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1 Introduction

Nowadays, in the digital age, an important step in the development of industrial products
is the implementation and exploration of numerical simulations. Consider, for instance, the
car industry. Before a new car goes into production, its behaviour in car crashes is analysed.
Numerical simulations of the crash offer many advantages over real crashes. Executing them
is faster and cheaper than actually producing and crashing each prototype. This enables the
engineer to simulate the crash behaviour for many different configurations of the car. While,
due to technological progress, more and more simulations can be executed, the analysis and
evaluation of them becomes more and more challenging. In this thesis, we will consider the
example of crash simulations to investigate two approaches which may assist the engineer in
this task. Both approaches can be applied analogously for the analysis of many other types
of numerical simulations in industry and research. We will examine the approaches analysing

the deformation of a specific part of the car during the crash.

In contrast to many other approaches from the field of knowledge discovery and machine
learning, the presented approaches do not consider the simulations as points on a mani-
fold embedded in a high dimensional Euclidean space, but represent the simulation data as

functions on a reference embedding of the considered object, in our case, the car part.

The car part is modelled as a (two-dimensional) surface M in R3. It is discretized using a
triangular surface mesh consisting of N nodes, see Figure The output of a simulation
are the coordinates of the nodes at each timestep and sometimes further data as the stress
acting on each node at each timestep. In general, the data is interpreted as samples of square

integrable functions in L?(M).

In the first part of Chapter 2, I will present the considered simulation data in more detail.
In the second part of the chapter, we will contemplate in more detail how the data can be

interpreted as elements of L?(M).

The focus of this thesis is Chapter 3, where we will analyse the invariant operator approach,
proposed by Iza-Teran in [[zal7]. Iza-Teran suggests representing the simulation data (viewed
as functions in L?(M)) in the spectral domain of operators that act on L?(M) and possess
certain invariances. For this purpose, he uses in [[zal7] and [IG17] the Laplace-Beltrami
operator and a Fokker-Planck operator. First observations and considerations in [Izal7] and

IIG17] suggest multiple benefits of the invariant operator approach:

1. It can be used to reduce the dimensionality of the data, either to represent it directly

in a low dimensional space as R?, where the engineer can easily identify similar points
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Figure 1.1: Model and discretization of the considered car part, given by its embedding in
the initial state of a crash simulation.

and outliers, or as preprocessing to reduce the complexity of further analysis methods.
As the data from all simulations is transformed to the spectral domain of the same
operator, the complexity is linear in the number of simulations as opposed to many
other approaches. Given a new simulation, it can readily be transformed to the same
spectral domain while for other approaches the embedding of new simulations is often

cumbersome.

2. Iza-Teran observes that different spectral coeflicients correspond to different basic trans-
formations. This is in the sense that varying a selected coefficient for the coordinate
functions of an embedding, the embedding is translated, rotated or transformed differ-
ently. He refers to this as separation of effects. 1za-Teran observes a connection between
the invariances of the operator and the observed basic transformations. The Laplace-
Beltrami operator, for instance, is in a sense invariant under isometries. Isometric
transformations are transformations that preserve intrinsic distances. Examples are
translations and rotations, but also the crumpling of a sheet of paper. The transform-
ations observed for variations in the spectral domain of the Laplace-Beltrami operator
seem to be isometric. In , Iza-Teran conjectures the existence of a representa-

tion of the group of isometries in the space of eigenfunctions of the Laplace-Beltrami



operator.

Writing a complex transformation as composition of several basic transformations yields
the opportunity to analyse the influence of parameter changes on the different basic
transformations separately. Given, for example, that the car part breaks, the engineer
might be able to focus specifically on the transformation leading to the break. On the
other hand, ignoring certain projection coefficients would yield a representation which

is invariant under the corresponding transformations.

3. Finally, Iza-Teran proposes constructing embeddings in between two timesteps ¢ and
t + 1 of a simulation by linearly interpolating between the spectral coefficients of the
embeddings at time ¢ and time ¢ + 1. He proposes proceeding analogously to obtain
simulation data for parameter combinations in between parameter combinations for
which one already executed the simulations. This would be a benefit since running a

numerical simulation is still time-consuming,.

Concerning the last point, we note that interpolating linearly between all spectral coefficients
is equivalent to a straight away linear interpolation between the embeddings or other function
data in the standard (Euclidean) basis. Iza-Teran’s observations in this regard are therefore
independent of the basis and thus no benefit of the representation of the data in the spectral

domain of invariant operators.

In this thesis, we will examine the influence of the invariances of the used operators on
the dimensionality reduction and the observed basic transformations in the separation of
effects. To do so, we will formalize in what sense the Laplace-Beltrami operator and the
Fokker-Planck operator are invariant. I will depict several problems concerning Iza-Teran’s
conjecture of the existence of a representation of the group of isometries in the spectral domain
of the Laplace-Beltrami operator. For that purpose, I will give a very brief introduction to
the representation of groups and distinguish the invariance of the Laplace-Beltrami operator
under isometries from the invariance of operators in the representation of groups. Further, I
implemented a Laplace-Beltrami operator using an equi-affine invariant metric. This operator
is in the same sense invariant under isometries with respect to the equi-affine invariant metric
as the standard Laplace-Beltrami operator is invariant under isometries with respect to the
Euclidean metric. We will compare the basic transformations in the separation of effects for

both Laplace-Beltrami operators and the Fokker-Planck operator.

Concerning the dimensionality reduction, we will prove an optimality statement for the rep-

resentation of smooth functions in the spectral domain of the Laplace-Beltrami operator. It



explains the observations of the strong decay of the spectral coefficients for all three operat-
ors. I will depict gaps in the proof of the decay estimate for the spectral coefficients of the

Fokker-Planck operator presented by Iza-Teran in [Izal7].

In Chapter 4, I will present the Taylor approach. In the beginning of my work with the
crash data and the invariant operator approach, the assumption that all embeddings of a
simulation bundle are transformations of a reference embedding raised the question whether
one can characterize those transformations in a more direct way than the invariant operator
approach does. The idea of the Taylor approach is to do a Taylor expansion for those

transformations.

A detailed investigation of the Taylor approach was out of scope of this work. This is why I
will only present the basic idea, show an exemplary application for the analysis of the crash
data and state possible further applications, leaving several questions unanswered. To my
knowledge, a similar approach has not been used in the context of simulation bundles or

related fields like shape recognition from computer vision.

While in this thesis we will consider the analysis of car crash simulations, both approaches
can be applied to different types of simulations. The crash simulations produce data on (two-
dimensional) surfaces in R3, but the approaches can analogously be applied to simulations
that produce for example (one-dimensional) curves in R? or R3, modelling a scalar quantity
of interest for the engineer over time or, in a different context, the spatial position of a
particle in time. Only the definition of the equi-affine invariant metric and the corresponding

Laplace-Beltrami operator presented in this thesis are restricted to the case of surfaces in R3.

At this point, T would like to acknowledge Professor Dr. Jochen Garcke and Dr. Rodrigo
Iza-Teran for their support and advice. In particular, I would like to thank Professor Dr.
Jochen Garcke for the opportunity to write this thesis at the Fraunhofer SCAI. Special thanks
go to my girlfriend Rebekka for her motivating words during difficult phases of my work on

this thesis and her intensive proofreading.



2 Simulation data

In this chapter, we will take a closer look at our simulation data. The first part will give a
brief idea how the simulations are generated and what data they produce. Further, it will
introduce a car crash simulation bundle which we will use in several numerical examples in
Chapters 3 and 4. The second part will explain in more detail how we interpret the data as
functions on a reference embedding of the simulated object. It will explain informally how

we can restrict ourselves to the representation of a smaller set of functions than L2(M).

2.1 Numerical simulations in industry

Numerical simulations of industrial products allow faster and cheaper development of optim-
ized products. In the car industry, for instance, it was previously necessary to crash dozens of
cars during the design of a single model, while, nowadays, most of those crashes are simulated
on the computer. Only a few are performed physically to verify the results in the end of the

design process [Boal5|.

The simulations investigated in this thesis are numerical solutions of nonlinear differential
equations. The differential equations model physical processes taking into account parameter
changes concerning for example material properties or the geometry of the considered object.
Finding analytical solutions of those equations is in general impossible. The first step of
the numerical solution process is to discretize the object and to define a timestep. Next, a
parameter configuration for the specific simulation is chosen. Then, several methods as, for
example, the finite element method are used to solve the differential equations. The simulation
resulting from this process contains the coordinates of the nodes of the discretized object at
all timesteps. Sometimes it contains additionally data as stress, velocity, acceleration or

temperature at the nodes.

The number of nodes in the discretization of the entire car in a crash simulation is nowadays
in the order of 3-4 millions, indicating the size of the problem. Nevertheless, using high
performance computers, hundreds of variants can be simulated and need to be evaluated by

the engineers.

Simulation bundles are many similar simulations for different parameter configurations. Para-

meters are for example material properties, geometries and load cases.

Further information on the simulation and the evaluation process can be found in [Izal7].
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Example

In Chapters 3 and 4, we will consider in several examples a simulation bundle produced by Iza-
Teran at the Fraunhofer Institute SCAI. The simulated object is a Chevrolet C2500 pick-up
truck, a model with around 60,000 nodes from the National Crash Analysis Centelﬂ Using the
finite element program LS—DYNAE], Iza-Teran produced 116 simulations of a vehicle frontal
crash. For the different simulations, the thicknesses of nine car parts is varied randomly up

to £30%. Each simulation contains 17 timesteps.

We focus in this thesis on a specific part of the car, depicted in Figure It is discretized
with 1714 nodes. The variation of the thicknesses for the different simulations results in

different deformations of the part.

2.2 Simulation data as functions

In this section, we will illustrate at the above example how the data from a simulation bundle
can be interpreted as functions on a reference embedding of the simulated object. Here, I
will only present the rough idea. Several concepts, like regular surfaces, integration on those

and isometric maps will be defined later.

Let M be a reference embedding of the car part in R?, for example the car part at timestep
zero of a reference simulation, see Figure It is modelled as a (two-dimensional, regular)
surface in R? and discretized with a triangular surface mesh consisting of N nodes. The
simulation data are the coordinates of the nodes at each timestep. We interpret the z-, y-
and z-coordinates as samples of square integrable functions in L?(M). Analogously, data as

stress or temperature at the nodes can be interpreted as samples of functions in L?(M).

Restricting ourselves to coordinate functions, we do not need to consider the whole space
L?(M). Assuming that the embeddings of the car part at the different timesteps of the
simulations are smooth, isometric transformations of the reference embedding, the set of

possible coordinate functions is given by
{g € L*(M) | g = f, for a C™®-isometry f : M — f(M) C R3}.

More generally, if the only requirement on the transformations is that all embeddings are

smooth transformations of the reference embedding and no (physically impossible) crossings

!'Now ’Center for Collision Safety and Analysis, CCSA’, https://www.ccsa.gmu.edu/ (2018).
Zhttp:/ /www.lstc.com/products/ls-dyna (2018)
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of the car part occur, the set of possible coordinate functions is given by
{g € L*(M)| g = f, for f € Emb(M,R%)},

where Emb(M,R3) is the space of injective C°°-functions (i.e. embeddings) from M to R3.

Characterizing the set of possible coordinate functions helps to develop useful representations
of the coordinate data. In Chapter 3, we will see that the invariant operator approach yields
a representation for all functions from L?(M). This is one reason why the benefit of the

separation of effects that Iza-Teran observes in [Izal7| and [IG17] is questionable.



3 Invariant operator approach

In Chapter 2, we saw how the data from a simulation bundle can be interpreted as elements
of the function space L?(M), where M is a reference embedding of the simulated object.
Initially, we have a representation of the data functions in the spatial domain, i.e. we are
given the function values at points x € M. The invariant operator approach transforms
the functions in the spectral domain of an operator with certain invariances. In [Izal7] and

[IG17], Iza-Teran uses for this the Laplace-Beltrami operator and a Fokker-Planck operator.

The proceeding for the Laplace-Beltrami operator is the following. The operator is defined on
C>(M) and extended to the Sobolev space H%2(M). Tt exists an orthonormal basis of L?(M)
consisting of eigenfunctions {¢;}, i € N, of the extended operator. A function f € L?(M)

can be written as

0 .
f=Y_a'y
i=1
with o = (f, ;) r2(m)- Instead of considering the function f in the spatial domain, we can

consider its spectral representation given by the vector a = (al,a2, ...). In general, the
complete vector « is needed to represent a function f. However, Iza-Teran observes in [[zal7]
and [IG17] a strong decay of the spectral coefficients o’ for smooth functions. This suggests

neglecting high coefficients, reducing the dimensionality of the representation.

Apart from observations concerning the decay of the spectral coefficients, Iza-Teran observes

that different spectral coefficients seem to correspond to different basic transformations.

In Chapter 2, we saw that, under the assumption that all embeddings of the car part in the
simulation bundle are smooth transformations of the reference embedding and no (physically
impossible) crossings of the car part occur, their coordinate functions are elements of the

subset
{g e L>(M) | g = f, for f € Emb(M,R?)}

of L2(M).

In the invariant operator approach, we represent an element f € Emb(M,R3) in the spectral

domain of, for instance, the Laplace-Beltrami operator as

fa o | (fas Vi) L2 ()
Iy = Z o'vi, where o' = | (fy, ¥i) r2(ar)
£)



Iza-Teran observes that a variation of the first spectral coefficient ! seems to correspond to
a translation of the embedding. A variation of the second spectral coefficient o appears to
be a rotation (see Figure [3.1)). In [Izal7], the transformations obtained by the variation of

single spectral coefficients are referred to as independent transformation modes.

Iza-Teran conjectures in [Izal7| that the observed separation of effects upon variation of the
coefficients o’ can mathematically be expressed as movements along orbits of Emb(M,R3).
Inspired by Bauer et al’s works on shape spaces, see for instance [MMO0G6], he defines a

simulation space as

Emb(M,R3)/G(M),

where G(M) is a group of isometric transformations acting on elements from Emb(M,R3)
by composition from the right. However, this setting does not seem to be appropriate as
mathematical framework for the observed separation of effects: As the elements of G(M) act
on Emb(M,R3) by composition from the right, G(M) can only contain maps from M to M.
We can think of those maps as reparametrizations of M. Concerning the separation of effects,
Iza-Teran observed that a variation of the spectral coefficients of a given embedding f €
Emb(M,R?) appears to correspond to an isometric transformation h : f(M) — h(f(M)) C
R? of the embedding f(M). Note, that h acts on the element f of Emb(M,R3) by composition
from the left. Note further, that the set of such isometric transformations depends on the

embedding f € Emb(M,R3) and is in general not a group.

Another conjecture in [Izal7| and [IG17] is that there exists a link between the observed
”independent deformation modes” and the invariances of the used operator. The Laplace-
Beltrami operator, for example, is in some sense invariant under isometric transformations
and Iza-Teran observed that the transformations upon variation of the spectral coefficients
are predominantly isometric. Iza-Teran presumes a link to Representation Theory, where is

known that the eigenspaces of invariant operators can represent groups.

In this chapter, we will examine Iza-Teran’s conjectures. Especially, we will analyse the
influence of the invariances of the used operator on the observed transformations in the
separation of effects. In order to investigate this influence, I implemented a Laplace-Beltrami
operator using an equi-affine invariant metric, which we will compare to the operators used

by Iza-Teran.

The structure of this chapter is the following. First, we will define the operators which will
later be used. To do so, I will give an introduction to the basics of differential geometry,

present the equi-affine invariant metric and parts of Singer’s and Coifman’s work [SCO8] on
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non-linear independent component analysis which inspired Iza-Teran to define the Fokker-
Planck operator. To examine the conjecture of a link between the invariances of the operator
and the observed basic transformations, it will follow a section concretizing in what sense
the used operators are invariant. Moreover, this section will contain a short insight into
invariant operators in the representation of groups and will show problems concerning the
hypothesis that the observed separation of effects can be explained by a link to Representation
Theory. The chapter will close with numerical observations and explanations concerning the

separation of effects and dimensionality reduction properties of the approach.
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(a) Variation of the first spectral coefficient seems to correspond to a translation.
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(b) Variation of the second spectral coefficient seems to correspond to a rotation.

Figure 3.1: Example of transformations obtained by variation of selected spectral coefficients
for the coordinate functions of an embedding of the car part.
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3.1 Construction of the continuous operators
3.1.1 Basics of Differential Geometry

In this section, I will present some basics of differential geometry. I will stick to the case
of 2-submanifolds of R3, so-called regular surfaces. Personally, I tend to imagine general
manifolds as regular surfaces and their theory is all we need for our application. To generalize

the following definitions and statements, only marginal adjustments are needed.

Based on Chapters 3 to 5 of |Barl0] and on |Gri09], we will see how differentiation and
integration on regular surfaces are defined, define the notion of Riemannian metric and close
with the definition of the Laplace-Beltrami operator. I will present mainly definitions and
aim to give an idea of their meaning, leaving out the proofs. Those can be found in [Béar10].

For a more detailed introduction to differential geometry, see for example [Mic0§].

Let us start with the definition of the underlying structure. A regular surface is a subset of
R3 that locally resembles R2.

Definition 3.1.1 (Regular surface). A subset M C R3 is a reqular surface if for every point
p € M exists an open neighbourhood V of p in R3, an open set U C R? and a smooth (i.e.
infinitely often differentiable) map ¢ : U — R3 such that

1. p(U)=MnNV and ¢ : U — M NV is bijective with smooth inverse and

2. the Jacobian matriz D¢(u) has rank 2 in every point u € U.

@, or as well the triple (U,¢,V), is called a local parametrization of M around p. The
components uy and uy of u are called local coordinates of a point ¢(u) € M (with respect to

the parametrization ¢).

To ensure well-definedness of many of the following definitions, we restrict them to smooth

functions on regular surfaces.

Definition 3.1.2 (Smooth functions on regular surfaces). Let M C R? be a regular surface,
pe M and f: M — R™. If the following equivalent conditions are fulfilled, f is called smooth

close to p:

1. It exists an open neighbourhood V of p in R® and an extension f of Jimnv to'V that is
smooth (i.e. infinitely often differentiable in the usual sense for functions from an open
set Q@ C R™ to R™) around p.

2. 1t exists a local parametrization (U, ¢, V) with p € V such that fo¢ : U — R™ is smooth
around ¢~ 1(p).



12 3.1 Construction of the continuous operators

3. The function fo¢ : U — R™ is for each local parametrization (U, ¢, V) with p € V
smooth around ¢~ (p).

Note that the first definition can only be used to define smooth functions on submanifolds

while the second and third definition can be used for manifolds in general.

Differentiating a function f : R — R in a point x in the direction of a vector v € R? indicates

how the function changes if we move a small amount in direction v.

A function f: M — R is only defined on M. Therefore, differentiation of a function
f: M — R is only defined for directions v € R? that stay in M. Those directions are
characterized by the tangent space of M.

Definition 3.1.3 (Tangent space). Let M C R3 be a reqular surface. The tangent space of
M in a point p € M is defined by

T,M = {v €R3| It exist e > 0, v: (—¢,€) — M with v(0) = p, 5(0) = v}.

The tangent space of a regular surface is in every point p € M 2-dimensional. Given a
local parametrization (U, ¢, V) of M around p and u € U with ¢(u) = p, the vectors g—i(u),
t = 1,2, form a basis of T, M. They describe how a movement in the coordinate directions
in the parameter space U € R? is translated into a movement on the manifold. They are

linearly independent by the second requirement in Definition of a regular surface.

To define the differential d,f of a smooth function f on M at a point p € M in the direction
of some vector v from the tangent space T,M, we choose a curve v : (—¢,e) — M in the
manifold with v(0) = p, 4(0) = v for some ¢ > 0 as it exists by definition of T,M. We
consider f along this curve and use the usual notion of differentiability for functions from an
interval I C R to R on the function composition f o : (—e,e) — R at the point ¢t = 0. We
set
d

dpf(v) = - (f o 7)le=0- (3.1.1)

In the case M = R? x {0}, an application of the chain rule reveals that this is equivalent to

the usual definition of differentiation in R2.

The next step is to define the gradient of f. Remember that for a smooth function f : R¢ — R,
the gradient can be defined by the requirement that the scalar product of the gradient with
a direction v € R? corresponds to differentiation of f in direction v. To transfer this to

functions on manifolds, we need scalar products on the tangential spaces T}, M.
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Definition 3.1.4 (Riemannian metric). Let M C R3 be a regular surface. A Riemannian
metric assigns to each point p € M an inner product g, on the tangent space T,M such that

for any local parametrization (U, $,V) of M and i,j € {1,2} the functions

GmﬁU—)R,

G =5 G0 )

are smooth. The tuple (M, g) is called Riemannian manifold.

An example for a Riemannian metric is the induced (Euclidean) metric from the embedding
space R3
gp(v,w) = (v, w)gs for all v,w € T,M C R®. (3.1.2)

The Riemannian metric can be used to generalize notions as lengths, angles, areas and further
geometric quantities to the regular surface M. The metric g replaces the Euclidean inner

product in the definition of those quantities in the Euclidean space.

Definition 3.1.5 (Length and angle of tangent vectors). Let M be a reqular surface and g a

Riemannian metric on M. Let p € M and v, w be vectors from the tangent space T,M. We

define the length of v as
[ollp = v/ gp(v,0).

We define the angle 0 between v and w by

gp(v, w)

cosf = .
[vllpllwll,

Definition 3.1.6 (Length of a curve). Let a < b € R, ¢ : [a,b] — M be a curve on a
Riemannian manifold (M, g). We define the length of ¢ as

16 = [ \fau (600,00

To define integration for functions on (M, g), we integrate piecewise in local parameters
(U, »,V) and multiply a deformation factor that incorporates how the area of a small cube
in U C R? changes when ¢ maps it to M C R3. Locally, ¢ can be approximated by the linear
map ¢(u+v) =~ ¢(u) + D¢(u)v. Hence, the square

[u+7r1er,u+rees] C U,
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where 71,79 € [0,7] with » > 0 small and e; the standard basis of R2, maps approximately to

the parallelogram

QS(U) + [Tlam qS(u), 7’28uz¢(u)]7

where 71,79 € [0,7]. Using the notions of length and angle given by the metric g, the volume
of that parallelogram can be seen to be y/det G(u), where G(u) is the matrix from Definition

B.1.4 of the Riemannian metric.

Definition 3.1.7 (Integration). Let M be a regular surface, g a Riemannian metric on M.
Let (U,¢,V) be a local parametrization of M and f : M — R with fjapy = 0. f is called

integrable if the function

U—R
u— f(¢(u))y/det(G(u))

with G as above is integrable. We define

/M fdA = /U F(6(u))y/det G (u) du.

A function h : M — R is called integrable if it can be written as a finite sum
h=hi+...+hg

such that for each h; : M — R exists a local parametrization (U;,¢;, Vi) of M such that
hianv; = 0 and h; is integrable according to the definition above. We define

k
hdA = / hidA.
f A= )

Back to differentiation. Using the Riesz representation theorem on the functional
dfp : T,M — R,

sending a tangential vector v at a point p € M on the derivative of f at point p in direction

v, we can make the following definition.
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Definition 3.1.8 (Gradient of a function on a manifold). Let M C R? be a reqular surface,
g a Riemannian metric on M. The gradient of a smooth function f : M — R at a point

p € M is defined as the unique vector V f(p) € T,M such that

9p (Vf(p),v) = dfp(v) for allv € T, M.

Like the gradient for a function from R? to R, the gradient for a function from a Riemannian
manifold (M, g) to R points in the direction of the steepest increase within M with respect

to the metric g.

The gradient assigns to each point p € M smoothly a vector V f(p) in the tangent space

T,M. Thereby it is an example for a smooth vector field.

Definition 3.1.9 (Vector field). A vector field W on M assigns to each point p € M a vector
W (p) € T,(M). Given a local parametrization (U, ¢, V) of M, the vector field on M NV can

be written as
2
W) = W) 5 (07 o)

=1

It is called smooth, if the coefficient functions Wi(p) : M NV — R are smooth. This is
equivalent to Definition of smooth functions on manifolds.

Next, we need to define differentiation of a smooth vector field W. We want to proceed as
for scalar functions and define differentiation along curves on the surface. However, doing
so, the derivative W is no longer a vector field since W is in general not tangential to the
surface. To enforce that the derivative of a vector field is again a vector field, we project it

on the tangential space. This defines the covariant derivative.

Definition 3.1.10 (Covariant derivative). Let M C R? be a reqular surface with Riemannian
metric g, W a smooth vector field on M, p € M and v € T,M. Let c: (—e,e) = M with
c(0) = p, ¢(0) = v. The covariant derivative V,W € T,M of W in p in direction of v is
defined as

\%

d
VUW = %(W O C)(O) = Hp (dtW o C‘t0> I

where I1,, is the (w.r.t. g) orthogonal projection on the tangent space T,M .

Finally, we can define the divergence of a smooth vector field. While the gradient assigns a
vector field to a scalar function, the divergence assigns a scalar function to a vector field. We

notice that the covariant derivative of a smooth vector field W defines for each p € M an
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endomorphism of T, M
VW :T,M — T,M, v— V,W.

Definition 3.1.11 (Divergence). The trace of the endomorphism NV.W is called divergence
of W in p.

To get an idea of the meaning of the divergence, let us take a look at the divergence theorem.

Theorem 3.1.12 (Divergence theorem). Let M., C R3 be a reqular surface and g a Rieman-
nian metric on Myeq. Let W be a smooth vector field on M., with compact support. Let
M C Myeq be a surface with boundary. Let v be the outer unit normal field of M with respect
to Myeq and g. It holds

/ diviWdA = g(W,v)ds.
M M

For the definitions of a surface with boundary, the outer unit normal field, the integral on the
boundary and for a proof of the theorem, I refer to [Barl0]. The theorem yields the following
interpretation of the divergence: The vector field W describes a flux on the regular surface
M,¢q4. The divergence of W in a point p € M,., specifies whether p is a source or a sink of
the flux. To see this, we take as surface with boundary the closure of a small ball B in M.,
with radius r and centre p. The integral on the right hand side specifies how much of the
flux leaves the ball B while the left hand side averages the divergence over the whole ball.

The limiting process r — 0 yields the above interpretation.

Finally, we can define the Laplace-Beltrami operator as the composition of the divergence

and the gradient.

Definition 3.1.13 (Laplace-Beltrami operator). Let M C R® be a regular surface with
Riemannian metric g. We define the Laplace-Beltrami operator A : C*®(M) — C*>(M)
as

Af = divV{.

Like the definition of div and V, the definition of A depends on the Riemannian metric g.

For a compact Riemannian manifold (M, g), Helffer shows in [HellO] that the negative
Laplace-Beltrami operator —A has a selfadjoint, positive semi definite extension with com-
pact resolvent to the Sobolev space H>?(M). Further, he shows that this implies the exist-
ence of an orthonormal basis of L?(M) consisting of eigenvectors {1}, i € N, of —A with

corresponding eigenvalues 0 < A\ < Ao < ..., \; — 00.
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3.1.2 Affine-invariant metric

In the last section, we saw the definition of the Laplace-Beltrami operator for a general

Riemannian metric g. In [Izal7] and [IG17], Iza-Teran uses the induced Euclidean metric
gp(v,w) = (v, w)gs for all v,w € T,M C R®.

In this thesis, we will consider additionally a Laplace-Beltrami operator using an equi-affine

invariant metric.

An equi-affine transformation is a transformation of the form 1 : R3 — R3, (z) = Az + b,
where A € R3*3 is a quadratic matrix with det A = 1 and b € R3 is a translation vector. An
equi-affine transformation is volume-preserving. To see this, let B C R? be a measurable set

and AB = {Az + b|z € B}. Using the transformation formula, we obtain

vol(AB) = /

ldx :/ | det(A)|dx :/ ldz = vol(B).
AB B B

Consider the matrix A = diag(2,1/2, 1) and the vector e; = (1,0,0)7. It holds det A = 1 and
lel[rs =1 # 2 = [|Aeq[[gs.

This shows that the Euclidean metric is not invariant under equi-affine transformations.

In the following, I will present a metric which is invariant under such transformations. Using
this metric in the definition of the Laplace-Beltrami operator yields an operator which is in
the same sense invariant under isometries with respect to the equi-affine invariant metric as
the Laplace-Beltrami operator used by Iza-Teran is invariant under isometries with respect

to the Euclidean metric, see Section [3.3]

The equi-affine invariant metric was introduced by Blaschke in [Bla23|. Raviv et al. use the
metric in several works for the construction of a Laplace-Beltrami operator, see, for instance,
[Ral0] and [Ral4]. They use properties of the spectrum of the operator for shape recognition.
Utilising the equi-affine invariant metric, their classification of shapes is invariant under equi-

afline transformations.

In this thesis, I will follow Raviv et al’s presentation of the metric in [Ral0] and [Ral4]. At
several points, I will add explanations and details. In particular, I will show a connection
between the Gaussian curvature in a point and the determinant of the bilinear form used in

the construction of the metric. This connection is important for the definition of the metric
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on surfaces consisting not only of elliptic points.

The first step to define an equi-affine invariant metric on a regular surface M is to define
pointwise an equi-affine invariant symmetric bilinear form on the tangent spaces T,M for
peE M.

Let (U, ¢,V) be a local parametrization of M around p and v € U such that ¢(u) = p. To
define a bilinear form b : T,M x T,M — R, it suffices to define b for the basis vectors aa—i(u)
and g—i(u) of T,M.

Later on, we want to use b to define a Riemannian metric. Remembering Definition of
the length of a vector, we think of b(g—i(u), g—i(u)) as the (squared) length of the tangent
vector g—i(u). To define an equi-affine invariant notion of length, we can not use the Eu-
clidean notion of length, but need to employ some property that is preserved under equi-affine
transformations. Remembering that equi-affine transformations are volume-preserving, we

define

_ [ 99 o¢ _ o¢ o¢ %9 .
Bij =b (auZ (u)a au](u)> = det <8U1(u), %(u)v 8U18U] (U‘)> y 1] € {172}

From the transformation formula, we know that the volume of a parallelepiped

P = [a1u, azv, azw)], a1, az, az € [0, 1], formed by the vectors u, v and w € R3 is given by

/me:/ [ det((ulvlw))|dz.

(0,1]

The expression

2
det(‘%’w) 99 (4, 29 (>)

U u
8u1 ’ 8uz ’ Oul auj

gives the signed volume of the parallelepiped formed by the vectors aa—fl(u), ﬁ(u) and

Ous
0? :
Wg;j(u), see Figure

Like the volume, the signed volume is preserved under equi-affine transformations since
det ((Au]Av|Aw)) = det (A - (ulv|w)) = det(A) - det((u]v|w)) = det((u|v|w)).

The symmetric matrix B € R?*? characterizes the bilinear form b.

The bilinear form b is equi-affine invariant but it depends on the parametrization ¢. To see
and to remove this dependence, let ([7 , &, V) be another parametrization of M around p and

4 such that (;Nﬁ(ﬂ) = p. Let B and b be the matrix and the bilinear form defined analogously to
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o,

Figure 3.2: To define the bilinear form, use the (signed) volume of the parallelepiped formed
2 .
by ¢1 = %(u), P2 = %(u) and ¢;; = %9%(7‘)7 where u € U with ¢(u) = p.

B and b but using ¢ instead of ¢. In a neighbourhood A C U of u we can write the original
parametrization ¢ as function composition ¢ o1 : A — V for a smooth function ¢ : A — U
with ¢ (u) = @. Using the chain rule, we obtain

0o

% (= 202 ) = 2 ) 9 ) + 22 ((a0) 222 )

00, W = T n (W =g (W) g oW+ o

Using ¢ (u) = @ and defining

0 0
6= () and 1 = 52 w),
we write 96 8@5 8(5
8ui( )= fza—ﬂl(ﬂ) + 771‘8—112()

Further, we get
_e 99 o 990

9%¢ 92¢
fifj%(a) + (&nj + mé“j)wg@(ﬂ) + ﬂiﬁja—ﬂ%(ﬁ),

9?¢
8uz~8uj

where o~ o~
g = = 2
gl] a auz(‘?u] (u) and 77” auzéuj (u>
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Using the above formulas to express the bilinear form b in terms of ¢ yields

o6 . . 9o O D d%¢
b < " (u), auj(“)> = det <8u1(u)’ %(u), s (u))

ot (6 22.0) i (8.0 70 50+ (0,
&jgjl(ﬂ) + Nij gi (@) + fifjgzé(ﬂ) + (& + 5]'771')3512;;(5‘”
nmf;;?m) :
Using that the determinant is linear in its columns, that det(v1, vs, v3) = — det(va, v1,v3) and
that det(vi,v2,v3) = 0 if v; and vy, @ # j € {1,2,3} are linearly dependant, we get
b(ﬁ}&iﬁ@)=@m—@m«m(£ﬂw;i@,
fz’fjgz?(ﬂ) + (&nj + &5mi) 8512(;5&2 (@) + 77#7;‘22?(@) . (3.1.3)

On the other hand, the above formulas, the bilinearity of b and the linearity of the determinant

in its columns yield

(00 ) 00 00 . 95
b@mmwww>=w(wym%$m

¢ 9%¢ 9%
&@&gwww@y+@maw;;m+mm&gwﬁ (3.1.4)

We conclude that the bilinear forms b and b differ by the factor (&mnj — &mi) = det D (u).

Using the Jacobian

it - (5 )

of ¢ in u, Equation [3.1.3] can be written as
By = (&me = &m) (D ()" BDY(w)) .
Using det Dip(u) = det Dyp(u)” = (£1m2 — €2m1), we obtain

det B = (&1m2 — 527]1)4 det B. (3.1.5)
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Finally, we can define an equi-affine invariant symmetric bilinear form h as

0 9 1 .o
h (3;2 (u), OZ(U)> =det B"1B;;, i,7 € {1,2}. (3.1.6)

For the moment, we assume det B > 0, we will later come back to this.

The definition of h does not depend on the parametrization ¢, i.e.

7 (09 0 L1~
h <(9;Z (a), 85}]’ (ﬁ)) =det B"1By;, 4,5 € {1,2}

defines the same bilinear form on T,M. This can be seen using Equations and
3.1.9] to obtain

= [ 0¢ 0¢ B 51 7 (09 %u
h(aw (u),auj(u)> — det B b(aw (1), g ))
o¢

= (&imp — &om) - det BT - (E1mz — Eam1) ™ b (3%’ (u), gj;(@)

9¢ 9¢
=h (5%’ (u), %(u)> .

To characterize in which cases our assumption det B > 0 is fulfilled and to construct a

Riemannian metric from the bilinear form h, we need the term of Gaussian curvature. Be-
fore we define Gaussian curvature, we need some further notions of differential geometry.
The following is based on [Barl0]. We consider regular surfaces equipped with the induced

Euclidean metric.

Definition 3.1.14 (Normal field). Let M C R3 be a reqular surface. A normal field on M
1S a map
N:M—R?

such that for every p € M, the vector N(p) is orthogonal on the tangent plane of M in p,
N(p) L T,M. A normal field on M is called unit normal field if it fulfils |N(p)|| =1 for all
pEM.

Given the definition of normal fields and definition [3.1.2] of smooth maps on M, we can define

orientable surfaces.

Definition 3.1.15 (Orientable surface). A reqular surface M C R3 is called orientable if

there exists a smooth unit normal field on M.
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Let me illustrate this concept with two simple examples. Choosing N(z) = x, we see that
the unit sphere is an orientable surface. The M&bius strip on the other hand is an example
of a non-orientable surface. An orientable surface has exactly two smooth unit normal fields,
N and —N.

To characterize how an orientable regular surface with smooth unit normal field N curves,
we examine how N changes when we move along the surface. Given a point p € M and
veT,M,let v:(—e,e) = M be such that y(0) = p,¥(0) = v. We defined the differential of
N at p in direction v as

d
AN (0) = (N 7)o

As N o~ defines a curve on the unit sphere S? C R and N(v(0)) = N(p), we have
dpN(v) € Ty S?. Further, it holds Ty, S? = N(p)~ = T,M. Therefore, the differential
d,N : T,M — T,M is an endomorphism.

It can be shown that the map d,N : T,M — T, M is self-adjoint with respect to the Euclidean
inner product of R? restricted to T,M. We know from the spectral theorem that we can find

an orthonormal basis X7, Xo of T, M consisting of eigenvectors of d,N,
de(X,L) = /QiXZ', 1= 1, 2,
where k1, ko € R.

Definition 3.1.16 (Principal curvature). The eigenvalues k1 and ko are called principal
curvatures of the regular surface M with orientation N in point p. The corresponding eigen-

vectors X1 and Xo are called directions of principal curvature.

One can imagine the principal curvatures as a measure of the minimal and the maximal
curvature of the orientable regular surface M in the direction of the smooth unit normal field
N. Choosing as orientation of M the unit normal field —N the principal curvatures switch

their signs.

Definition 3.1.17 (Gaussian curvature). Let M C R3 be a reqular surface with orientation
N, p e M. Let k1 and ko be the principal curvatures of M in p. We define the Gaussian

curvature of M in p as

K(p) = K1ka.
We call the point p

1. elliptic, if K(p) > 0,
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2. hyperbolic, if K(p) <0,
3. parabolic, if K(p) = 0.
In an elliptic point, the surface bends in the same direction, independent of the direction in

that one moves. In a hyperbolic point, it bends in different directions, while in a parabolic

point exists a direction in that it does not bend at all. See Figure for examples.

(a) Elliptic points. (b) Hyperbolic points. (c) Parabolic points.

Figure 3.3: Example for regular surfaces with different Gaussian curvatures.

Back to the definition of an equi-affine invariant metric. Given a parametrization (U, ¢, V)
of M around a point p € M, we defined an equi-affine invariant bilinear form b on T, M.
This bilinear form depended on the parametrization ¢. We saw that we can remove the

dependence by defining another bilinear form A as

) 9 i
h (8:2 (u), a_fj(u)> =det B"1Byj, 4,7 € {1,2}

where B € R2*2 is the matrix with entries

_ 99 99 ¢ o
Bij = det (a_ul(u)7 8_W(U), 8u18uj (u)> y 1,J € {172}‘

In the definition of h, we assumed det B > 0. This assumption is fulfilled if and only if the

Gaussian curvature of M in p is greater than 0, 7.e. p is an elliptic point. To see this, we use

¢ ¢ ¢
<auiauj (u), N(p)>R3 == <aui (u),d,N (3_W(u)> >R3 : (3.1.7)

where N is an orientation of M. A proof of this equation can for example be found on

page 121 of [Bér10].
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Omitting the function argument u for simplicity, by definition of B holds

2
¢ o ¢ D9 B¢ ¢ 0 0o 0%
B =
det de t(@ul Dy’ 8u1 det IR 8uz 8u2 — det R I I

We write 85,28‘2 as linear combination of gj’ , 387‘;3 and N(p), use the linearity of the deter-
7 7 2

minant in its columns and the fact that det(v,w,v) = 0 to obtain from the above equation

b 9o 2 (/524 ¢ d%¢ ’
det B = dt<au1 . N(p)> <<8U%,N(p)>R3<8u%,N(p)>R3—<6u18u2,N(p)> )

RS

Using Equation this becomes

' i () G o (5) )
det B = det N , dpyN d,N
¢ ¢ (am  Duy’ (p)) (<a dur duy’ dus
2
_ <‘9¢,de (W)» ) .
aul 811,2 R3
The first factor is greater than zero as gf ) 883; and N (p) are linearly independent. To examine
the second factor, let k1 and k9 be the principal curvatures for the orientation N with the

corresponding directions of principal curvature X; and Xs. X; and X, are orthonormal

eigenvectors of d, N with corresponding eigenvalues x1 and k2. Let

A= ay a
b1 b

be the matrix describing the change of basis from g—i(u) to X;, i.e. %’( ) = a1 X1 + as Xo
and g—f;(u) = b1 X + b2 X2. Inserting this, we get

(o () o (o () e~ (e ().

:<CL1X1 4+ a0 X9, a1k X1 + a2/€2X2> . <51X1 4+ 0o X9, b151 X1 + 52R2X2>
— <CL1X1 + a9 X>, b1rk1 X1 + bQI{QXQ)Q

:(a%m + a%@)(b%m + b%ﬁg) — (albml + agbgﬁg)z

A short calculation reveals that this is equal to K (p)det(A)?, where K(p) = kK2 is the
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Gaussian curvature of M in p. The expression det(A)? is greater than zero since A describes

a change of basis. Altogether, we obtain sgn(det B) = sgn(K (p)).

Hence, our assumption det B > 0 is fulfilled in all elliptic points. In all hyperbolic and para-
bolic points Raviv et al. define h = 0. As det B is invariant under equi-affine transformations
and sgn(det B) = sgn(K (p)), we get that under equi-affine transformations elliptic, hyperbolic
and parabolic points are mapped to elliptic, hyperbolic and parabolic points, respectively.
Therefore, h defines an equi-affine invariant symmetric bilinear form on the tangent space

T, M for every point p of the regular surface M.

The next step is to construct a metric from h. Let us at first consider elliptic points. Raviv
et al. propose in [Ral0] and |[Ral4] to project h on the space of positive definite matrices.

Considering the symmetric matrix H defined as
0¢ 0¢
Hi' =h ) )
j ( 5 ) G <u>)

and characterizing the bilinear form h, they write

H=UANUT

where U is orthogonal and A = diag{v1,72}. They define the symmetric positive definite
metric H by
H=U|AUT.

In hyperbolic and parabolic points they set H = 0. If all points of the regular surface M are
elliptic, H defines a valid Riemannian metric on M that is equi-affine and parametrization
invariant. For all other regular surfaces it defines a valid Riemannian metric on elliptic
regions while hyperbolic and parabolic regions are ignored. In our implementation, we handle
hyperbolic points like elliptic points, only using the absolute value of det B in Equation3.1.6
such that |det B|~'/ is a real number. It is not clear why Raviv et al. set the metric to
zero for hyperbolic points. Using the metric for car parts, which often have many hyperbolic

points, numerical observations support our procedure.

The equi-affine invariant Laplace-Beltrami operator is defined using H as metric in the usual

definition of the Laplace-Beltrami operator [3.1.13
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3.1.3 Fokker-Planck operator

Apart from the Laplace-Beltrami operator for the induced Euclidean metric, Iza-Teran uses in
[[zal7] and [IG17] a Fokker-Planck operator. He refers to the operator as "operator for point
clouds” or “operator of independent components”. It comes from the context of nonlinear
independent component analysis (NICA) [SCO08|. However, Iza-Teran uses it in a different
way. In this section, I will give a short overview how the operator is motivated and built in

[SCO§| before I will explain how Iza-Teran uses it in our context.

General setting

The underlying model in Singer’s and Coifman’s construction of the operator in [SCO8] is the

following;:

Given observable data points y* € R™, they assume that these points are the images of points
x' € R™, lying in a lower dimensional parameter space, m < n, under a non-linear mapping

fiR™ 5 R e

The data points ' € R™ in the parameter space are samples of a stochastic process

x = (x1,...,%m) € R™ whose components are independent stochastic It6 processes, i.e.
dl‘j = aj(xj)dt + bj(xj)dwj, j=1....,m,

where a; and b; are unknown drift and noise coefficients, and w; are independent J-correlated

white noises.

Their objective is to find for each observed sample 3¢ = f(2!) the underlying parameters
2t = (2%,...,2¢). In order to achieve this, Singer’s and Coifman’s first step is to approximate
the distance of the samples in the parameter space. They show that for the Jacobian

J(z') € R™™ J(z") 0 = g—g(xi), of the map f at a point 2’ can be assumed

where C(y*) is the covariance matrix of the stochastic process (y1,...,yn) =y = f(z) at the
point 3 = f(a?), i.e.
ng(yi) = Cov(ij,y};), J,le{l,...,n}.

Next, they show that the square of the Euclidean distance of two samples z* and z* in the
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parameter space can be written as

2 O = yOIP+ 1T 6 6 =y
2
= % (yz _ yk>T <J7TJ—1(yi) i J*ijl(yk)> (yz _ yk) + O(Hy’ _ yk||4)
ik

:%(y_ygTGXfVL+C@“4)@ J+odly' "1, (318

+O(|ly* — y*|I*)

' —ka

where y* = f(2%) and y* = f(2*).
Singer and Coifman show that the discrete normalized graph Laplacian for the Gaussian
kernel -

(v = ") (Cu)t+Cwh) ™) (v - o)

Wij = exp e

(3.1.9)

converges for N — oo to a backward Fokker-Planck operator on the parameter space which
separates into n one-dimensional components. This implies that for each component

j €{1,...,m} of the parameter space exists a unique eigenfunction 1;; of the operator, that
depends only on the j-th component x; of the data points in the parameter space. Moreover,

this dependence is strictly monotone.

Singer and Coifman assume that the ¢;-th eigenvector of the operator for a fixed number N of
data points approximates the i;-th eigenfunction of the operator for N — oo. Thus, its k-th
entry approximates a scaled version of the j-th entry m;“ of the parameter vector zF which

was mapped to the observed data point y*.

In praxis, calculating the covariance matrices C(y%) is problematic. If we have the possibility
to run several short simulations (simulation bursts) of a small enough time length § > 0,

all initiating in 2°, we can approximate it using the sample covariance of the resulting point

cloud ¢, ..., y%,
1 < ) % 7 T
Cio =37 205 —v)(w; — ¥ (3.1.10)
j=1
and ]
; +2
Cy") = —55~Cis + 0(9), (3.1.11)

where d = dimMx = dimMy is the dimension of the manifold on that the data points z’
in the parameter space and the observable data points ¥, respectively, lie. For a proof, see

[SCO8]. However, we often do not have the possibility to run such simulation bursts.

In [SCO8], Singer and Coifman illustrate the approach with the following example. The para-
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meter domain is the unit square [0, 1] x [0, 1] C R?, the stochastic process for the parameters

(1, x2) is the Brownian motion with reflection at the boundary and the map f is given by
y1 = a1+ a3, yo =9 — 7}

The operator described above approximates the Laplacian of the unit square, whose eigen-
values are A\, = 72(n? + m?), n,m € Ny, with the corresponding eigenfunctions

Gnm (21, 22) = cos(nmxy) cos(mmag). In particular ¢; depends only on z; and is strictly
monotonically decreasing. Given only an observable point y = f(x) and the value of the ei-
genfunction ¢ at this point, we can recover the component x; up to the scaling by cos(w-).

The same holds for the second component x2 using ¢q 1.

For my work, I used an implementation of the Fokker-Planck operator, following Iza-Teran’s

description in [IG17], which differs slightly from the normalization presented in Iza-Theran’s

thesis [[zal7]. Inspired by the normalization with o = % in Coifman’s work on Diffusion

maps |CLO06|, Iza-Teran normalizes the kernel W from Equation using the following

steps. First, he uses a density normalization
1 1
Wdens =D 2WD"z2 (3112)

of the kernel W as in [TC14], where D is a diagonal matrix with elements
Np,
Dy =y Wij.
j=1

Next, the matrix Wye,s is transformed into another symmetric matrix

D=

~_ 1 ~
Wstoch =D 2VVdensl) (3113)

where D is the diagonal matrix with elements
Dii = Z(Wdens)ij-

J=1

Iza-Teran uses the eigenvectors of that matrix in his numerical experiments.

Our application

In the invariant operator approach, we want to represent elements of the space L2(M) in the
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spectral domain of an operator. Here, M is a reference embedding of the simulated object, in
our case a regular surface in R3. Before we continue, it is important to notice that we want

to build an operator on M and not for example on the space of embeddings.

A natural way to extend Singer’s and Coifman’s approach to the analysis of car crash sim-
ulations is to consider the different embeddings of the car part in the simulation bundle as
observable data points y* € Emb(M,R3) or in the discrete case as observable data points
y' € R3N | where N is the number of nodes used in the discretization of the part. In this
setting, the parameter space is closely related to the space of physical parameters of the sim-
ulation bundle. Additionally, time is a parameter. The mapping f between parameter space
and observable space is given by the solution of the partial differential equations underlying

the simulation.

Under the assumption that the physical parameters vary according to independent stochastic
1t6 processes, this extension could fit in Singer’s and Coifman’s setting. However, it is of no
interest for our application. First, we know the physical parameters for each simulation and
do not need to approximate them. Second, nor are we interested in an operator on the space
of embeddings of the car part, nor in an operator on the space of physical parameters. For
the invariant operator approach, we need an operator on the regular surface M given by a

reference embedding of the car part.

Therefore, Iza-Teran proceeds differently. Given N points yi,...,yn € R? on a reference
embedding M of the car part, he calculates for each point y; the sample covariance matrix

C; s from Equation [3.1.10 for the point cloud {yf }fjiﬂbeddings formed by the i-th points of

embeddings of the car part for different physical parameters or different timesteps.

Given the matrices C; s, he chooses a 0 to calculate the matrix C; from Equation [3.1.11

Following along as Singer and Coifman, he uses the expression

1

5 i) (Cw) ™ +Clu) ™) (i — )

from Equation as new notion of distance between the points y; and yx, i, k € {1,...,N}.

While this certainly gives a new notion of distance between the points y; of the regular
surface M, it does not seem to fit in Singer’s and Coifman’s setting: The points y; lie all on
a reference embedding M of the car part. They only differ in their intrinsic position on the
car part. Let us assume that they are the images of points x; in a parameter space under a

nonlinear map f, i.e. f(x;) = y; as in Singer’s and Coifman’s setting. It is not clear what the
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parameter space and the map should look like. It is solely clear that an interpretation of the
parameter space as the space of physical parameters and time and of the map as the solution
of the partial differential equations underlying the simulations is not possible. However, to

approximate the Jacobian of f in x;, Iza-Teran computes the sample covariance matrix of

the point cloud {y? }fﬂnbeddmgs

, formed by the i-th points of embeddings of the car part for
different physical parameters or timesteps. The assumption that those points can be used to
approximate the Jacobian of f, a map that is independent of the physical parameters and

time, is at least questionable.

The interpretation of the constructed operator as operator of independent components is
no longer justified. We should think of the operator as a Laplace-Beltrami operator, or -
depending on the normalization, compare to Coifman’s work on Diffusion maps [CLO6| - a
Fokker-Planck operator on the regular surface M, which does not use the induced Euclidean

metric but a different notion of distance given by

1 _ _
d(yi, yr) = 3 (yi — )" (CM1 + ij) (i — yr) » (3.1.14)

where C, 51 are the pseudoinverses of C; 5.

In the computation of Cj 5, Iza-Teran uses the i-th points yf of the embeddings for different
physical parameters and timesteps. If the position of the i-th point varies strongly between
the embeddings, i.e. it depends strongly on the choice of physical parameters, the absolute
values in the matrix C; s will be bigger than for points with less variation. Hence, the distances
around points whose positions depend strongly on the choice of physical parameters shrink
in relation to distances around points whose positions depend less strongly on the choice of
physical parameters. The parameter § in the computation of the matrices C; controls the

amount of shrinkage.

3.2 Numerical Evaluation of the Operators

In this section, I will present algorithms for the numerical computation of the eigenbases of
the above defined operators. For the computation of the Laplace-Beltrami operator using the
induced Euclidean metric and for the computation of the Fokker-Planck operator, we follow
the algorithms presented in [[zal7]. For theory on the convergence of the discrete operators

to the continuous ones, I refer to Iza-Teran’s work [[zal7].
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3.2.1 Laplace-Beltrami operator

Let (M, g) be a regular surface and let A be the corresponding Laplace-Beltrami operator.
Given a mesh K of vertices V and faces F' approximating the surface, we define the mesh

Laplace operator by

rea(t v.w)?
Lifw) = 4 h2ZA Z eXp ( dG<4}L)> (f(v) = f(w)) (3.2.1)

teF UEV(t

for all w € V, all f:V — R. Here, V(t) is the set of vertices of the face ¢, dg(v,w) denotes
the graph distance between the vertices v and w with respect to the Riemannian metric g

and h is a parameter controlling the size of the local neighbourhoods of the vertices.

Algorithm [1] describes the general computation of the eigenvector basis of the mesh Laplace
operator. It introduces a parameter p. All summands in Equation for which

exp (—%) is under a certain threshold controlled by the parameter p are ignored.
Choosing a small p speeds up the computation. For a sufficiently large parameter p, the

operator L from Algorithm [I] coincides with the operator from Equation [3.2.1

Algorithm 1 Spectral decomposition of the mesh Laplace operator.
Input: A regular surface given as triangular mesh M with N}, points and Ny faces.
Parameter: n.,: Number of eigenvectors to return, h: controlling the size of local
neighbourhoods, p: controlling up to what distance vertices are included in Equation

B.2.11

Output: First n., greatest eigenvectors of the mesh Laplace operator.

Initialize array area[N},] with values 0
5. for k=1,...,Ny do
for i =1,2,3 do
arealindex of i-th vertex of k-th face] += (area of k-th face)/3
end for
end for
10: for k=1,...,N; do
[ids,dists] = graphdist(k, M,p-+v/h) © distances to all nodes with dg(k,1) < p - Vh.
for each [,d € [ids,dists] do
Wk, 1] = arealk] - area[l] - exp(—d?/(4h))/(4mh?)
end for
15: end for
D = diag(W - (1,...,1))
L=W-D
[U, E] = eigen(L, ney)
return greatest ne, eigenvectors U of L.
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For the Laplace Beltrami operator using the induced Euclidean metric, I use software pub-
lished by Jian Sun on Githulfl Instead of the graph distance, it uses a shortest path algorithm

for triangular surface meshes to approximate the geodesic distance of two nodes.

For the Laplace Beltrami operator using the equi-affine invariant metric, the first step is to
calculate the edge lengths and the area with respect to the equi-affine invariant metric. I
describe those calculations below. After those calculations, Algorithm [I]can be applied using,

for instance, Dijkstra’s algorithm to compute the graph distances for the new edge lengths.

Equi-affine invariant metric

In this section, I will describe the numerical approximation of the equi-affine invariant metric
defined in Section[3.1.2] The regular surface M must be given as triangular mesh. I will follow
Raviv et al’s description in [Ral0] and [Ral4], adding several details including the process of
unfolding a given triangle patch to the plane and an explanation how the obtained estimate

of the metric tensor can be used to approximate the equi-affine invariant edge lengths.

For each triangle T" of the surface, we calculate a constant approximation of the metric tensor
H. To do so, we need a local parametrization of the regular surface around 7', i.e. a map ¢
from a subset U of R? to a subset VN M C R? of the regular surface around 7. To construct
such a parametrization, we consider a patch of four triangles consisting of 7" and the three

neighbouring triangles. For now, we assume that 7" is not at the boundary of the mesh.

To get a 2-dimensional parameter domain U, we unfold the triangle patch to the plane and
do an affine transformation, such that 7' becomes the unit triangle with vertices u! = (0,0),
u? = (1,0) and v® = (1,1). See Figure for an illustration. Next, a quadratic para-

(a) Triangle patch in R®.  (b) Unfolded triangle patch (c) Normalized triangle patch
in R%. in R%.

Figure 3.4: Unfolding and normalizing a triangle patch. Notations for Algorithm

3https://github.com/areslp/matlab/tree/master/MeshLP /MeshLP
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metrization ¢ of the surface around 7' is calculated solving the linear equation system

oj(uf,ub) = cgﬂ) + c§1)u§ + c&z)ué + c§3)u’iu§ + c§4) (uh)? + 055) (u'); = X;
for all j = 1,2,3 and i = 1,...,6, where (u},u}) and (X!, X}, X}) are the six corners
of the four unfolded and normalized triangles in R? and of the original triangles in R3,
respectively. ¢ is the unique quadratic map R? — R? mapping the six corners of the unfolded
and normalized triangles to the corresponding corners of the original triangles in R3. We use
it as a local parametrization of the regular surface around 7. The proceeding is summarized

in Algorithm

Algorithm 2 Unfold a triangle patch to calculate the coefficients of a quadratic approxim-
ation of a local parametrization of a regular surface.

Input: A triangle T in a triangular mesh K.

Output: Coefficient matrix C'.

> Unfold the 3 triangles around T to the plane. See Figure for the notation.

ut = (0,0)T
5 u? = (|| X! - X2|,0)7 > || - || denotes the Euclidean norm.
ud = | X — X3 - (cos(£X2X1X3), sin(£X2X1X3)T
if triangle I is Null then > Invert centre triangle. See Figure [3.5
X4 :X1+(X2—X3)
end if

10: ut = [| X! — X*| - (cos(£X*X1X?), —sin(£X* X1 X2)T
if triangle IT is Null then
X5 :X2+(X3—X1)
end if
u® = u? + || X2 - XP|| - (—cos(£LX3X2X! + /XPX2X3) sin(£X3X2 X! + /X5X2X3)T
15: if triangle III is Null then
XG :X1+(X3*X2)
end if
ub = (cos(ZX2X1X3 4+ /X3X1X0), sin(/X2X1X3 + /X3X1X6))
> Do a linear normalization such that u! = (0,0), u? = (1,0) and u* = (0, 1).
20: N = (u?|ud)~!
fori=1,...,6 do
ut = Nu!
end for
Declare matrix P € R6%6, > For the values of the polynomials 1, u, v, uv,u
25: fori=1,...,6 do
set i-th row of P to (1,u},ub, ut - ub, (u})?, (ub)?).
end for
solve linear system PC = (X!|...|X%)T
return Coefficient matrix C' € R6%3,

2 v? at ul.
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Given the parametrization ¢, we approximate the pre-metric tensor H at the point

u=(1/2,1/2). To do that, we note

gf(u) = 4 By 4 2eWayy,
1
%(u) =@ 4 By 4 2By,
2
0%¢
a—u%(u) = 2C(4),
0%
aiug(u) = 26(5),
9*¢ 3)
8u16uz w=e

and compute

2

8u1 ’8?@ u ’8ui6uj Y
for i,j = 1,2. Next, we set
H = |det(B)| 1B,

where we assume for now that det B # 0.

Given the approximation of the pre-metric tensor H in the triangle T, we calculate the
eigendecomposition UAUT = H and use H = U|A|U” as approximation of the metric

tensor in 7.

Next, we want to use H to get an estimate of the equi-affine invariant edge lengths in T, i.e.

an estimate of the equi-affine invariant distances between the vertices X', X? and X3.

In Definition we defined the length of a curve ¢ : [0,1] — M on a regular surface M

with Riemannian metric h as

10 = [ e €0, e(0) .

The vertices X', X? and X3 of T correspond in the parameter domain U to the vertices
u! = (0,0), u? = (1,0) and u® = (0, 1) of the unit triangle. In the following, we use circular

indices, i.e. 3+ 1= 1.

Let & : [0,1] — M, &(t) = ui+t-(uit! —u?) be a curve along the i-th edge of the triangle in the
parameter domain and ¢; : [0,1] — M be the image of that curve under the parametrization

¢, i.e. ci(t) = ¢(&(t)). Then ¢;(0) = X* and ¢;(1) = X**. To approximate the distances
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between X* and X!, we consider the length of the curve ¢;. To approximate, for example,
the distance between X! and X2, we consider the curve & (¢) = (0,0)+%-((1,0)—(0,0)) = te;
and ¢1 : [0,1] = M, ¢1(t) = ¢(¢1(t)). By the chain rule holds ¢ (¢) = g—fl and we get

o= [ \/ha@ (F@O), e (0) )

which we approximate by \/Hp;. Similarly, we get as approximations for the distances

between X2 and X3 and between X2 and X! \/HH — 2H15 + Hyy and \/P_Igg, respectively.

Algorithm [3| summarizes the computation of the new edge lengths.

Algorithm 3 Computation of the equi-affine invariant edge lengths for a triangle from the

mesh.
Input: A triangle T in a triangular mesh M.

Output: Equi-affine invariant edge lengths of T

Follow Algorithm |2 to get the coefficient matrix C' = (c1,...,cs)T € R6*3 for a quadratic
approximation of a local parametrization of the surface.

> Calculate first and second derivatives of the quadratic approximation ¢ at the point
u=(1/2,1/2)T.

$1=c2+0,5c4 +2-0,bcs5

¢o =c3+0,5cq4 +2-0,5c¢cq

11 = 2c5
22 = 2¢p
P12 = ca.

5: > Calculate the pre-metric tensor H.
H(0,0) = det(¢1|p2[¢11)
H(1,1) = det(1]p2]¢22)
H(1,0) = H(0,1) = det(¢1|p2|¢12)
if |det H| < 1le—3 then
H=c¢-Idoyo
else
H=|detH|"1H
10: U,E = eigen(H) > Such that Udiag(E)UT = H
H = Udiag(abs(E))UT
end if
> Calculate the equi-affine invariant edge lengths.
€p = H(O, 0)
e1 = H(0,0) —2H(0,1) + H(1,1)
€9 = H(l, 1)
return eg, e, eo.
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We follow this procedure for every triangle. For each edge e of an inner triangle T', we get
two estimates for the distance between the vertices connected by the edge, one considering
the triangle T and one considering the neighbouring triangle that shares the edge e with
T. We choose the average of the two estimates. Notice that, in general, it is not clear if
there exists an embedding of the vertices in R? such that the Euclidean distances between
the vertices correspond to our estimates of the equi-affine invariant distances. It is not even
guaranteed that the new edge length fulfil the triangle inequality, it is possible that the sum
of the lengths of the two shorter edges is smaller than the length of the third edge.

Given the new edge lengths, we use Heron’s formula to compute the area of the triangle.

Heron’s formula states that the area of a triangle with edge lengths a, b and c is given by

A= \/s(s —a)(s—b)(s—c),

where
a+b+c

2

There are a few special cases and remarks concerning the above computations. In [Ral4],
Raviv et al. consider only closed surfaces without boundary. However, the mesh discretizing
the car part in our simulation bundle contains boundary triangles. If a triangle is at the
boundary of the mesh, we invert it in the midpoint of each boundary edge to get a patch of

four triangles. See Figure [3.5 for an example. Subsequently, we follow along as above.

Another special case is that det B = 0, i.e. the triangle lies in an approximately parabolic
region, compare Section At such points, we set the continuous metric to zero. Numer-

ically, we set
10

0 1

H=¢cl=c¢

for a small constant £ > 0. For a justification I refer to [Ral4].

To my knowledge, Raviv et al. did not examine the conditions on the mesh under which the
discrete approximation of the metric converges to the continuous metric. An analysis of the

convergence is out of scope of this thesis. Further works should treat this problem.

3.2.2 Fokker-Planck operator

The numerical computation of the Fokker-Planck operator and its eigendecomposition is

described in Algorithm As parameters, I used ¢ = 0.01 and § = 0.1 which produce
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(a) T has a boundary edge. (b) T is inverted.

Figure 3.5: The centre triangle is inverted in the midpoint of each boundary edge to get a
patch of four triangles.

similar results as presented in [IG17]. However, the operator depends strongly on the chosen

parameters.

3.3 Invariance of operators

Iza-Teran calls his approach in [Izal7] and [IG17] ”invariant operator approach”. He states
that the Laplace-Beltrami operator is invariant under isometries and the Fokker-Planck oper-
ator is invariant under a nonlinear transformation. However, he does not elaborate on what
he means in general by calling an operator invariant. In fact, concretizing in what sense

Iza-Teran’s Fokker-Planck operator is invariant is difficult.

Further, Iza-Teran conjectures that the observed separation of effects can be explained using
a known link between invariant operators and the representation of groups. However, the
type of invariance used in this theory is another type of invariance than the one of the

Laplace-Beltrami operator with respect to isometries.

In this section, we will examine and compare the different invariances.

3.3.1 Invariant operator in the representation of groups

In [Izal7], Iza-Teran observes that the transformations upon variation of single spectral coef-

ficients are predominantly isometric. He offers the following link between the representation
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Algorithm 4 Spectral decomposition of the Fokker-Planck operator.

10:

15:

20:

Input: 1) reference simulation x: A surface embedded in R3, given as N, points.
2) data set bundle {z;}, j =1,...,m: Surfaces embedded in R3, each one given
as INp, points.

Parameter: n.,: number of eigenvectors to return, €: controlling the size of local
neighbourhoods, ¢: parameter in the approximation of the covariance
matrix. In our setting,  controls the distortion of the Euclidean metric,

see Section

Output: First n., greatest eigenvectors of the operator.

for k=1,...,N; do
Compute for each point * of x the sample covariance matrix C,s of the point cloud
{gvgC }iLy formed by the k-th points of the surfaces z;, see Equation
Set C[k] = pseudoinverse of Cys - .
end for
for k=1,...,N; do
for j=1,...,N; do
Calculate the Gaussian kernel Wk, j] using Equation and the pseudoinverses
in C.
end for
end for
Let D; be a diaglonal matrilx with Dy [id] = ZkN:hl Wi, k].
Set Wyens = Dy 2 - W - Dy 2.
Let Dy be a diag?nal matrix W}th Dslii] = fo:’bl Wiens|t, k).
Set Wstoch = D2 z. Wdens ’ D2 2
[U7 E] = eigen(Wstocha nev)
return greatest ne, eigenvectors U of Woeh.

of groups and invariant operators as a first theoretical approach to explain this. The following
is based on [Sug90] and [Gall3].

Theorem 3.3.1. Let F be the space of complex valued C>®-functions on the sphere S* C R3.

A linear representation Ty, of the rotation group SO(3) on F is defined by

Taf(x) = f(a-x)

fora € SO(3) and f € F. The Laplace-Beltrami operator Ag2 on F' commutes with T,, i.e.
for any a € SO(3) and f € F holds

AS2 (Taf) = Ta(AS2f)'
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A linear representation of a Lie group G in a vector space V defines how an element from
G acts on an element of V. Formally, it is a group homomorphism U : G — GL(V) such
that the map g — U(g)(u) is continuous for every u € V. Here, GL(V') is the group of linear

invertible maps from V' to itself.

We note that the Laplace-Beltrami operator is invariant with respect to the rotation group

in the sense that it commutes with the representation of the group in F.

Theorem 3.3.2. The eigenvalues of Ag> are given by —k(k+1), k € Ng. The space Hy(S?)
of eigenfunctions for the eigenvalue —k(k + 1) is spanned by sin(k6) and cos(k@). It holds

o0
C™(S%) C L*(S?) = P Hi(S?).
k=0
Further, the representation T of SO(3) into Hy(S?), given by

Tof(z) = f(a- )
for a € SO(3) and f € Hy(S?) is irreducible.

A representation T" of a group G in a vector space V is called irreducible, if it does not exist
a non-trivial subspace W of V' such that T defines a linear representation of G in W, d.e. it
does not exist a subspace W C V, W # (), W # V| such that T,(w) € W for all w € W and
a€@.

This expansion in irreducible subspaces yields two opportunities. Let f; be elements of a
Hilbert space H, for instance different embeddings of our car part interpreted as elements of
L?(M,R3). Assume that there exists an element f € H and a linear representation T of a
Lie Group G such that all elements f; are the result 7}, f of the action of an element a; on

f. If we can decompose H into irreducible subspaces
o0

H=@m.
k=0

we know that if the projection of f on Hj is 0 for some k, so will be the projection of all
fi on Hi. We can therefore neglect the space Hy for the representation of our simulations.
In practice this yields the possibility of a lossless dimensionality reduction. Moreover, given
such an expansion, it suffices to consider the projection of the simulations f; on a single Hj
(for a k for that this projection is not 0) to be able to observe all group actions of G that

distinguish between the different simulations.
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However, I do not see how those theorems could be used to explain that the variation of
different spectral coefficients in the invariant operator approach corresponds to different basic
transformations, 7.e. different group actions, when the theorem states for the above case, that

actions of the group SO(3) act on all subspaces Hy in the same way.

3.3.2 Invariance of the Laplace-Beltrami operator

The Laplace-Beltrami operator is invariant with respect to isometries. To clarify in what

sense, we first define what an isometry between regular surfaces is.

Definition 3.3.3 (Isometry). Let My and My be reqular surfaces in R® with Riemannian

metric g1 and go, respectively. A smooth map f : My — My is called isometry, if:
1. it is bijective and

2. for each p € My, the differential
dpf : Tle — Tf(p)Mg
is a linear isometry with respect to the metrics g;, t.e.

957 (d,f(X). dypf (V) = g1(X.Y)
for all X,Y € T,M.
If there exists such an isometry f, the surfaces (M, g1) and (Ma,g2) are called isometric.

The differential d, f is defined analogously as for functions f : M; — R in Equation

Isometries are maps that preserve distances: The length of a curve ¢(+) on (M7, g1) is identical

to the length of the image of the curve under f, f(c(-)), on (Ma, g2).

At this point, note once more that there are different types of isometries. Given a regular
surface M with Riemannian metric g, we can consider isometries g : M — M. Those maps

form a group G(M). They can be thought of as reparametrizations of M.

In our application, we consider isometric transformations of different embeddings
f € Emb(M,R3) of our car part. We are interested in isometries acting on the embeddings
f € Emb(M,R3) by composition from the left, i.e. isometries g : f(M) — g(f(M)) C R3, as

for example translations and rotations.
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While the isometric maps g : M — M form a group G(M), the isometric maps acting
on Emb(M,R3) by composition from the left are hard to characterize. For each element
f € Emb(M,R3), we can consider the set of isometries g : f(M) — g(f(M)) C R? acting by
composition from the left, but this set depends on the chosen element f and does not form

a group.
Let us now examine in what sense the Laplace-Beltrami operator is invariant under isometries.

Theorem 3.3.4 (Invariance under isometries). Let (M, g1) and (Ma, g2) be reqular surfaces,
A, A, the corresponding Laplace-Beltrami operators on C°°(My), C*°(Ms) and
f: My — My an isometry. It holds

(AM1h) of= AMQ(h’O f)
for all h € C>(M;).

Proof. Let p € My, (U,¢,V) be a local parametrization of M; around p, & € U such that
¢(a) = p. The Laplace-Beltrami operator acting on a function h € C°°(M;) can in local

coordinates be written as

Auihip) = WZ (ci@ aecn@? b D)

where (G1);j() = gl(gi (a), %}(ﬁ)) and G’f are the entries of the inverse matrix. See for

example |Gri09] for a proof.

As f is smooth and bijective, (U, f~! o ¢, f71(V)) is a local parametrization of My around
f71(p) € My and (f~' o ¢)(@) = f~'(p). We obtain

2 ofoflo
Anpy(ho H)(fHp) = detG2 Z < det G () fau{‘ ¢)(a)>

2 ZJ —J(ho ~
- — G2 Z (G det G () (8uj¢>) (u)).
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Further, by the second property in Definition we obtain that for all u € U

-1,
(G2)ij(u) = g2 (Wfaw ?) (u), o,

=92 (dpf_l (gi (U)) vdpf_l <§z(“)>>

s ( 9 () %a))

8ui ’ 8Uj
= (G1)ij(u).
Using this, it follows
_ 1 2000 (- —0(hoo)
B (o NU0) = <= O o (Vi@ 2G5 @)
ij=1
= AMlh(p)
which proves the theorem. ]

The theorem can either be applied to the Laplace-Beltrami operator using the induced Eu-
clidean metric or to the Laplace-Beltrami operator using the equi-affine invariant metric.
However, an isometry with respect to the Euclidean metric is in general not an isometry with
respect to the equi-affine invariant metric and vice versa. To see this, let us consider a simple

example given similarly but with a small mistake in [Ral4].

Consider the regular surfaces given by the parametrizations

M (u,v) = (u,v,u? + v?)
Ms(u,v) = (2u, %, u® + v?)

depicted in Figure [3.6]

Consider the smooth, bijective map f : My — Ma, f(z) = Az with

O = O

As it is an equi-affine transformation, we expect it to be an isometry with respect to the
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Figure 3.6: Two surfaces that are isometric with respect to the equi-affine invariant metric.

equi-affine invariant metric.

Let p € M1, p = Mi(u,v). Following Section the equi-affine invariant metric in p with

B (u,v), B

respect to the basis By = { 5, (u,v)} of the tangent space T),M; is given by

The point p € M; is mapped to a point f(p) € Ms with f(p) = Ma(u,v). Further,

8M1 8]\42

Ay (T (,0)) = S (FOB (£, 0) im0 = 5 (Mol + £,0)ico = 52 (u,0)

and analogously
oM, OMs

( v)) = W(Uﬂ))-

Calculating the equi-affine invariant metric in f(p) with respect to the basis By = {

65‘;[2 (u,v)} yields again the matrix G, therefore, f is indeed an isometry with respect to the

df(—5,

% (u,v),

equi-affine invariant metric. On the other hand, f is not an isometry with respect to the

Fuclidean metric, as the induced Euclidean metric in p € M; with respect to the basis B is

1+4u® 4
Gy = + 4u Uv ’
4uv 1 + 4v?

given by
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while the induced Euclidean metric in f(p) € Ma with respect to the basis By is given by

4 + 4u? 4uv

Gy =
4uv % + 402

To illustrate the invariance of the Laplace-Beltrami operator in more detail and to bring
out the difference between the operator for the induced Euclidean metric and the one for
the equi-affine invariant metric, we consider one more example. I computed the Laplace-
Beltrami operators for a given embedding of the car part and a transformed embedding. The

transformation is given by f(z) = Az with

S W N
= o O

The first column of Figure [3.7 shows the original shape and the transformed shape. The first
and third rows of the remaining columns show the second, fifth and tenth eigenvectors of the
Laplace-Beltrami operator using the induced Euclidean metric and the equi-affine invariant
metric on the original shape. The second and fourth rows show the corresponding eigen-
vectors for the operators on the transformed shape. To facilitate the comparison between the
eigenvectors for the original and the transformed shape, the eigenvectors for the transformed

shape are overlaid onto the untransformed shape.

We observe that the eigenvectors of the Laplace-Beltrami operator using the equi-affine in-
variant metric for the original and the transformed shape are identical. This is because the

transformation is an isometry with respect to the equi-affine invariant metric since det A = 1.

I picked the second, fifth and tenth eigenvectors since the eigenvectors in between are for the
most part constant, making it more difficult to see the invariance although it is still present.
A similar example was given in Figure 6 of [Ral4] using the shape of a centaur instead of a

car part.

Now that we have an idea in what sense the Laplace-Beltrami operator is invariant under
isometries, let us compare it to the invariance in Theorem from the context of the

representation of groups.

In that context, we had a function space F', a Laplace-Beltrami operator acting on that space,
A: F — F, a Lie group G and a linear representation T' of G, describing how an element of

G acts on an element of F'. The Laplace-Beltrami operator was invariant under actions from
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Figure 3.7: First and second rows: Eigenvectors of the Laplace-Beltrami operator using the
induced Euclidean metric on the original and the transformed shape, respectively.
Third and fourth rows: Same for the Laplace-Beltrami operator using the equi-
affine invariant metric. All eigenvectors are overlaid onto the original shape.

G in the sense that A and T commuted.

In our application, we interpret all simulation data as functions on a regular surface M which
is a reference embedding of the car part. The function space F' should be the space C*°(M).
The Laplace-Beltrami operator Ay acts on C°°(M). Choosing as group G the group G(M)
of isometries g : M — M, the natural definition of the action of an element g of G on
feC>®(M)is

Ty f(z) = fog().

From Theorem follows AnTyf(-) = TyAmf(:), i.e. the Laplace-Beltrami operator
commutes with the actions of G and is therefore in the same sense invariant under isometries

as it is in Theorem [B.3.1] invariant under rotations.
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However, a problem occurs. The above link between the invariance of the Laplace-Beltrami
operator with respect to isometries and the representation of groups is only valid for iso-
metries acting on Emb(M,R3) by composition from the right. To use the theory from the
representation of groups for Iza-Teran’s observations concerning the separation of effects,
we would need a similar representation for isometries acting by composition from the left.

Nevertheless, we saw above that those isometries are hard to characterize and do not form a

group.

3.3.3 Invariance of the Fokker-Planck operator

Iza-Teran motivates the use of the Fokker-Planck operator by its invariance under a nonlinear
transformation without elaborating on what he means by that. In this section, we will

examine in what sense the Fokker-Planck operator might be considered invariant.

The (observable) data points y; € R™ in Singer’s and Coifman’s setting in [SCO08], which we
considered in Section [3.1.3] are the images of points z; € R™, m < n, in an unobservable
parameter space under a nonlinear map f. Instead of building an operator on the manifold
of the observable data points, Singer and Coifman build an operator on the manifold of the
unobservable points x;. In the construction of the operator, they approximate the distance
of the unobservable points. The resulting operator is asymptotically independent of f, in the
sense that it would not depend on f, if one was able to calculate the exact distances of the
unobservable points. On the other hand, an operator as the Laplace-Beltrami operator, built
on the manifold of the observable data points y;, depends on f. Notice however, that this
invariance of the Fokker-Planck operator is a different kind of invariance than the invariance
of the Laplace-Beltrami operator with respect to isometries and the invariance of an operator
in the representation of groups. Remember further from Section that Iza-Teran uses
the ideas from [SCO§| in a way that does not allow a model of the data points as images of

unobservable parameters under a nonlinear map as in Singer’s and Coifman’s settings.

Nevertheless, the way Iza-Teran builds the operator, it possesses the following property.

Theorem 3.3.5 (Invariance of the Fokker-Planck operator). Given a set of points

X =A{z1,...,z,} C R™ and an injective map f : X — R", let Y1,...,Y, be multivariate
random variables with values in R™, finite expectations and finite variances. Consider the
multivariate random variables Z; = f(x;)+Y; € R™. Using for each i the covariance matrices
of Z; for the construction of the operator in Algorithm[]} the resulting operator is independent
of the map f.

Proof. The theorem follows directly from the formula of the covariance of a multivariate
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random variable. It holds

Var(Zi] = E((Z; - E[Z])(Zi — B[Z)"]
[(f (@) + Vi = f(ai) = BYA)(f () + Vi — f(a:) = EYi])T]
[(Y: = E[Yi])(Y: - E[Yi])"]

r[Yil.

E
E
Va

Therefore, the covariance of the Z; and hence the construction of the operator is independent
of f. O

To obtain an invariance of the operator in Iza-Teran’s setting, we can proceed as follows. Let
the points 2; € R? be the mesh points of the car part at a timestep tg in a reference simulation.
For the construction of the sample covariance matrices C} 5, we use the mesh points from all
simulations at a timestep t1 > tg. We assume that the deformation of the car part between
the reference state at timestep ¢y and the different states at timestep ¢1 can be modelled as a
combination of a deterministic nonlinear transformation due to the proceeding in time and a
stochastic component due to the change of the physical parameters. By Theorem the

operator does not depend on the deterministic nonlinear transformation.

Note however, that this is again a different type of invariance than the invariance of the
Laplace-Beltrami operator under isometries and the invariance of operators in the represen-

tation of groups.

In Section [3.1.3] we saw that the operator can be interpreted as a Laplace-Beltrami operator
for a different "covariance metric”. In this setting, it is invariant under isometries with respect

to the covariance metric in the sense of Section [3.3.2)

3.4 Separation of effects

In the invariant operator approach, we represent an element f € Emb(M,R3) in the spectral

domain of, for instance, the Laplace-Beltrami operator as

i, . | (fas i) 200y
ZZOZZ%‘? where o’ = (fy7¢i>L2(M)

Iz = (f2¥i) 2 ()

Numerical observations from [Izal7] and [IG17] suggest that variations of the spectral coef-

ficients a correspond to different basic transformations, referred to as ”independent defor-
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mation modes”. Being able to analyse different aspects of a transformation separately can be
interesting for the engineer. Ignoring on the other hand certain aspects of a transformation
neglecting the corresponding spectral coefficients is of high interest for shape recognition since

there are many basic transformations of a shape that should not influence its classification.

For the numerical analysis of the separation of effects, consider the following procedures:

1. Calculate the eigenvectors ¢;, ¢ = 1,..., N of one of the above presented operators.
Project the coordinate functions f;, f, and f. of an embedding of the car part on the
eigenvectors to write

N
Jo = Zafdjz with of = (fz, ¢:)
i=1
and analogously for f, and f.. Choose a spectral coefficient J € {1,...,N}. Modify
one or more of the coefficients a7, azf, and a3. Leave all other coefficients fixed. An

example for this procedure was already given in Figure [3.1

2. Calculate the eigenvectors v;, i = 1,..., N, of one of the above presented operators.
Project the coordinate functions fJ, fg and fJ of several embeddings 27, j =1,..., M
of the car part at different timesteps and in different simulations on the eigenvectors.
Choose a spectral coefficient J € {1,..., N} (for instance the one with the highest vari-
ance), compute the minimal and maximal spectral coefficients from all M simulations

and linearly interpolate between them. Leave all other coefficients fixed.

The second procedure can be seen as special case of the first one. It differs only in that a
projection coefficient for variation may be chosen with respect to the variability of the data
and in that the given data yields an interval for the variation of the coefficient. In praxis, this
procedure might be the more interesting one, as it respects which of the projection coefficients
is most important to represent the changes between the simulations for different parameters
and allows to examine what type of transformation the coefficient represents. However, to
understand what actually causes the observations of a separation of effects, we will consider

in the following only the first procedure.

Iza-Teran conjectures in [Izal7] and [IG17] a link between the invariances of the used operator
and the basic transformations observed upon variation of the spectral coefficients. In the first
part of this section, we will follow the above procedure for all three presented operators and
compare the results to investigate this conjecture. In the second part of this section, we will

examine the reasons for the numerical observations.
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3.4.1 Numerical observations

Figures 3.8 to[3.11] show the simultaneous variation of the z-, y and z- components of different
spectral coefficients for an embedding of the car part. The Fokker-Planck operator was
calculated using as reference embedding the embedding of the car part at timestep 7 in a
reference simulation. The embeddings of all 116 simulations at timestep 7 were used to form

the point clouds.

For all operators, the first spectral coefficient seems to correspond to a translation. We

observe this in Figure 3.8
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(a) LBO for induced Euclidean metric. (b) LBO for equi-affine invariant metric.
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(c) Fokker-Planck operator.

Figure 3.8: Stepwise increase of the first spectral coefficients seems to correspond to a trans-
lation.

For all operators, the second coefficient seems to correspond to a rotation. This is shown in
Figure [3.9

For the Laplace-Beltrami operator using the induced Euclidean metric, the third coefficient
corresponds to a bending of the car part. This is illustrated in Figure The behaviour for

the Laplace-Beltrami operator using the equi-affine invariant metric and for the Fokker-Planck
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operator is due to the fact that the support of the third eigenfunction of those operators is

very small. I will further expand on this in the next section.

In Figure [3.11] we see the variation of the fifth spectral coefficient. For the Laplace-Beltrami
operator using the induced Euclidean metric, it corresponds to a local deformation on the left
side of the car part. For the Laplace-Beltrami operator using the equi-affine invariant metric,
it corresponds to a bending, similar to the bending observed in Figure [3.10] The behaviour

for the Fokker-Planck operator is again due to a small support of the fifth eigenfunction.
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X X
(a) LBO for induced Euclidean metric. (b) LBO for equi-affine invariant metric.

g
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X

(c¢) Fokker-Planck operator.

Figure 3.9: Stepwise increase of the second spectral coefficients seems to correspond to a
rotation.

3.4.2 Theoretical framework

In the invariant operator approach, we write the coordinate functions of an embedding of the

car part as finite linear combination of the eigenvectors {1;}X; of an invariant operator,

Jz N . <fw71/}i>]RN
fy | =D, where o' = | (f, di)an (3.4.1)
fz = <fza¢i>RN
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and where N is the number of nodes of the discretization.
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Figure 3.10: Rowwise increase of the third spectral coefficients. In the first column we ob-
serve a bending. In the second and third columns we observe strongly local

deformations.

Increasing the x-component ag of the J-th spectral coefficient corresponds to an addition of
the J-th basis function ¥; to the z-coordinates of the embedding. This holds analogously

for the y- and z- components of the spectral coeflicient.

To understand why we observe certain transformations when we vary the spectral coefficients,

we need to look at the eigenfunctions ; of the operators.

To explain how the shape of the eigenfunctions relates to the observed transformations, we
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consider in this section the Laplace-Beltrami operator for the induced Euclidean metric, the

same thoughts apply to the other operators.
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Figure 3.11: Rowwise increase of the fifth spectral coefficients starting with the original and
the reduced coefficients, respectively. In the first column, we observe a local
deformation. In the second column, we observe a bending, similar to the bending
in Figure B.10] The deformation in the third column is similar to the local
deformations in Figure

Figure [3.12 shows the first, second, third and fifth eigenvectors of the operator on the embed-
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ding of the car part from the previous section. For better visualisation, the eigenfunctions are
scaled to the interval [0, 1] such that the full width of the colour map is used. The problem
of this scaling is that the original variance of the eigenfunctions is lost. In fact, the first
eigenfunction is nearly constant. The difference between the function values at points with
small z-value and points with large z-value is much smaller than for the second eigenfunction.

Knowing the eigenfunctions, we can explain the observed transformations. The first eigen-
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Figure 3.12: Eigenvectors of the Laplace-Beltrami operator using the induced Euclidean met-
ric. Scaled to the interval [0, 1] to use the full range of the colour map.

function is nearly constant. Increasing the z-component al in Equation we increase
the z-coordinate of each point by approximately the same amount, causing a translation of
the car part in the x-direction. Analogously, this holds for the y- and z-components. This

explains the translation in Figure|3.8

In Figure [3.9] we observed that a variation of the second spectral coefficient seems to corres-
pond to a rotation. How can the form of the second eigenfunction explain this observation?

In Figure [3.12] we see that the second eigenfunction decreases in the z-direction. Figure
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shows a plot of the z-coordinates of the nodes of the embedding against the value of

the second eigenfunction. It underlines the monotone dependence. If we increase the y-
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Figure 3.13: Plot of the z-coordinates of the nodes of the embedded car part against the value
of the second eigenfunction.

component af/ of the second spectral coefficient, i.e. add a factor of the second eigenfunction
to the y-coordinates of the embedding, the y-coordinates of points with small z-coordinate
increase while the y-coordinates of points with large xz-coordinate decrease. Increasing at the
same time the z-component a2 of the second spectral coefficient, the z-coordinates of points
with small x-coordinate increase, while the z-coordinates of points with large z-coordinate
decrease. If the increase is small enough, the combination corresponds visually to a rota-
tion of the embedding in the x-y-plane around the centre of the part. However, increasing
the coefficients further, the z- and y-coordinates of points with initially small z-coordinate
continue increasing while the z- and y-coordinates of points with initially large x-coordinate
continue decreasing, breaking the illusion that an increase of the second projection coefficient
corresponds to a rotation. Similarly, reducing the size of the x-component of the second
spectral coefficient, the x-coordinates of points with small z-coordinate become even smaller,
while the z-coordinates of points with already large z-coordinate become even larger, leading

to a stretching of the part, not to a rotation.

In the same way, the bending of the car part and the local deformation observed in Figures
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and can be explained. In Figure [3.12] we see that the third eigenfunction of the
Laplace-Beltrami operator is large for points with small and with large x-coordinate and small
for points in the middle. Increasing the z-component a® of the third projection coefficient,
we increase the z-component of the points at the left and the right of the beam and decrease

the z-component of the points in the middle. This is the first ingredient for the observed
3

-, we increase the z-component for points that were

bending. Increasing the x-component a
initially on the left and the right of the beam and decrease the x-component of the points
that were initially in the middle. This leads to a stretching of the part on the right and the
bending on the left as the points that were initially in the middle move to the left and the
points that were initially on the left move to the right. While the bending seems to be at first
sight a physically reasonable deformation, it does not respect any physical constraints: Parts
of the beam are stretched, others crushed, intrinsic distances change and at the latest when

we increase the spectral coefficients further or when we decrease them, the visual impression

of a physically reasonable deformation breaks.

Iza-Teran conjectures in [Izal7] that the observed separation of effects upon variation of the
coefficients o’ can mathematically be expressed as movements along orbits of Emb(M,R3).
Indeed, a variation of the J-th spectral coefficients of an element f € Emb(M, R?) corresponds

to a movement along the orbit
{f + O‘Jd}J ‘ aJ € Rg}v

where ¢; : M — R is the J-th eigenfunction of the used operator. The set {1;, } X {1, } X
{%i;}, i; € N, builds a basis of the whole space L?(M,R3). Consequently, the orbits are in
general no subset of Emb(M,R3). Further, the orbit actions are in general not isometric.
Indeed, given two arbitrary points p; and ps on M and an eigenfunction ; such that

Yi(p1) # ¥i(p2), we can modify the i-th spectral coefficient such that the points p; and py
have the same embedding coordinates. This modification is unique. However, if we do not
fix the points p; and po, there are many variations of spectral coefficients that cause two
different points on M to have the same embedding coordinates in R3. In our application, this
means that in general occur (physically impossible) crossing of the car part upon variation

of the spectral coefficients.

Concerning the example of rotations, it is impossible that a single spectral coefficient repres-
ents a rotation. In general, we need to modify all N projection coefficients to represent any
affine transformation g : R — R3, g(x) = Az + b exactly: We apply g to our embedding
from Equation to get for the coordinate functions fj, fy and f. of the transformed
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embedding
fe fo
fy =A fy| T0
f: /-
N .
- (Z (4a?) %) +b
=1 N |
= (Aa' + )+ (Aa’) Vi, (3.4.2)
=2

where we assumed for the last equality that ; is constant with entries c.

Thus, any affine transformation is up to the translation term visible in every projection
coefficient. No finite number of projection coefficients can represent an affine transformation

if it is not simply a translation.

Aside from the numerical observation of the orbits, Iza-Teran made the following experiment:
He calculated the variance of the spectral coefficients for rotations of the embedding. Doing
that, he observed that there are only a few coefficients with high variance. However, this is
not because only a few spectral coefficients are affected by rotations or certain coefficients
are better suited to represent rotations than others. From Equation [3.:4:2] we know that
the spectral coefficients of the rotated embeddings lie on spheres, where the radius of the
sphere is the Euclidean norm of the spectral coefficient of the original embedding. Thus, the
variance of a spectral coefficient under rotations depends only on the Euclidean norm of the
coefficient for the original embedding. Most of the coefficients vary only weakly, because only
a few spectral coefficients for the original embedding have a large Euclidean norm. This is

due to the strong decay of the spectral coefficients treated in the next section.

Similarly, Iza-Teran observes in [Izal7] that for the example from Section of a car crash
simulation bundle exist only a few spectral coefficients with high variance. This is illustrated
by Figure [3.14] showing the variance of the 1714 spectral coefficients for the 116 embeddings
at timestep 7. However, this is again not because only a few spectral coefficients are affected
by the transformations between the reference embedding and the other embeddings of the

car part or because a few coefficients are better suited to represent those transformations.

The variance of a coefficient is again mainly due to the norm of the coefficient for the original
embedding. This can be seen in Figure which shows the variance of the 1714 spectral

coefficients for the 116 embeddings at timestep 7 after scaling each coefficient to the interval
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Figure 3.14: Variance of the spectral coefficients of the embeddings from the car crash simu-
lation bundle from Section @ at timestep 7.

[0,1]. Again, most of the coefficients vary only weakly, because only a few spectral coefficients
for the original embedding have a large Euclidean norm. This is once again due to the strong

decay of the spectral coefficients treated in the next section.

3.5 Decay of the spectral coefficients

Apart from the separation of effects, Iza-Teran observes in |[zal7] and [IG17] a strong decay

of the spectral coefficients. Further, he motivates a decay estimate for the spectral coefficients

of the Fokker-Planck operator.

In the first part of this section, we will numerically observe and compare the decay of the
spectral coefficients of the different operators. In the second part, we will come across a
problem in Iza-Teran’s estimate for the decay of the spectral coefficients of the Fokker-Planck

operator. Further, we will prove a decay estimate for the spectral coefficients of the Laplace-
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Figure 3.15: Scaled variance of the spectral coefficients of the embeddings from the car crash
simulation bundle from Section [2.1] at timestep 7.

Beltrami operator following ideas from Aflalo, Brezis et al. in and . Those
thoughts yield an optimality result for the representation of functions in the spectral domain
of the Laplace-Beltrami operator. Since Taubin’s publication in 1995 and Karni’s
and Gotsman’s publication in 2000, the spectral domain of Laplacians was in many
publications used for the compression of mesh geometries. However, a theoretical foundation

for the proceeding had long been missing.

3.5.1 Numerical observations

In this section, we will consider once again the embeddings of our car part at timestep 7 in

the 116 crash simulations from the simulation bundle presented in Section [2.1

Figure [3.16|shows the decay of the absolute value of the spectral coefficients for every tenth of
the 116 embeddings. The plots for the other embeddings look similar. We observe for all three
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operators a strong decrease of the first spectral coefficients. However, while the coefficients
for the Laplace-Beltrami operators keep decreasing, the coefficients of the Fokker-Planck
operator stagnate or even start increasing again. While the first spectral coefficients for the
Laplace-Beltrami operator are in the order of 10%, after the first two hundred, the coefficients
are in the order of 10!, decreasing only slowly further. However, the eigenvectors are of length
1714 and normed such that the size of each entry is in the end on average in the order of
1072, This underlines the small influence of the trailing eigenvectors in the representation
of the embeddings using the Laplace-Beltrami operator eigenbases. For the Fokker-Planck

operator, the influence of the trailing eigenvectors seems to be higher.
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Figure 3.16: Absolute value of the spectral coefficients for every tenth of 116 simulations.
First row: Laplace-Beltrami operator using the induced Euclidean metric, second
row: Laplace-Beltrami operator using the equi-affine invariant metric, third row:
Fokker-Planck operator.

Figure shows the reconstruction of an embedding of the car part using only the first 30,
the first 300 and all 1714 eigenvectors of the different operators. The result confirms that
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the first eigenvectors are of much higher importance for the representation of the embedding
than the trailing eigenvectors. As Figure [3.16]suggests, the reconstruction using the Laplace-
Beltrami operators, especially of the operator for the induced Euclidean metric, seems to be

better suited for a low-dimensional representation of the embeddings.
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Figure 3.17: Reconstruction using N eigenvectors. First row: Laplace-Beltrami operator us-
ing the induced Euclidean metric, second row: Laplace-Beltrami operator using
the equi-affine invariant metric, third row: Fokker-Planck operator.

3.5.2 Theoretical framework

In the last section, we observed a strong decay of the spectral coefficients for the embeddings

of the car part from our example simulation bundle.

In , Iza-Teran states a theorem concerning the decay of the spectral coefficients of the
Fokker-Planck operator. However, to prove the statement, he assumes that his Fokker-Planck
operator approximates a backward Fokker-Planck operator on some unobservable parameter
space as the operator in Singer’s and Coifman’s setting does. In Section we saw that

this assumption is questionable.
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Instead of Iza-Teran’s approach to explain the decay of the spectral coeflicients, we will
follow ideas from [Afl16] and [BG17] to prove an optimality and a decay estimate for the

Laplace-Beltrami operator.

In Section [3.1.3] we saw that Iza-Teran’s Fokker-Planck operator can be interpreted as a
Laplace-beltrami operator for a different metric. Therefore, the results apply as well to this

operator.

From Section we know that for a compact Riemannian manifold (M, g) exists an or-
thonormal basis of L?(M) consisting of eigenfunctions {v;}, i € N of the negative Laplace-

Beltrami operator —A with corresponding eigenvalues 0 < A1 < A9 < ... and A; — o0.

We prove the following theorem concerning the maximal L2-error for an approximation of a

function using only the first £ € N spectral coefficients.

Theorem 3.5.1 (L?-error estimate for Laplace-Beltrami operator eigenfunction approxim-
ation). Let (M,g) be a compact Riemannian manifold with corresponding gradient V and
Laplace-Beltrami operator A. Let {1}, i € N be an orthonormal basis of L>(M) of eigen-
functions of —A as above. Let B be the class of all (ordered) orthonormal bases of L*(M),
where for b € B we write b = (b1,ba,...). Then for all k € N with A1 > 0 holds

F— Sty = LTI (35.1)
v s Wi) Wi )\k+1 9.
for all f € H*2(M). Further, if for b € B holds
\Y
‘f Z £.0:) % (3.5.2)

for all k € N and f € H?2(M), then b is an orthonormal basis of eigenfunctions of —A
with corresponding eigenvalues {\;}ien. Here || || and (-,-) denote the standard L?>-norm and

inner product.

Note that Parceval’s identity states that

Zlfwl

i=k+1

Hf Z<f Wi

such that the theorem yields as well a decay estimate for the sum of the trailing spectral

coefficients.
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Aflalo and Kimmel state in [AK13] that there exists a constant ¢ such that for the eigen-
values A of the negative Laplace-Beltrami operator holds Ay =~ ck as k — oo. Together
with Theorem [3.5.1] this implies that for the sum of the squared trailing spectral coeffi-
cients of a function f € H?*2(M), and hence (using Parceval’s identity) for the squared

L?-approximation error, holds

CIIVfII

Z [(f, )] <

i=k+1
for a constant ¢ independent of f.

Proof of Theorem[3.5.1]: First, we note that by the Divergence Theorem holds

IVAI? = —(Af, f)-

We continue with the proof of Equation [3.5.1
>: Let f = ﬁwkﬂ € H?2(M) for ¢ > 0. Then

IVFI? = (=Af, f) = .

Further )

Hf Z<fwz>z =|f-0]*=

<: Let f € H*?(M), then

IVFIIP = (—=AF, f)
= O Nl i, Y (i) iba)

€N €N

ieN
> Y A (f)?
i=k+1

> M1y, (Fiv)®

i=k+1
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With that, we conclude

2 2

[e.o]

ST i)
i=k+1

= > (fy)?

i=k+1
||Vf|!2‘
Akt1

k
p—Eyﬁmwi
=1

<

For the proof of Equation we use the following Lemma:

Lemma 3.5.2. Let b € B. Assume

IV

<
An+1

| f= Zn:<f, Vi) (3.5.3)

i=1

for alln € N and f € H>2(M). Assume further that \; < \i11 for some i € N. Then
(bj, ) =0

foralll <j<i<k.

Proof. Let k > i be fixed. Let £ be the largest integer £ < k — 1 such that Ay < A\¢p11. Then
we have ¢ < ¢ and A\pp1 = Apyo = ... = ;.
Let f = c1t1 + ... + cetbe + iy, such that (f,b;) =0 for all j € {1,...,¢} and f # 0. Such
a f exists as this is an underdetermined linear equation system. By scaling, we may assume
that

Attt =1

Using (f,b;) = 0 for all j < ¢ and using Equation for n = £, we get

2

y4 y4
1
L= Y = = = St < o
m=1 m=1 +1

As [Vf][2 = (~Af, f) we have

1

1 A
VFI?= — E X+ N |
el M&; k
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We use A\¢11 = A to obtain

l
A < 3 A2,

m=1

Using ¢ + ... + 012 + ¢ = 1, this is equivalent to

L l
Aet1 2 < Z A2,
m=1 m=1
which is again equivalent to
l
> (A1 = Am)cp, 0.
m=1

As Aprq1 > Ay > 0 for all m < £ it follows ¢, = 0 for all m <.
Therefore, f = +; and by choice of f

(g, bj) = £(f,b;) =0

for all j € {1,...,1}. As i </, this proves the claim. O

Now we use the lemma to prove Equation from Theorem Assume again

vl

Hf_z<fvbi>bi <

=1

for all n € N and f € H*?(M).

Let i1 > 1 be the smallest integer such that A;;, < A;;1+1. From the lemma we get

for all 1 < j <43 < k. Therefore, by,...,b;, € span{t1,...1;, } which implies that each
bi,...,b;, is an eigenfunction of —A with corresponding eigenvalue \; = ... = \;;. Due to
dimensions, the functions by, ...,b;, form an orthonormal basis of

span{wl, N ,¢i1} = span{bl, ey bil}‘

Let 42 > 73 + 1 be the next smallest integer such that A\;, < Aj,4+1. From the lemma we get

as above b;, 41,...,b;, € span{1,...,¥;, }. Using span{ty, ..., ¥; } = span{by,...,b; }, this
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implies by orthogonality of the b; and due to dimensions

span{w;, +1,- .-, Vi, } = span{b;,4+1,...,bi,}.

Analogously, we proceed for the next blocks. O

Theorem implies that the eigenbasis for the Laplace-Beltrami operator is, with respect
to the maximal L?-error, optimal for the representation of all Sobolev functions f € H*2(M)

with a gradient bounded by a constant ¢ > 0.

In Section we saw that not every element of L?(M) is a possible coordinate function of
an embedding of the car part. Assuming, for instance, that the embeddings of the car part
at the different timesteps of the simulations are smooth, isometric transformations of the

reference embedding, the set C' of possible coordinate functions is given by
C={geL*M)|g=f, for a C®-isometry f: M — f(M) C R3}.

Under this assumption, the Euclidean norm of the gradient of the coordinate functions is
at each point of the manifold bounded by v/2. From this follows that the L?-norms of the
gradients of the coordinate functions are bounded by [, v2dA.

However, not every function f € H*?(M) with ||V f|| < [,; V2dA is an element of C. Hence,
it is not clear whether the eigenbasis of the Laplace-Beltrami operator is optimal for the
representation of the functions in C. Nevertheless, the theorem might be a step in the right

direction to explain the numerical observations.

Further, the theorem explains Iza-Teran’s observations in [Izal7|, that the eigenfunctions of
the Laplace-Beltrami operator are also well suited to represent other simulation data like the
stress or the temperature. Usually, those functions are as well smooth and have a bounded

gradient.

Note, that we did not specify the metric used on the manifold M. The theorem can be
applied to all three operators used in this thesis. Depending on the relation expected between
the different embeddings of the simulated object, for instance isometric with respect to the
Fuclidean metric, to the equi-affine invariant metric or to the ”covariance metric” from Section

[3:1:3] the theorem would suggest to use the corresponding operator.
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3.6 Summary

Let us summarize our results concerning the separation of effects, the decay of the spectral

coefficients and the connection to the invariances of the used operators.

We saw that the observed transformations in the separation of effects are due to the form of
the eigenfunctions of the used operator. However, we could not find a proper link between
the form of the eigenfunctions and specific transformations. For the Laplace-Beltrami oper-
ator, for instance, we could not find a proper link between the eigenfunctions and isometric

transformations.

We saw results from the representation of groups, linking the eigenspaces of the Laplace-
Beltrami operator on the sphere to the representation of the group of rotations. We saw
that such a link between the eigenspaces of the Laplace-Beltrami operator on a general
submanifold and more general isometric transformations is not given. Especially, we saw
that the isometric transformations we are interested in are of the form g : M — g(M) C R?

for a regular surface M C R? and do not form a group.

Further, we saw that the transformations upon variation of the spectral coefficients of the

Laplace-Beltrami operator might seem to be isometric, but rarely are isometric.

We compared the transformations upon variation of the spectral coeflicients of three operators

with different invariances. However, for all operators, the transformations were similar.

Taken together, I do not see a reason to conjecture a link between the invariances of the used

operator and the observed transformations.

The representation of the data in the spectral domain of an operator yields the opportunity
to analyse separately the influence of parameter changes on different spectral coefficients.
The idea in the separation of effects is that this enables us to investigate separately the
influence of parameter changes on different basic transformations. However, the transform-
ations corresponding to single spectral coefficients may at first sight seem to be reasonable
physical transformations, but rarely are. There does not seem to be a link to the invariances
of the operators and we saw that in general physically impossible crossings of the car part
occur. Therefore, the benefit of a partitioning of the complex transformation between the
embeddings into the transformations corresponding to variations of spectral coefficients of
“invariant” operators is questionable. The eigenbases of those operators do, from a physical
point of view, not seem to be better suited than any other basis of L2(M) or, in the discrete

case, other bases of RV.
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Concerning the decay of the spectral coefficients and the reconstruction properties, our nu-
merical observations indicates that the eigenbasis of the Laplace-Beltrami operator using
the induced Euclidean metric is better suited for the low-dimensional representation of our

embeddings than the eigenbases of the other operators.

We saw an optimality statement for the representation of smooth functions in the spectral
domain of a Laplace-Beltrami operator and saw to what extent this can be used to justify
the representation of simulation data in the spectral domain of a Laplace-Beltrami operator

for compression purposes.

A numerical comparison to other state-of-the-art dimensionality reduction and compression

approaches is needed.

Finally, in this thesis, we employed a Laplace-Beltrami operator using an equi-affine invariant
metric. While the observations for the operator were similar as the observations for the other
operators, especially the eigenfunctions seem to be noisier and their ordering differs from
the expected multi-resolution nature of eigenfunctions of Laplace-Beltrami operators, see for
instance |JNO1]. This might be due to the many hyperbolic and parabolic points on the
surfaces of car parts and the many boundaries at which a good numerical approximation of

the continuous metric is difficult.
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4 Taylor approach

In this chapter, we will see a different approach for the representation of the simulation data.
The fact that the different embeddings of the car part are really similar and Iza-Teran’s
assumption that all embeddings are transformations of a reference embedding gave me the
idea to focus directly on the transformations. Instead of looking for a different representation
of the embeddings, I wanted to represent those transformations. To do so, we will consider

their Taylor expansion.

In the first part of this chapter, I will shortly present the idea and the numerical realization
of the approach. In Section we will consider an exemplary application of the approach
in the analysis of crash simulations. We will see that only few coefficients in the Taylor
approach are needed to represent similar data and see a way to obtain an invariance under

affine transformations.

4.1 Theoretical framework

The Taylor approach can be applied to many types of data. It can be similar curves in R?

or R3, similar surfaces in R? or even structures in higher dimensions.

As motivated in Section we assume that all embeddings are smooth, injective transfor-
mations of a reference embedding M, modelled as k-dimensional submanifold of R?, i.e. each

embedding T is the image of an element f € Emb(M,R%).

A smooth function on a submanifold can locally be extended to an open neighbourhood of
the submanifold. Consider the components fi,..., fg of f. Assume they can be extended to

R? and that their extensions can globally be represented by their Taylor series, i.e.

filz)= > ToDfi(0) forallz € R®, i=1,....d. (4.1.1)
Q.

d
|| NG

Here, o € N¢ is a multi-index, |o| = Y% ay, 2@ = 2§ ... 25¢ and D = Ogl...054. We are

interested in the coefficients D f;(0) which characterize the transformation f.

N

In the discrete setting, we are given N nodes z!,...,z" € R? on the reference embed-

ding M and the positions of the corresponding points on the transformed embedding T, i.e.

flzh), ... f@™).
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From Equation we obtain

e oo [
. _ Z % .
fz(xN) |l eNg ! (.’L‘N)a

Neglecting summands for o« > M for some M € Ny, we consider the linear equation system

fi(a*) (zh)e
: = Y Cia : : (4.1.2)

|a|§M (.%'N)a

fi(zN)
We define

M +d
K:\{aeNgua\SM}\:( ) )

Depending on N and K and on whether or not the vectors on the right are linearly independ-
ent, this linear equation system has zero, one or infinitely many solutions. Therefore, we do
not look for a solution, but build an orthonormal basis of the space spanned by the vectors
on the right and project on this basis. The projection coefficients are used to characterize

the transformation f.

N

This procedure yields the best fit of the reference embedding, given as points 2!, ..., 2, to

the transformed embedding, given as points f(z!),..., f(z"), with a polynomial P : R — R?
of degree < M.

To represent all affine transformations of the reference embedding, for example translations
and rotations, it suffices to choose M = 1, yielding (d + 1)d coefficients, which is exactly the

number of degrees of freedom of an affine transformation from R? to R<.

Mathematically, we minimize for all i =1,...,d
fi(z") = Pi(a")

fi@) ~ B ) |

over all polynomials P : R — R% of degree < M.
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Note, that the dimensionality of the space of functions of the form

(zh)”

g Ci.a : )

|a|§M (IN)a
respectively the dimensionality of the space
{(P(z1),...,P(zn))T|P : R? = R? a polynomial of degree < M} c RV*4,

depends on the reference embedding. Given for example, that all points 2’ of the reference
embedding fulfil 2, = 0, then the vectors ((z!)%,..., (z™)?) are for all « = (0,...,0,a,)

linearly dependent.

Concerning the numerical orthonormalization of the vectors, we assume K < N and use the
QR-decomposition using Householder reflections, see for example [Bin09|. This procedure is

more stable than the Gram-Schmidt algorithm.

We write the matrix X € RV*K with columns ((z1)%,..., (")), a € N¢ with |a| < M,
as product X = QR for an orthogonal matrix Q@ € RY*N and an upper triangular matrix
R € RV*E_ As R is an upper triangular matrix, the span of the columns of X is contained

in the span of the first K columns of Q).

The reduced QR-decomposition is given by X = Q1 Ry where Q; € RY*XK consists of the first
K columns of @ and the upper triangular matrix R; € RE*X consists of the first K rows of
R.

In the case that the columns of X are linearly independent, the span of the columns of X
equals the span of the columns of ()1. To obtain equality in the case that the columns of X
are not linearly independent, we delete all columns of ()1 for which the corresponding row of

R; is the zero vector.

For the numerical computation, I use the function qr from the python library numpy.linalg,
which is an interface of the LAPACK routines dgeqrf and dorgqr. It yields the reduced
QR-decomposition X = Q1 R;. Next, I delete the columns of @ for which the corresponding
rows are zero vectors and project the coordinate-functions of the embeddings on the remaining

columns.

Let us consider the following simple example. Our data are the numerical solutions of the
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following system of time dependent ordinary differential equations

a'c:a:3+a:y2—x—y

g=y+aty—y+ax (4.1.3)

in the interval ¢ € [0, 8] for different initial conditions. As initial conditions we take
xo = 0.4 - cos(0), yo = 0.4 - sin(0) for eleven equidistant samples 6 € [0, 27]. For the discrete

solution we choose the timestep At = 0.01 yielding eleven vectors z!, ..., 2 € R?*802 gee

Figure

0.4 -

0.3 A

0.2 A

0.1 A

Y 0.0

—0.1 A

—0.2 A

-0.3 1

~0.4 1

-0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4
X

Figure 4.1: Eleven solutions of the system of time dependent ordinary differential equations
for different initial conditions.

For the numerical computation, I used the function ode in the python library scipy.linalg.

We see that the solution vectors x* differ only by rotation. Consequently, choosing any vector

x* as reference embedding and following the Taylor approach for M = 1, we can represent all



72 4.2 Undoing transformations

vectors z', ..., z!! with only six projection coefficients per vector, the number of degrees of

freedom of a general affine transformation from R? to R2.

In Section [3.4], we saw that the invariant operator approach needs for an exact representation
all 1604 projection coefficients. This is because the invariant operator approach builds a basis
of L%(M), respectively R82 and can represent any element of those spaces. We saw that we
obtain a good approximation of smooth functions in L?(M) using only the first coefficients
and especially all smooth deformations of M have smooth coordinate functions. However,
the Taylor approach has in the case of simple transformations between the embeddings an
advantage, as it only focusses on the representation of the transformations. On the other

hand it is open, whether or not it yields in the limit of M = oo a basis of L?(M).

4.2 Undoing transformations

Given the projection coefficients as characterization of the transformations between the em-
beddings, we can for example use them as feature vectors in another dimensionality reduction
method. We will demonstrate this with Diffusion maps, a nonlinear method for dimensio-
nality reduction. See for example [CLO6| for details or [Tes16| for a short introduction to the

method.

We consider again the simulation bundle presented in Section consisting of 116 crash
simulations with 17 timesteps. We consider the embeddings of the car part at the timesteps
8 to 17.

As reference embedding, we choose the car part at timestep 1 in an arbitrary simulation.
Then, we calculate for each embedding of the car part the twelve projection coefficients for
a maximal polynomial degree M = 1 and apply Diffusion maps. The obtained embedding
in the 3-dimensional space is similar to the embedding obtained applying Diffusion maps on
the original data, where each embedding is described by a vector in R31714 see Figure

Hence, the first twelve projection coefficients contain the information that is used by Diffusion

maps to embed the original data.

The first twelve projection coeflicients of the Taylor approach are only able to represent affine
transformations of the reference geometry, for example translations and rotations. However,
this type of transformation might not be of high interest for the engineer who wants to focus
on actual deformations of the part. The Taylor approach yields a simple possibility to remove
the influence of such transformations. In the last section, we saw that the projection on the

polynomials of degree < 1 corresponds to finding the best affine fit of the reference embedding
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e Timestep 8
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Timestep 15
 Timestep 16
e Timestep 17

(b) Embedding for the projection coefficients.

Figure 4.2: Diffusion maps embedding for the original data given as vectors in R°'? and for

the first twelve projection coefficients from the Taylor approach with maximal
polynomial degree one.
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to the transformed embedding in the sense that we minimize for all i € {1,2,3}

fi(z') — Pi(a)
: (4.2.1)
fia™) = Pi(a™) ) || o n
over all affine transformations P : R? — R3, P(x) = Az+0b, where 2!, ..., 2" € R3*17 is the

reference embedding. Indeed, we can use the projection coefficients to obtain the minimizing

transformation P. To see this, let

1 1 11 Tri2 Ti3 Ti4
22 T23 T24

= (@) (@) (s) (@)
33 T34

T'44

be the reduced QR-decomposition of the matrix X. Assuming that the columns (1), (x1),
(x2) and (x3) of X are linearly independent, it holds r;; # 0. We write

1
(1) =r11(q1) = (q1) =—(1)
T11
1 T12
(z1) =r12(q1) + 722(q2) = (q2) =—(71) — (1)
792 T11722
1 793 ( r12723 r13 )
o) =r13(q1) + 123(q2) + 1r33(q3) = (g3) =—(22) — x1) + — 1
(z2) (q1) (q2) (g3) (g3) ng( ) T227,33( ) et Pt (1)
and
(x3) = r14(q1) + r2a(q2) + 734(q3) + 744(qa)
1 734 723734 724
= (g0) = (o) = (o) (2L T (g
T44 33744 792733744 T22T44
+( 712724 n 713734 T4 T12723T34 > 1
T11722T44  T11733T44  T11T44  T11722733744

Let ¢/, i=1,2,3, j = 1,...,4, be the projection coefficients of (f;(z!),..., fi(z™¥))T on (g;).
We have
(Pia"), .., Bi(a™)T = ¢ (@) + ¢ (a2) + ¢} (g3) + ¢ (q4)
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for a minimizing P of Equation Inserting the above equations for (g;), we get

1 2 3 3 4
(Ci _ C;T12 _ C;T13 4 C; 112723 _ C;T14

11 11722 11733 11722733 11744

4 4 4
C;T12724 + C;T13734 _ C; 712723734 1
711722744 711733744 11722733744

722 22733 122744 722733744

3 4
C; C: T34
[ - ST ()
33 33744
4

C:
+7Z x3).
e 78

2 3 4 4
C; C;T923 C,T24 C; 1723734
+<’— L g )xl

Defining the sum in front of (1) as b; and the expressions in front of (z1), (x2) and (z3) as
a;1, a;2 and a;3, we see that P is given as P(z) = Ax + b. To undo the affine transformation

P from the transformed embedding (f(z'),..., f(zV)), we compute

(A7 (f (=) = b),..., ATH(f (=) = b)).

Using the resulting vectors as feature vectors for Diffusion maps yields the embedding shown

in Figure [£.3] The influence of the time on the embedding is mostly removed.

The timesteps 8 to 17 of each simulation differ mainly by small translations and rotations due
to the bouncing of the car when it hits the wall. Those influences removed, the embedding
depends now primarily on the bending of the beam. Figure shows two embeddings of the

left cluster, one of each cluster in the middle and two of the right cluster.

4.3 Summary

The Taylor approach is a new idea for the analysis of simulation bundles. It can be used for
tasks as compression and reconstruction of simulation data, denoising - for example given an
exact reference embedding before the crash and noisy embeddings during the crash - and the

undoing of transformations.

Its performance in those task and whether or not an undoing of transformations is of interest
depends however highly on the specific data. Consider, for example, once more Figure
Whichever reference embedding we choose, all other embeddings are linear transformations
of it. Therefore, we get an exact reconstruction of the embeddings using only six projection

coefficients.

The idea to characterize the transformations between a reference embedding and transformed
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Figure 4.3: Diffusion maps embedding with clusters A to F for the crash data after undoing
the best affine transformation of the reference embedding to the transformed

embedding.

embeddings might yield further approaches for the analysis of simulation bundles, the Taylor

expansion being only one possibility of a characterization.

Especially, the Taylor approach uses polynomials and while a polynomial of degree zero
corresponds to translations, polynomials of degree one correspond to affine transformations.
Affine transformations like rotations are mostly physically reasonable transformations, but
in general not all affine transformations of the reference embedding are physically reasonable
and the same holds for quadratic and higher order transformations. An approach focussing
on the characterization of the transformations between the reference embedding and the

transformed embeddings but respecting physical constraints would be highly interesting.
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Figure 4.4: Embeddings of the beam corresponding to the different clusters in Figure



78

5 Conclusion

In Chapter 3 of this thesis, we investigated the invariant operator approach. Concerning the
decay of the spectral coefficients, the main result is an optimality estimate for the represent-
ation of smooth functions in the spectral domain of Laplace-Beltrami operators. Concerning
the separation of effects, the main results are that the transformations upon variation of
chosen spectral coefficients do not seem to be linked to the invariances of the employed op-
erator and do not fulfil any physical constraints. Consequently, a partitioning of complex
transformations in those ”basic transformations” seems to be of no use for the analysis of

simulation bundles.

In Chapter 4, I shortly presented the Taylor approach, a novel approach for the investigation
of simulation bundles. The approach resulted from the idea to focus on the representation
of the transformations between similar embeddings instead of representing the embeddings
directly. We saw some first results and possible applications. However, there are still many
gaps that I could not fill, focussing this thesis mainly on the investigation of the invariant

operator approach.

Similarly to the invariant operator approach, the Taylor approach does not respect phys-
ical constraints for the transformations between the embeddings. Developing an approach
that focusses on the characterization of the transformations between similar embeddings and

respects suitable physical constraints is an interesting topic of research.
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