolution and used one
(3,V,3) cycle with Block-GauB-Seidel smoothing in a preconditioned conjugate gradient solver to
improve convergence. For the vector-valued case, we have so far used a preconditioned conjugate
gradient solver with block-SSOR preconditioning [13]. A four-stripe zebra-type ordering of the
unknowns [7] can be used for parallelizing the preconditioner. The results were visualized using
POV-Ray and VTK.
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Figure 4: Interface and spherical profile of function to be approximated.
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Figure 5: Approximation quality: Estimated convergence orders for the difference between
CFE approximation and a given analytic function (middle row) and the CFE solution
of an elliptic boundary value problem and the analytic solution (bottom row) for kink
ratios ranging between 1 (no kink) and 10® measured in L™, L?, and H' norm when
refining the grid: 5° ¢ 93 + 173 [1 333 x 65 A 1293 o 2573

Approximation of a Given Function. Let us consider the spherically-symmetric function with
a kink across the spherical interface shown (cf. Figure 4). If we compute the error between the
analytic function and its CFE approximation at different resolutions, we observe second order
convergence in the L and L? norm and first order convergence in the H' norm, where are the
approximation order breaks down in case of standard affine or multilinear FE on the same regular
hexahedral grid. Due to the built-in averaging at non-planar interfaces, the approximation quality
depends on the range of kink ratios. In explicit, we do not expect a proper approximation for very
large kink ratios.

Heat Conduction Simulation

As an example for a heat conduction simulation, let us consider a hexahedral sample of aluminum
foam (Al) embedded in polymethylmethacrylate (PMMA) with edge length 6.81 mm, resolved by
2573 voxels. A time-dependent heat conduction problem is then described by the partial differential
equation initial and boundary value problem

3 [pe(x)u(x,1)] = div[A(x)Vu] inQ,

u(x,0) = 293.15 inQ,
u(bottom, 1) = 194.65 >0, (55)
(top, ) =373.15 t>0,
ou(x,1) =0 elsewhere on dQ
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t=40.0

Figure 6: Results of a time-dependent heat conduction simulation on an aluminum foam em-
bedded in PMMA. An almost steady state is reached much faster in the aluminum

than in the PMMA.
undeformed deformed x displacements  y displacements  z displacements

—0.03 m== = 0.03 —02m==0.0

Figure 7: Results of an elasticity simulation: Compression of a sphere (E, = 10.0,v, = 0.1)
embedded in a cube (Eg = 1.0, vg = 0.3) by 20 %.

with volume-specific heat capacity pc = {2.43,1.75} - 10° J/m? K for aluminum and PMMA,
respectively, and thermal conductivities A = {237.0,0.19} W/mK (thus a kink of ratio 1247 in A).
A visualization of the geometry and the temperature distribution at different times is shown in
Figure 6. The figure shows the development of the temperature distribution towards a steady state
with fast heat flux through the Al and slower heat flux through the PMMA.

Elasticity Simulation

As a first (toy) example, let us consider a spherical object (radius 0.3 m) with E, = 10 Pa and
Vo, = 0.1 embedded in a cube of edge length 1 m with (Eg = 1 Pa and v = 0.3), where the bottom
face is fixed and the top face is loaded with a downward displacement of 0.2 m. Figure 7 shows
the undeformed and deformed objects and a visualization of the displacements. Computational
resolution for this example was 65°, resulting in a memory requirement of 572 MB.

Let us also consider an Al foam embedded in PMMA for an elasticity simulation. We consider a
specimen of 6 X 6 x 9.6 mm at resolution 100 pm, i.e. computational resolution 60 x 60 x 96. Both
materials are assumed to be isotropic with Ex; = 70 GPa and va; = 0.35, Epypma = 3 GPa and
vpmMma = 0.38, subject to 1 % compression in longitudinal direction, cf. Figure 8.

Furthermore, let us consider an elasticity tensor which is discontinuous across an interface and
also varies continuously within one material. To show the difference to constant elasticity tensor
in each material, we first run a compression (20 %) simulation on a circular column as shown in
Figure 10. In the upper row we assume isotropic elasticity with Eg = 1 Pa and vg = 0.38 in the
surrounding material and E, = 10 Pa and v, = 0.33 at the top and bottom of the column, linearly
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L » >

Ve <
R Yo' .%
undeformed deformed x displacements y displacements z displacements
—0.001 e = 0.001 —0.01 e = 0.0

Figure 8: Results of an elasticity simulation on an Al foam (Ex; = 70 GPa, v4; = 0.35) embed-
ded in PMMA (Epmma = 3 GPa, vpyma = 0.38) subject to 1 % compression, here
shown scaled by a factor 20.

varying to the transversely isotropic tensor V listed in Figure 9 in the center (corresponding to half
the compressive stiffness in transverse direction). In contrast, in the lower row, the elasticity tensor
for the column is constant to the value at top and bottom above. Combined with the surrounding
material, this leads to slightly less bulging of the column for the constant-isotropic column.

Finally, let us consider the 5 x 5 x 5 grid of circular rods shown in Figure 11 subject to rotation
by 20 degrees (which is intended to enhance the visualization; in reality, this is outside the range
where a linear model is valid). For the trabecular centers, we assume transversely isotropic elasticity
tensors Vr (cf. Figure 9) of vertebral trabecular bone [36], rotated accordingly; averaged to an
isotropic tensor in the trabecular crossings and interpolated trilinearly. The embedding material is
assumed to be isotropic PMMA with Epyima = 3 GPa and vpyva = 0.38.

6 Conclusions

This paper shows the construction of Composite FE basis functions for simulating different physical
processes on objects with geometrically complicated interfaces between different materials. CFE
show optimal convergence behavior for the interpolation error for piecewise affine interpolation.
We consider applications to artificially constructed objects described by level set functions [21]
and real objects described by uCT scans. In both cases, the construction of CFE basis functions is
fully automatic and the simulations profit from efficient data structures for the underlying regular
hexahedral computational grid.

The construction presented here is limited to linear problems and piecewise affine (C)FE basis
functions. We have only discussed the case of a single material interface, the extension to multiple
(separated) interfaces, however, is straightforward. Our current implementation can only deal
with cuboid domains with a complicated interface inside, but it is possible to combine CFE for
discontinuous coefficients and CFE for complicated domains [17, 25], see [22], to treat more general
shapes. Boundary conditions are applied to the outside of the (cuboid) specimen, but besides the
coupling, no additional boundary conditions are prescribed to the interface.

Further research will include the application of CFE to homogenization, i.e. determining effective
material properties of specimens with microstructure, as previously studied in [27]. There is still
potential to improve the preconditioning and solver strategies and optimize the C++ implementation
and parallelization. Moreover, validation of the method still has to be performed.
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7.408 3.649 3.649 19.78 8.419 8.419
3.649  7.408 3.649 8.419 16.18 7.615
Voo | 7298 7298 1482 Ve o | 8419 7615 1618
c-= 3.759 T-= 8.567
3.759 9.471
1.880 9.471

Figure 9: Transversely isotropic elasticity tensors in GPa in Voigt’s notation [34] used for the
simulations in Figures 10 (V) and 11 (V7).

i mm=

z displacement x displacements y displacements z displacements
—0.2 = 0.0 —0.04 mo = 0.04 —0.2 m===0.0
difference in difference in difference in
x displacements y displacements z displacements
—0.004 me = 0.004 —0.0005 m=12 0.0005

Figure 10: Top row: 20 % compression of an embedded column with varying (isotropic—
transversely isotropic—isotropic) elasticity tensor in the column. From left to right,
the images show the deformed configuration with z displacements on the interface
between column and embedding and displacements in the three space directions
on a slice through the center of the combined object. Botfom row: For comparison,
we show the differences to displacements obtained for a constant isotropic tensor
throughout the column.

undeformed deformed x displacements  y displacements  z displacements
—0.16 me= = 0.16 edge length

Figure 11: Torsion of an artificial trabecular dataset with varying tranverse isotropy embedded
in softer isotropic material. Displacements in the three space directions are shown
in a slice near the front of the sample.
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