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1 Introduction

The integration of multivariate functions plays a fundamental role in numerical mathematics
with applications in all scientific fields where expectations and probabilities need to be com-
puted. One example is engineering, where relevant parameters that describe a system are often
not given as deterministic values, but due to measurement errors or even an intrinsic non-
observability only as a probabilistic description. In such situations, it is important to quantify
how the uncertainty of the input parameters relates to an uncertainty of the output, e.g. the
solution of a differential equation. Further examples include physics [17], computational finance
[73], machine learning [127] and also econometrics 75|, where many relevant quantities are de-
scribed as expectations of certain random variables. Unfortunately, these integrals can seldom
be computed in closed-form, but rather require a numerical approximation based on evaluations
of the integrand.

Classically, the integral
/ f(z) dx (1.1)
Q

of a function f over a domain 2 C R represents the (signed) area that is enclosed between
Q on the z-axis and the graph f(z). For two-dimensional  C R? the integral represents the
volume between  in the (x1, x2)-plane and f(z1,x2). In reference to these areas and volumes
the numerical approximation of integrals is often called quadrature or cubature. To this end,
one takes evaluations of f at N points and constructs algorithms that approximate (1.1) with
as much accuracy as possible. The selection of proper quadrature points and the construction
of efficient algorithms is the main topic of this thesis.

Numerical integration

Mathematically speaking, we deal with the approximation of the integral Lo (f) of some function
f :Q — R over a given d-dimensional domain  C R? with respect to a probability density
function w : 2 — R by a cubature rule Q x  w, i-e.

N
La(f) = /Q f@) w@de ~ 3 wifE9) = Qxywlf): (12)
=1

Here, @ x  w uses N function values of f at the integration points X y := (5(1), . ,£(N)) c R4
which are linearly combined with the vector of integration weights w = (wy,...,wx). The
choice of good integration points and weights depends on certain assumptions that can be
imposed on the set of possible integrands f as well as on 2 and w.

The fact that the left-hand-side of (1.2) represents the expectation of f(x) motivates the so-
called Monte Carlo (MC) approach. Here, for square-integrable functions, the average over
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samples drawn identically and independently with respect to the distribution generated by w
converges to the expectation of f(z) at a dimension-independent rate of O(N~1/2).

The assumption that the integrand f is in L?(£2,w) is rather weak because this includes even
functions with infinitely many jumps. This makes MC-based approaches very robust in practical
applications because parameters or models can be changed without giving much thought to
regularity requirements or dimension dependence of the integration method. However, this
robustness comes at the price of a rather slow convergence rate O(N~/2), which is not only
independent of the dimensionality but also independent of the smoothness of the integrand.
Therefore, it is desirable to construct algorithms that can achieve higher convergence rates by
exploiting additional structure or regularity of the integrand.

For example, in the univariate setting d = 1 one could consider integrands which have their first
s derivatives bounded in L?. Then, quadrature rules using equidistant points can be constructed
that converge with the rate N=°, cf. [46]. An example for s = 2 is the compound trapezoidal
rule, which is related to a piecewise linear approximation of the integrand and achieves the
convergence rate N 2.

For a long time it was not clear how this can be generalized to multiple dimensions d > 2.
If one assumes that 0%f € L? for |k|; < s, the d-fold tensor product of suitable univariate
quadrature rules can only achieve a rate of N —s/d_which for d > 2s is worse than Monte Carlo.
This phenomenon of a convergence rate that deteriorates exponentially with the dimension d
is often referred to as the curse of dimensionality, which was coined by Bellmann in 1961 [15].

If one aims to break the curse of dimensionality, it is necessary to impose further regularity
assumptions on the integrand. In the 20th century it was discovered |98, 142| that it is possible to
construct integration algorithms which achieve convergence of order N~%log(N)? with ¢ > d_Tl
for integrands that fulfill |0 ||, < oo for all |k|s < s € N. Functions that fulfill this condition
belong to Sobolev spaces with bounded mized derivatives denoted by H? . .
Of course there are many other regularity assumptions that allow for quickly decaying integra-
tion errors, even in high dimensions. For example, if the integrand comes from a certain tensor
product of analytic function spaces, it is possible to obtain convergence rates that decay even
faster than any algebraic rate N™°, s € Ry independently of the dimension [80, Cor. 5.9].

Optimal cubature weights in reproducing kernel Hilbert spaces

A convenient way to impose regularity or structure onto the integrand f : Q — R is the
assumption that f belongs to a Hilbert space that has a reproducing kernel K :  x Q — R.
These so-called reproducing kernel Hilbert spaces (RKHS) H g are generated by their respective
kernel K : 2x§ — R and many properties of K are inherited by the elements of H . Moreover,
in a RKHS it is possible to evaluate the worst-case error of Q x  w

N
wee(Qxyw Hi) = sup  |La(f) = > wif(€Y) (1.3)
=1

[ ll7 g <1

in closed-form. This is useful for comparing the performance of different cubature rules in Hy.
Another reason why the worst-case error (1.3) is an interesting object, is its relationship to
Gaussian processes. If one assumes the prior knowledge that the integrand f is an instance of a



Gaussian process with covariance kernel K, the worst-case error wee(Q x y w, Hr) corresponds
to the variance of the posterior distribution that is conditioned on the measurements of f at
X . This perspective on numerical integration is called Bayesian integration [29, 120, 128§].

The explicit formula for (1.3) allows to determine optimal cubature weights w(X y) that still
depend on a given set of cubature points Xy C 2. These optimal weights yield an optimal
linear algorithm Qx (f) = SN wi(X n)f(€D) that achieves the worst-case error

ch(QX]\HHK) = lenu{N wce(QXN7’w7HK)7 (14)

which only depends on the point set X .

The first major contribution of this thesis is the investigation to which extent optimal weights
can improve the convergence rate of classical Monte Carlo points. To this end, we compute
optimal cubature weights w(X y) for integration in H?. , where X y is a random set of uni-
formly distributed points in [0,1]¢. We observe that (1.4) decays with high probability like
N~%log(N)?, where ¢ > % seems to be dependent on the smoothness s. Here, the main rate
of N7% is known to be the best possible. On the theoretical side, we give upper bounds for
(1.4) in H{, for random X . For this purpose, we use logarithmic oversampling to obtain a
stable cubature rule with sufficiently high trigonometric degree of exactness to show that (1.4)
is bounded with high probability by N—5%1/2log(N)%¢—1/2,

Even though these results are promising, one should note that the computation of the optimal
weights in (1.4) requires the inversion of a dense N x N-matrix. The resulting O(N?)-complexity
is a problem especially in high-dimensions where a large number of integration points is often
required. Moreover, it is questionable whether random points with optimal weights enjoy close-
to-optimal convergence rates in other RKHS as well. At least for analytic functions this must
be denied, because the Runge phenomenon requires either super-linear oversampling [39, 106],
which would degrade an exponential convergence rate to sub-exponential, or a careful selection

of the quadrature points.

In order to deal with both, good integration points and also the reduction of the computational
cost for optimal integration weights, we will follow the sparse grid paradigm [32, 142, 161].
Here, the problem of constructing an algorithm for multivariate integration is reduced to the
construction of a good univariate algorithm. To this end, we first consider the problem of
univariate quadrature in more detail.

Optimal quadrature points for univariate integration

The problem of computing a set of n univariate quadrature points X, = {{1,...,&,} that
minimizes the worst-case error can be rephrased as a nonlinear approximation problem, i.e.

n

nf | inf [£a(-) —;wiK(',fi)HHK, (1.5)
1=

where /g is the Riesz-representer of Lg. If all the points are allowed to vary, this is a best n-

term approximation problem from the dictionary Dg (2) = {K(-,z) : x € Q}. In the univariate

setting, (1.5) can be solved using results on total positivity. To this end, we characterize optimal

quadrature rules and discuss their existence in Section 5.1. Moreover, we develop an efficient
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and stable algorithm for the computation of optimal quadrature points in arbitrary RKHS
whose kernel K is extended totally positive, cf. Def. 5.1.

However, for the aforementioned sparse grid paradigm it is advantageous if the quadrature
points are nested, i.e. there exists a sequence (n;);en such that Xn; C Xp,,,- Unfortunately,
this is not the case for the optimal quadrature points. Therefore, instead of solving the best-n-
term approximation problem (1.5), we follow [150] and use orthogonal matching pursuit (OMP)
to construct a nested approximation to the best-n-term solution. By the Riesz-duality between
the dictionary Dg(2) = {K(-,z) : € Q} and the set of quadrature points z € € this greedy
approach yields stable, efficient and maximally nested quadrature rules with n;41 —n; = 1.
In order to deal with singular integrands or integration with respect to non-constant weight
functions w, we propose a weighted OMP approach that is inspired by results on Leja points.
As it turns out, the resulting nested quadrature rules are not only very stable, but also exhibit
a rate of convergence that is comparable to the one observed with optimal points. To be more
precise, we observe that for algebraic decaying n-th minimal worst-case error, the error of the
OMP greedy method decays at the same algebraic rate. Moreover, for the case of geometric
decay of the nth-minimal worst-case error, say e~“", the greedy method achieves half of the
geometric decay rate, i.e. e (%/2" Therefore, we are convinced that the OMP greedy approach
is the right choice for the construction of optimally weighted nested quadrature rules. We
remark that this approach is different from a direct greedy minimization of the worst-case
error formula as it is proposed e.g. in [89, 136] which might yield coalescing quadrature points
resulting in stability problems.

We validate the OMP greedy method for a broad range of function spaces in Chapter 6 by
constructing quadrature rules in e.g. Sobolev-, Hardy-, Hermite and Gaussian spaces. Besides,
we also investigate the distribution of both, optimal points and the points obtained by the OMP
greedy procedure. Here, we observe a similarity between the relationship of optimal points to
OMP greedy points on the one hand and Gaussian points to Leja points on the other.

Having the results for the univariate setting at hand, we are now in the position to construct
efficient multivariate cubature rules at a reduced complexity using the idea of sparse grids.

Optimized tensor product methods for multivariate integrals

The sparse tensor product method [32, 142, 161] relies on a linear combination of tensor products
of hierarchical quadrature rules, i.e.

d
= Z ® (A,(CJJ)) (f), where A Qk - Q/E? (1.6)

keA j=1

and the Qk are univariate quadrature rules. Here, A C Nd denotes a downward-closed index
set that can be tailored to the multivariate problem If the unlvarlate quadrature rules Qk)
use optimal weights for approximating LQ fQ z)dz in the RKHS Hi;, the

tensor product algorithm (1.6) also enjoys optlmahty w1th respect to the weights in the tensor
product space Hg, = ®?:1 H; for the approximation of LQ(d)(f) = ®;l:1 Lo, (f), i-e. the

multivariate integral fQ(d) f(x) H;l:l wj(xj)da. This holds independently of the index set A

and allows for a simplified worst-case error representation. Then, using the ideas of [70], we



derive an algorithm that only requires the evaluation of the univariate kernels K; and Lg,
to construct optimally weighted integration algorithms for H K at cost O(N?). Moreover,
recalling that the OMP greedy algorithm for the construction of univariate nested optimal
quadrature rules does not require any information beside the kernel K; as well, we have obtained
a true black-box algorithm for the construction of optimally weighted cubature rules in tensor
product RKHS that are both stable and fast convergent.

If a priori information on the convergence rates of ng ) is available, one can directly construct a
quasi—optimal index set and derive error bounds for the associated quasi—optimal tensor product
method (1.6). To this end, we investigate the setting of both, exponential and sub-exponential
decay of the worst-case errors. While the case of exponentially decaying ||A k] ) Il K, Was already
covered in [13, 80, 153|, the case of sub-exponential convergence is novel. However, we will treat
both settings in an unified way assuming that HAI({:J)HHK]» = exp(—a;kP), with p € (0,1] and
1/p € N. Then we show that the worst-case error of (1.6) with quasi-optimal index set satisfies

- r(d/p) 2\ iz
L ()~ QD St 0 ( — P (@) V) N6, (1.7
where gm(a) denotes the geometric mean of @ = (a1,...,aq) € R, k(n) = (n!)Y/™ and N the

total number of evaluations needed by (1.6). It is noteworthy that (1.7) represents the best
error bound for the described setting that is known so far and improves on [13, 80, 153|.

In order to validate both, our adaptive construction and the theoretical results we apply the
method to various tensor product spaces in Section 7.5. Moreover, we consider standard model
problems from numerical analysis to demonstrate the advantage that can be gained by resorting
to our new approach.

Application to problems from econometrics and uncertainty quantification

We complete this thesis by applying our results to practical integration problems from econo-
metrics and engineering. A notorious source for high-dimensional integration problems in many
branches of science is the modelling of uncertainty. For example, within the multinomial pro-
bit model, that is used to model discrete choices, certain unobservable parameters have to be
estimated by maximume-likelihood methods. In some situations, the evaluation of the likeli-
hood function requires the solution of multivariate integrals, which are usually transformed to
the unit-cube by means of the Genz-algorithm [66] and its generalizations. The transformed
integrands are known to be bounded, but can have singular derivatives. Here, we employ
sparse tensor products of the optimal quadrature rules in the Taylor space 7T, which consists
of bounded functions in the unit disc that have derivatives in the Hardy space. We com-
pare the performance of the optimal algorithm with dimension-adaptive sparse grids based
on Clenshaw-Curtis quadrature as well as (quasi-)Monte Carlo methods, which represent the
current state-of-the-art.

Finally, we consider parametric differential equations. In engineering and mechanics, but also in
other branches of science, there exist well-established models that produce reliable predictions
of a given system’s dynamics. These models, however, need to be initialized with correct
parameters. To this end, measurements of real-world quantities have to be executed which
usually involves a certain error or sometimes are not even observable at all. Therefore, it is
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important to know how the output of the simulation depends on these uncertain parameters.
Here, we consider a simple model problem that consists of an elliptic differential equations with
parametric diffusion coefficient. Since regularity theory [40, 81, 153] implies that the solution
with respect to the parametric variables is analytic in certain polydiscs within the complex plane,
we use sparse tensor products of optimal quadrature rules tailored to the appropriate Hardy
spaces. While our approach does not yield a real advantage over conventional approximation
schemes for large domains of analyticity, it turns out that for small radii our optimal sparse
tensor product method allows for a substantial reduction of computational cost. This can make
the difference between using a laptop or needing an expensive parallel cluster.

Contributions of this thesis

This thesis is concerned with the construction of optimal integration methods for both, uni-
variate and multivariate RKHS. The main contributions can be summarized as follows:

e Investigation of optimally weighted Monte Carlo integration in Sobolev spaces with domi-
nating mixed smoothness resulting in close-to-optimal worst-case error convergence.

e Development of an efficient and stable algorithm for the computation of optimal quadra-
ture points and weights in univariate RKHS.

e Employing (weighted) orthogonal matching pursuit for the construction of nested quadra-
ture rules and comparing their performance, stability and distribution with optimal points
in Sobolev spaces, Hardy spaces, Taylor spaces and Hermite spaces.

e Using sparse tensor products of optimal univariate quadrature rules to automatically
construct optimally weighted cubature rules in tensor product spaces at cost O(N?).

e Proving novel a priori error bounds for quasi-optimal tensor products of both, exponential
and sub-exponential converging nested quadrature rules.

e Application of optimally weighted sparse tensor product integration to uncertainty quan-
tification problems and the computation of multivariate normal probabilities with the
Genz algorithm.

Outline

This thesis is organized as follows: In Chapter 2 we recall the basics about numerical integra-
tion. Chapter 3 deals with the theory on reproducing kernel Hilbert spaces and also contains a
brief overview of the RKHS that will be discussed throughout this thesis. In Chapter 4 we put
this theory into practice by computing optimal cubature weights at random points for integra-
tion of functions with dominating mixed smoothness. The choice of both, optimal and nested
quadrature points is discussed in Chapter 5 and efficient and stable procedures to compute
them are provided. In Chapter 6 we compare the aforementioned quadrature rules to different
approaches common in the literature. These results are used in Chapter 7 as building blocks
for optimally weighted tensor product methods that work almost automatically for any given
tensor product RKHS. Chapter 8 is concerned with the practical application of our approach
to problems from econometrics and and uncertainty quantification. Finally, Chapter 9 summa-
rizes this thesis and discusses questions that have been left unanswered and gives an outlook to
future research.



2 Numerical integration

In this chapter, we give a brief overview of cubature rules, their construction and the different
notions of error and its normalization. We start with the discussion of abstract algorithms for
the approximation of the linear functional

Lo(f) = /Q f(@) wiz) da,

where Q C R? is a d-dimensional domain and w : Q — R>¢ is a non-negative weight function.
Beside the knowledge that the integrand is from a given function space, i.e. f € F C L1(Q,w),
an algorithm may use further information about f provided by a set of continuous functionals
ANy = (Ay,...,An) C F*, where F* denotes the dual of F. If these functionals only consist of
point or derivative evaluations of f, we are in the setting of standard information.

In order to compare the performance of different algorithms that use the same set of information
one often uses the concept of worst-case error, cf. Section 2.1. In this setting, it is known that
among all optimal algorithms there is also a linear algorithm. This allows the restriction to
algorithms of the form

N
Qayw(f) =Y wiki(f) ~ La(f)
i=1
for the approximation of Lg. Here, the most important special case is Ay = (55(1), e ,5£(N)),

where 5£(¢>(f) = f(é(’)) denotes the point evaluation functional.

If the information is fixed it remains to choose the weights w € R™. This can be done such that
certain quantities are minimized or exactness of QA w on a finite-dimensional subspace of F
is achieved. Usually, this can be realized by solving systems of linear equations. The choice of
good cubature points, however, is a much more difficult task and has been subject to intense
research for many decades. In what follows we will give a brief overview on the most common
approaches and strategies to obtain good cubature points and weights.

2.1 Algorithms and error notions

The goal of numerical integration is the approximation of
La() = [ fl@)e(@)da

where Q € R? is a d-dimensional domain and w : Q — R>¢ is a non-negative weight function.
Usually, one assumes that the integrand f : £ — R comes from a given space of continuous
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functions F C L1(,w). At a later point in this thesis, we will specialize on F being a Hilbert
space endowed with certain properties, but at this point we only assume that F is a separable
Banach space of integrable functions on 2. In this setting, Lo : F — R is a linear functional
that shall be approximated.

2.1.1 Information

In order to find an estimate of Lq(f), one needs certain information on the integrand f € F.
Beside the information that f belongs to F, further information is provided as a finite set of
linear functionals that can can be evaluated on f, i.e.

AN:(Al,...,AN), AiEF*.

The most prominent example are of course function values. In this case, the information consists
of

Ay = (55(1), . ,5£(N)) . D eq

where d, denotes the point evaluation functional at the point @, i.e. 04 (f) = f(x). As another
example one could assume that F consists of univariate analytic functions and choose

Ay = ((55, (521), . ,(5EN_1)> ,

where 55(,;j)(f) — fU)(z) denotes the jth derivative of f evaluated at x € . This is the kind of
information that is used by the Taylor formula.

There are many more choices for the information Ay, e.g. Fourier coefficients or integrals over
smaller subdomains of €). However, in almost every practically relevant setting, one is restricted
to so-called standard information, which consists of point- and derivative-evaluations only.

2.1.2 Linear algorithms and error criteria

After the information Ay C F* has been fixed, one seeks to construct an algorithm that uses
the available information to approximate Lq(f) as efficiently as possible. An algorithm is a
mapping ap, : F — R

any(f) = o(A1(f),-. -, AN(f)), ¢ :RY - R

such that |Lo(f) — aa, (f)| becomes small.

Throughout this thesis, we will concentrate on linear algorithms of the form

N
Qayaw(f) =) wiki(f), (2.1)
=1

which are completely determined by the information Ay C F* and the choice of the weights
w = (wi,...,wy) € RV,
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Usually, an algorithm is not constructed for a single integrand, but rather should work on the
whole class of functions F. In order to compare the performance of different algorithms for
approximating integrals Lq in F, one has to define a meaningful error criterion. At this point,
we mention two of them:

1. The worst-case error is defined as the error produced by the worst-possible function from
the unit ball of F, i.e.

wee(Qayw, F) = sup [La(f) = Qayaw(f)]- (2.2)
Ifle<t

Moreover, it is common to normalize the worst-case error with respect to the largest
integral a function from the unit ball of F can attain, i.e.

sup|fip<t 1 La(f) — Qay,w(f)]
sup|ire<t [ Lo (f)]

The normalized worst-case error equals the worst-case error (2.2) up to a constant. There-
fore, it does not affect asymptotic convergence rates but might have drastic impact on
the constants that are usually neglected for asymptotic considerations. However, this
works only for fixed dimensionality d. If d tends to infinity or the problem is foregone
infinite-dimensional, the normalization has a huge impact on the difficulty and even the
solvability of the problem.

2. The average-case error requires a probability distribution p on F and then takes the
average over all possible errors with respect to this distribution, i.e.

1/2
avg(Qay  F) = ( [ 120(5) ~ Qv du(f)) |

Throughout this thesis, we will concentrate on the normalized worst-case error. But we note in
passing, cf. [118, 119, 154]|, that if the probability measure p on F is Gaussian with zero mean
and covariance kernel K (z,y) = [ f(x) f(y) du(f), the average case error of a linear algorithm
equals the worst-case error in a reproducing kernel Hilbert space Hx with reproducing kernel
K, cf. Chapter 3, i.e.

avg(QAyw: F) = wee(QAy w, Hik)- (2.3)
This is also well-known in statistics where (2.3) is the foundation of so-called Bayesian integra-
tion methods [120, 128, 29|.

Another interesting property that linear integration algorithms enjoy in the worst-case setting
is the following famous result from Smolyak and Bakhvalov, cf. [8] or [118, Thm 4.7].

Theorem 2.1. Among all general algorithms cp, that use the information An and are optimal
with respect to the worst-case error criterion in a function space F, there is also an optimal
linear algorithm QA y -

Theorem 2.1 justifies the restriction to approximations of the form (2.1) when constructing
cubature rules for function spaces.
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In the following, we will assume that the information Ay is given in terms of function values
at a set Xy C €. In this setting, we define the following quantities.

The worst-case error of a linear integration algorithm @) x , ., is denoted by

wee(Qx yw, F) == sup
I fllp<1

N
[ r@)wte)de = Y wir(e)
Q i=1

Moreover, one can ask for an optimal algorithm, which uses an optimal vector of weights. The
associated worst-case error is given by

wece(X y,F) := inf sup . (2.4)

N
weRN || fllp<1

N
| r@ystarde = 3 wr(e)
1=1

The quantity wece(X y, F) measures the information value of the specific point set X 5. There-
fore, it is often referred to as radius of information.

Sometimes the set of cubature points X n is not fixed but can be chosen. This rises the question
for optimal point sets. Therefore, we define the N-th minimal worst-case error as

wecey(F):= inf inf sup

. (2.5)
XNeQN weRN | f|lp<1

N
/ f(@)w(@)dz — 3 wif (D)
Q i=1

The wcen (F) measures the inherent difficulty of integration in F and therefore is used to mea-
sure the quality of other, non-optimal algorithms. Consider a class of algorithms (Qx y w)NeN
that approximate Lq. If it holds that

lim ch(vQXN,wv F)
N—oo  wceyn(F)

< 00,

we say that Qx . is an order-optimal algorithm in F, i.e. its worst-case error decays at the
same rate to zero as the best possible algorithm using the best possible point set.

2.1.3 Stability

The worst-case error of a cubature rule Q x , « : F — R is one of the most important quantities
studied in information based complexity. However, when it comes to practical applications, the
stability of @ x y w 18 an important matter. To understand its importance, we recall that in a
computer functions can usually only be evaluated up to a certain precision. Let us assume that
the numeric evaluation f (z) of f at all points x € € achieves a precision of € > 0, i.e.

(@) - fl@)| <=
Therefore, the error of approximating Lq(f) with QXN,w(JE) can be bounded by

Lo(f) = Qxyar(F)] = | L) = Qx () + Qx () = Qx )

10



2.2 (Quasi—) Monte Carlo integration 11

< |La(f) = Qxy D] + | Qxx0(F) = Qxy )

N
< wee(@x 0 )| fllw + D il [ £(69) = F(g)]
1=1

N
smw@XMmemF+<2]m0a
=1

Consequently, the quantity
N
[wli = |wil
i=1

is an upper bound for the amplification of the numerical error € by using the algorithm Qx  w-

The following theorem from [115, 116] ensures the existence of stable cubature rules for a broad
range of spaces and integration problems.

Theorem 2.2. Let Vy C F be an N-dimensional subspace of ¥'. Then, for every linear func-
tional L € F* and every ¢ > 0, there exist N points X n and weights w € RN such that it
holds

N
S wif (€9) = L(f) forall f € Vi
=1

and

N
1Ll < > lwil < |ILlee +e
i=1

Unfortunately, it can be quite difficult to construct these points and weights explicitly, cf. Sec-
tion 2.3.4.

2.2 (Quasi—) Monte Carlo integration

In this section, we discuss cubature algorithms which use the same weight w; = 1/N for every
function value. For random points this approach is referred to “Monte Carlo approach”, while
for deterministic point sets usually the term “Quasi-Monte Carlo” is used.

2.2.1 Monte Carlo integration

Assume that a probability measure p on  C R¢ is absolutely continuous with respect to the
Lebesgue measure. This implies the existence of a non-negative weight function w : 2 — R>¢
such that du(x) = w(x) de.

The expected value of a function f : 0 — R is then given by its integral with respect to w, i.e.

mmzéﬂmmmm.

11
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Figure 2.1: Scatter plot of N = 256 Monte Carlo points and quasi-Monte Carlo points in [0, 1]2.

For square-integrable f, the law of large numbers ensures that the average
1 & . .
N Z / (S(Z)> , where €9 ~w iid. (2.6)
i=1

converges to [E,[f] as N gets large. Moreover, the convergence of (2.6) both, in expectation and
with high probability, is of order O(N~1/2), which is independent of the dimension. Here, the
constant in the O-notation depends on the variance of the integrand. Therefore, it is common
to use variance reduction techniques, like e.g. control variates or importance sampling [73, 93|.

2.2.2 Discrepancy and quasi—Monte Carlo integration

Similar to the Monte Carlo method is the class of so-called quasi—Monte Carlo methods which
also relies on using the same weight w; = 1/N for every function value. However, the set of
points X y is not drawn randomly but chosen by a sophisticated strategy to be distributed as
uniformly as possible within the domain of integration. This is even for the uniform weight
function w =1 on Q = [0, 1]¢ a difficult problem.

As can be seen in Figure 2.1, the quasi-random points are uniformly distributed over [0, 1]
while the randomly distributed points have clusters, gaps and seem to be more irregular. The
degree of irregularity of a given point set X n is measured by its discrepancy, which comes in
many different variations and has deep connections to harmonic analysis and number theory.
The general idea behind discrepancy is the approximation of volumes by relative numbers of
points. To be more precise, let

d N
. 1 i
disc(z; X n) == [ = - N > X (ED), (2.7)
j=1 i=1

where X|o z) is the indicator function of the box [0, ) := ®§l:1[0,$j) C [0,1)4, which has the

12



2.3 Quadrature with a degree of exactness 13

volume H?Zl xj. The local discrepancy disc(x; X y) measures how much the volume of [0, x)

deviates from the relative number of points from the set Xy = {5(1), . ,E(N)} that fall into
[0, ).
The g-discrepancy of a point set X j is now defined as the Lg-norm of (2.7), i.e

1/q
discq(X n) == (/ |disc(x; X n)[4 da:) :
[0,1]

This concept is useful because on the one hand the Koksma-Hlawka inequality for ¢ = 2 states

that
f(x) de — — f(&
fu @152

On the other hand it is known [52] that there exist point sets which fulfill

< diSCQ(XN)HfHHIlnix'

log(N)(d—l)/2

diSCQ(XN) jd N

This yields an error bound which is asymptotically smaller than the one of Monte Carlo. Ex-
amples for point sets with small discrepancy are digital nets, in particular the Sobol sequence
[143], lattice rules [141] or the well-known Halton sequence [82].

Moreover, there exist so-called higher order quasi-Monte Carlo points which in theory allow an
error bound of order N~*log(N )T if the integrand has bounded H?, norm [74]. However,
the construction, as well as the involved constants, are still a subject of intense research. For
further details on point sets with small discrepancy and higher-order quasi-Monte Carlo we
refer to [52].

Finally, there is a close relationship between generalized notions of discrepancy and worst-case
errors in reproducing kernel Hilbert spaces, cf. Chapter 3. We also refer to [150] and Chapter
9 in [119] for a detailed discussion.

2.3 Quadrature with a degree of exactness

By the Stone-Weierstrass theorem every continuous function on a closed interval [a,b] C R can
be approximated by polynomials. Therefore, it is a natural approach to construct quadrature
rules that integrate polynomials exactly. Here, by cleverly choosing the n quadrature weights
and the n quadrature points! the Gaussian quadrature rules achieves the maximal polynomial
degree of exactness of 2n — 1, i.e. all linear combinations of {1, x, 22, ..., 2?"~1} are integrated

exactly.

However, sometimes non-polynomial sets of basis functions ¢, = {¢1,...,vm} are preferable
to approximate certain classes of integrands, e.g. if singularities are present, cf. |79, 104]. If ¢y,
constitutes a so-called Tschebyscheff-system, cf. Def. 2.3, there exist n points &1,...,&, and

!Note at this point that we will denote the point numbers used by univariate quadrature rules by n instead of
N, because we will use tensor products of univariate quadrature rules at a later point of this thesis.

13



14 2 Numerical integration

positive weights w1, . .., w, such that it holds, cf. [100]
n
/ fz)w(z)dz = Zwif(&) for all f € span ¢g,.
L i=1

In this section, we first recall the basic properties of Tschebyscheff-systems and (generalized)
Gaussian quadrature rules. Then, we discuss Leja points, which recently gained a lot of interest
in the scientific computing community because they are maximally nested and still yield stable
quadrature weights. Moreover, their distribution converges to the arc-sine distribution of the
respective Gaussian set of quadrature points.

2.3.1 Tschebyscheff-systems

First, we recall so-called Tschebyscheff-systems (T-systems), cf. [96], which generalize the con-
cept of univariate polynomials in the sense that linear combinations from an n-element T-system
possess at most (n — 1) zeros and hence allow the construction of unique interpolants.

To this end, we define the generalized Vandermonde-matrix

e1(t1) -+ p1ltm)
V(P s omitts s tm) = 3 : (2.8)
em(t1) - om(tm)
for an arbitrary set of m real-valued functions 1, ..., ¢, on [a,b] and pairwise-distinct points

1 <ty <...<tpy€la,bl]

We can also remove the constraint that the points have to be pairwise distinct and write for
the case t1 <ty < ... <t

m

L
Vier,gmits, o tm) = (6 (1) (2.9)

ij=1"
where now l; = max{l : t;_; = t;}. This means that repeated points correspond to higher order
derivatives.

Definition 2.3. (Tschebyscheff-system)

A set of functions ¢, = {@1,...,om},m € N is a complete Tschebyscheff-system (T-system)
over a compact interval [a,b] C R iff the generalized Vandermonde-determinant

detV(sOla"'790k;t1)"'7t/€) > 0 (210)

for all pairwise distinct t1,...,tx € [a,b] and all k =1,... ,m.

Moreover, if the interval (a,b) C R is not compact, we call ¢,, a complete T-system on (a, b) if
it is a complete T-system on every compact sub-interval [a, b] C (a,b), cf. [104]. This of course
extends to half-open intervals like [a, ) or (a, b].

Examples for sets of functions that form a T-system on their respective domains are given in
[96] and include

14



2.3 Quadrature with a degree of exactness 15

Polynomials {1, z,2% 23,... 2™ 1} .
Fractional polynomials like {1,/z, z, zy/z, 2%, 2%\/x, . .., x(Mm~1/2},
Exponential translates {exp(cix),...,exp(c,x)} for pairwise distinct ¢; € R.

Radial basis functions like, e.g., {exp(—(cl(;ifﬁ), . ,exp(—(cmg;zmy)} for pairwise distinct

¢ € Rand o > 0.
The property (2.10) is important because it ensures that V(p1,...,@om;t1, ..., ty) is invertible
for every given set of points t; < to < ... < t,, € [a,b]. Hence, for every given data vector
f=(f1,---, fm) € R™ there exists a unique function f,, € span ¢,, which interpolates the data
fat(tr,...,tm), ie.

fm(tz) = ZCj(p(ti) = fZ for all ¢ = 1, NS
Jj=1

where ¢ = V" o1, ..o, 0mites oo tm) f.
Definition 2.4. (Extended Tschebyscheff-system)

A set of functions ¢, = {¢1,...,m},m € N is an extended complete Tschebyscheff-system
(ECT-system) of order p if the determinant of the matrix (2.9) is positive, i.e.

det V(¢1,. ., @i t1, .. tk) >0,

for all t7 < to < ..., < ¢, where at most p points may coincide, cf. (2.9). This shall hold for
allk=1,...,m.

For an ECT-system it is known [96] that every function u € span ¢,, has at most m — 1 zeros,
including multiplicities up to order p.

2.3.2 (Generalized) Newton-Cotes quadrature

If ¢,, constitutes a T-system on €2 and a set of n pairwise distinct points X,, C €2 is given, there
is a straight-forward way to obtain quadrature weights w1, ..., w, such that all functions from
span {1, ..., ¢} are integrated exactly. This is equivalent to

Zwigok(fi) = / or(r)w(z)dx forallk=1,...,n,
i=1 Q
which can be rephrased as a linear system of equations

Ve, .o yonié, ..., &p)w =b,  where by, = / vr(r)w(z) de.
Q

Since V (¢1,...,¢0n; &1, ..., &) is invertible due to (2.10), the desired set of quadrature weights
is given by w = V1.

In order to emphasize the dependence of w on the choice of the quadrature points X,,, we may
also write w(X,) to denote the set of quadrature weights that integrate polynomials up to
degree n — 1 exactly by using function values at X,,.

15



16 2 Numerical integration

Another example is related to Definition 2.4. Assume one seeks to approximate the integral of
a function of which not only function values at a point set X,, C € are known, but also the
value of the first derivatives at the points in X,,. Then, if (pg)3", is an ECT-system of order
at least 2, it holds that

ZZwmgok (&) —/ p(r)w(x)de forallk=1,...,2n, (2.11)

=1 5=0

where the weights w; ;,% = 1,...,n and j = 0,1 are obtained by inverting the Vandermonde
matrix V (@1, ..., 02m;&1,81,82,&2, .-, &n, &n). To simplify the notation, we adopt the notation

= (&1,&1,...,&n, &) for the set of double integration points. The set of quadrature weights
in (2.11) is then given by

w(X2) =V e, ..., 00, X2)b, where b, = /Qtpk(x)w(x) dz.

However, even though there always exists a vector of quadrature weights w € R™ which ensures
exactness on span{¢1,..., s}, one cannot be sure that the weights w are stable in the sense
of Section 2.1.3. For example, if ¢; = 2771 is the T-system of algebraic monomials and the
prescribed points are equidistant in [0, 1], i.e. {; = j/n, it is known [90] that already for moderate
n > 7 the weights become highly unstable, which is related to Runge’s phenomenon. On the
other hand, if (¢x)}_; is a set of compactly supported B-spline functions, equidistant points
work well. Therefore, additional effort has sometimes to be made to find sets of quadrature
points which guarantee the stability of the associated quadrature weights.

In fact, one can achieve even more. For extended Tschebyscheff-systems it is possible to find
quadrature points which do not only result in stable quadrature weights, but are also exact on
a space of 2n basis functions.

2.3.3 (Generalized) Gaussian quadrature

For given n € N let ¢, be a complete Tschebyscheff-system on an interval (a,b) = Q C R. It

was proven in [100], see also [96], that there exist pairwise distinct points X,, = (§1,...,&,) and
positive weights w = (wq,...,w,) € R4 such that it holds
b n
/ or(x)w(x)de = szwpk(ﬁi) for all k € {1,...,2n}. (2.12)
a i=1

Hence, by the linearity of both sides in (2.12), all functions from span ¢9,, are integrated ex-
actly. The n points and weights are called generalized Gaussian quadrature points and weights,
respectively.?

Moreover, one can also construct Gaussian quadrature rules that use not only function values
but also higher order derivatives of the integrand. To this end, let o = (u1,...,u,) be a

2In [72] it was shown that the points of a generalized Gaussian quadrature rule are unique.

16



2.3 Quadrature with a degree of exactness 17

given vector of multiplicities. In [12, 23] it was proven that there exists a unique set of points
&, ..., &, such that

n pi—1

b
/ prw(z)de =" w;;oU(&) forallke{l,...,2N}, (2.13)

i=1 j=0
where N := """ | p; if each y; is odd. For arbitrary multiplicities p, the exactness in (2.13)

holds with N = 527 | #51 .

2.3.4 Quadrature at Leja points

Leja points originate from polynomial interpolation where one is interested in point sets X,
with small Lebesgue constant, see [34, 36, 80, 92, 108, 149|. Of particular interest are nested
sets, i.e. there exists a sequence (n;);jen such that X,,, C X, , for all j € N. Examples for
such a set are the roots of Tschebyscheff polynomials, which, however, are only nested if the
number of points is doubled on each level j, i.e. Xy C Xyi+1. This implies an exponential
growth of the nested point sets, i.e. njy1 —n; =< 2/, An alternative are so-called Leja-points
which are maximally nested, i.e. njy1 —n; = 1. This is an important property when using X,
as a building block for a tensor product method, cf. [37, 80, 138]. While it has not been proven
yet, it is observed [36], that the Lebesgue constant of Leja points grows at most linearly in n.
However, the theory only predicts a growth that is sub-exponential |92, 149].

In this section we will discuss using Leja points for quadrature as it was done in |80, 108, 138].
Here, despite several gaps in the existing theory, there is convincing numerical evidence, that
Leja points allow for stable quadrature with polynomial degree of exactness in the spirit of
Theorem 2.2.

For a given set €2 C C, a weight function w : 2 — R>( and a starting point &, € €2, the associated
Leja sequence (&), C € usually stems from a certain recursive optimization process. It is
defined by

Em+1 = arg max H(z — &) Vw(z). (2.14)
2€Q i—0

Defining X, := (§o,...,&n—1), it holds that
Xn1C X, foranyneN,

i.e. the hierarchy of sets X1, Xo,... is maximally nested.

We note in passing that (2.14) is equivalent to a greedy maximization of the weighted Vander-
monde matrix (2.8) for the Tschebyscheff-system of polynomials, i.e.

Em+1 :=argrgaX\detV(sm,-..,som+2;£o,---,€m,2)\ w(z),
zE

where ¢; =20-D j=1,....,m+2.

In the following, we will discuss two kinds of specific Leja constructions. The first one is related
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Gauss-Legendre and Leja points on (—1,1)
I I I I I I I
1 || —e— Gauss-Legendre

—— Leja

cumulative distribution of points

-1 —-08 —-0.6 —-0.4 —-0.2 0 0.2 0.4 0.6 0.8 1

Figure 2.2: The distribution of Gauss-Legendre and Leja points on (—1,1) approaches the
arcsine-distribution.

to integration on [—1,1] with respect to the uniform distribution, the other one to integration
on (—o0,00) with respect to the Gaussian distribution.

Leja points on [—1,1]

The Leja points on © = [—1, 1] are suited for integration with respect to the uniform measure
%dx and are constructed by

m
&ma1 = arg max H(z —-&)|-
z€Q) i—0

The starting point &y € [—1,1] is arbitrary, but §, = 1 is an often proposed choice, see e.g. [37].

After a point set X, is fixed, the vector of n quadrature weights w is determined such that it

holds
ZwiﬁfZQ/ Fdx fork=1,...,n.
i=1 -1

Numerical experiments suggest that the resulting weights are stable, cf. Figure 2.3 and [108, 80].
However, this has not been proven yet. The only result regarding the stability of Leja points for
polynomial interpolation can be found in [149], where it was proven that the Lebesgue constant
does grow at most sub-exponentially.

An interesting property of the above definition of Leja points is that they asymptotically dis-
tribute like the Gauss-Legendre points, cf. Figure 2.2. To be more precise, let §in, ooy §pn bE
the roots of the n-th Legendre polynomial. Then it holds (in the weak sense)

Y R i
Jm 2 b =l de, =0
1= 1=

18
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Stability constants of the Leja quadrature weights on [—1, 1], uniform density.
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Figure 2.3: Stability of the Leja sequence on [—1,1] and R.

where ¢ is the density of the logarithmic potential equilibrium measure of the domain €2 in the
presence of a certain external field cf. [108, 132]. In this particular setting, ¥ is the so-called
arcsin-distribution with cumulative distribution function F'(z) = % + %arcsin(:n).

Leja points on (—o0,o0)

The other important special case are Leja points on R with respect to the Gaussian density

22
function w(x) = Vi According to (2.14), the associated Leja points are computed by

L 2
_Z_
Em41 = arg max H(z —&)|e T,
2€Q i—0

where now &g is usually chosen to be &y = 0.

Then, the vector of n quadrature weights w for X, is determined such that it holds
9:2

. k 1 > k
E wifi:/ z¥e” 2 dx fork=1,...,n.
i=1 V2T J oo

Again, the only available results regarding the stability of this Leja sequence yield that the
Lebesgue-constant is sub-exponential [92]. However, in numerical experiments, cf. Figure 2.3,
the weights are obviously stable in the sense that » ;" |w;| < 1.3 for all n € {1,800}.
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20 2 Numerical integration

2.4 Tensor product based methods

The construction of efficient algorithms for multivariate integration is not a simple task. Most of
the concepts that are available in the univariate setting do not generalize to multiple dimensions,
e.g. because there are no T-systems in dimensions d > 2. This fact is known as the Mairhuber-
Curtis theorem [163].

Therefore, it is natural to construct integration algorithms for multivariate problems by building
onto the well-understood univariate methods.
2.4.1 Full tensor product cubature

The most straight-forward approach to apply univariate quadrature rules for multivariate prob-
lems is the full tensor product. Consider the integration problem

Lng (D= [ f@wg@iz= [ [ f@)e) e iz,

Qa)

i.e. both, the integration domain €4y = ®§l:1 Q; and the density w) () = H?Zl w;(x;) have
product structure.

Assume that there exists a quadrature rule

Zw z]]) j €N

for each coordinate direction j € {1,...,d}.
Defining n = (n1,...,nq) € N&, we can now discretize the j-th integral Lo, with lejj) and
obtain

Qn(f)=QY @ - 2QW(f)

ni nd d .
=30 30 (il ) 7 (e 600):
1= 1q= J=

() _

If Q%j].) is exact on some m;-dimensional space Vm G ) .

= span{¢y’,..., (pmj} then @y, is exact on

Vm = (1) ®Vd)—span HSD kgm

mi

Here, k < m has to be understood component-wise.

With this construction, however, the number of points N = H;lzl n; grows exponentially with
the dimensionality d.
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2.4 Tensor product based methods 21

2.4.2 Generalized sparse grid cubature

Sparse grids go back to ideas of Babenko [5], Smolyak [142] and Zenger [166]. They are based on
a decomposition of the aforementioned tensor product method into a multi-indexed telescoping
sum. Balancing cost and error, this sum is truncated in a way that substantially reduces the
cost while maintaining almost the same error as the full tensor product.

Besides in numerical integration [69, 70, 117], sparse grids are nowadays also used for multivari-
ate density estimation [76], uncertainty quantification [37, 113|, the reconstruction of manifolds
[60], time series prediction [19] or multivariate regression [64, 65].

However, in order to apply the sparse grid technique, the problem at hand has to fulfill certain
prerequisites. To this end, define Q) = Q1 x ... X Qg and wg(x) = H?:l wj(z;) to be a
product density function on a product domain. The multivariate integral then reads

Lo, (f) = f(@) wigy () dee. (2.15)
Q(ay

For an approximation of (2.15), we start from a sequence of univariate quadrature rules

ng—1

QP () =3 wlfEd), fork=01.2,...,
=0
which shall be convergent in univariate function spaces F; C L1(9;,w;), i.e.
kli_)rgoQg)(f) = Lo,(f), forall feF;j=1,...4d
With the convention Q(j%( f) =0, we define the hierarchical quadrature rules
AP = QP (1) - QL (), ke,

which clearly fulfill

Lo,(f) = lim Q(f) =Y AY(f) forall f € F;.

k—o0
k=0

Then, for every f € F(g) :=F1 ®...® Fy it holds

Lﬂ(d)(f) = Z c Z A](cll) K& A/(f(fl)f =: Z Ak(f) (216)
k

=0 kg=0 keNd

An approximation to Lg , (f) is now given by a truncation of (2.16), i.e.

Qalf) =Y Ak(f) =~ Loy, (2.17)

ke A
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22 2 Numerical integration

where A C N4 is a downward-closed® index set. For example, A = {k € N¢ : |k|oo < L}
recovers the full tensor product method from the preceding section, i.e. QSL) R ® Q%dL)( f).

Before we proceed with the discussion on how the index set A can be chosen, we prove a result
regarding the degree of exactness the sparse grid method can achieve.

To this end, let A € Ng be a downward-closed set, i.e.
A C N¢ such that k € AA1 < k implies that I € A

and define
Uy = max{k’l € Np: (kl,...,kd) € .A}

to be the largest element of the form (k1,0,...,0) € Ng that is contained in A. Moreover, let
Ag1(ky) = {(1@, k) €NGTL (kL k) € A} .

Clearly, it holds Ag_1(k1) = 0 for k1 > u g and we can decompose every downward-closed set
A c N¢ into

uA

U U {(k1,... ka)} (2.18)

k1=0 (k2,....kq)€Aq_1(k1)

Now, we are prepared to prove the following theorem, which relates the index set A to a finite-
dimensional subspace on which @ 4, defined in (2.17), is exact.

Theorem 2.5. Let Q,gj)(f), k € Ny be a sequence of univariate quadrature rules that are exact on

a sequence of nested m,(g)—dimensional spaces Vk(j) = span {cpgj), ey gp%l}, where Vk(j) C Vk(i)l
forall j = 1,...,d. Then, for every downward-closed index set A C Ng, the sparse tensor
product algorithm
d
_ )
QaN = (XKa) |
keA \ j=1

is exact on the space Vi = @y 4 (®§l:1 V]g)) spanned by the basis functions

d .
USTTeY @) i< m . (2.19)

keA \j=1

Proof. We generalize the proof for the special case of the classical Smolyak index set [117] to
arbitrary downward-closed index sets A C Ng. We have to show that it holds for all f € V4
that

To this end, it is enough to show (2.20) for all elements of the basis (2.19), which have the form
f(x) = H;l:l fj(x;) with f; € Vk(j]) for some k € A.

3Sometimes, this property is also referred to as lower set.
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2.4 Tensor product based methods 23

For d = 1 the claim holds true due to the exactness of the univariate quadrature rules. We
assume that the claim holds for d —1 dimensions as well. Then, due to the decomposition (2.18)
we can write Q 4(f) for a product function f(x) = l_[;-lzl fi(z;) as

d ) U
Z > (®a)W) =3 Qe f)- AR ()

0(k27 7kd)€-Ad l(kl) .7:1 k1=0
UA (1 d U W @
=3 (T 0] - ol 01 E2CA) DIRCAIARTARA)
k1=0 \j=2 j=2 k1=0

d d
[T 2o, () | - Q) = | T] Ly (£) | - Lo (1)
3=2 J=2

:LQ(d) (f)

O]

In order to derive error bounds one can simply use the triangle inequality and a scaling of the
unit ball to obtain

Low (f) =Qa(Nl < D |Ak(f)],

keNd\A

< > 1Akl e (2.21)

keNd\A

The choice of a good index set now depends on the magnitude of the norms of ||Ag|/p+ and on
the cost c(k) which is the number of additional function evaluations required by Ag. Then,
cf. [32], an optimal index set for f consists of the elements with largest benefit-cost ratio,
ie. |[Ag(f)|/c(k). An index set that is optimal with respect to the upper bound (2.21) for the
whole class F is then given by

HAkHF*

We refer to [31, 78| for the details.

However, bounds for ||Ag|/g+ are not always available or difficult to obtain. Moreover, in
practical applications when dealing with a specific function f, it is not clear which space is
suited best since often f belongs to a whole scale of function spaces. In such a setting it is
advantageous to tailor the index set A specifically to f instead of fixing it a priorily.

2.4.3 Dimension-adaptive sparse grids

In practice, algorithms are required which can construct appropriate index sets A automatically
during the actual computation. Such algorithms were presented in [70, 84|, where the index
sets are found in a dimension-adaptive way by the use of suitable error indicators.
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24 2 Numerical integration

Algorithm 1: Dimension-adaptive construction of the index set A.
Input:

e Desired accuracy € > 0.
e Lookahead p € {1,2,...}.
Initialize:
e Set of active indices: A = {(0,...,0)}.
e S=Aq,..0/f
repeat

1. Determine neighbourhood indices B={A+ae;:j=1,...,dand a =1,...,p}.
2. For all k € B compute Ay f and associated cost c(k).
3. Determine (some) k* = arg maxycg |Axf|/c(k).

foreach k<k*:k ¢ Ado

a) Add the index k to A.
b) Update the sum S =S + Agf.

end

until |Ag-f| < e
Output: Qf = 5.

The adaptive method that is outlined in Algorithm 1 starts with the smallest index set
A = {(0,...,0)}. Then, step-by-step the index k* which has the largest value |Agf|/c(k)
from the set of all neighbouring admissible indices k € B is added. This index is expected to
provide the largest error reduction, see |68, 70, 77, 107| for details. The lookahead parameter
p determines the size of the neighbourhood that is taken into account. In most cases a
lookahead of p =1 or p = 2 will be sufficient.

The downward-closedness of the index set A is ensured at all times by adding the required
parent indices of k* in every step to A as well.

Altogether, Algorithm 1 provides an adaptive detection of the important coordinate directions
and constructs A by a greedy approach that leads to quasi-optimal index sets in the sense of

31, 78].
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3 Reproducing kernel Hilbert spaces

Reproducing kernel Hilbert spaces (RKHS) are Hilbert spaces of functions in which point eva-
luation is a bounded linear functional. The eponymous property of RKHS is the existence of a
unique kernel function K that represents all point evaluation functionals and therefore encodes
the structure of the space.

RKHS are used in many branches of applied mathematics, e.g. in statistics where there are
relationships to Gaussian processes or in machine learning where they are used within support
vector machines [16, 139], but also for the solution of partial differential equations [59].

In this chapter, we recall the definition and the most important properties of RKHS that we
need in the sequel of this thesis with the goal of constructing efficient cubature rules. To this
end, we discuss the approximation of linear functionals by linear combinations of other linear
functionals in Section 3.2. Of particular importance is the choice of weights that minimize
the worst-case error. These are derived directly from their normal equations, but there is an
important relationship to the more general theory of spline algorithms, which is discussed in
Section 3.3. Since we have to use quadrature rules that do not only rely on function values but
on more general classes of information in several proofs in Chapter 5, we will treat the subject
on an abstract level with general linear information. The case of function values then follows
as a special case.

Moreover, we quote some composition formulas to construct kernels of subspaces or tensor prod-
uct spaces in Section 3.5. A brief overview on kernels that will be important in the remainder
of this thesis complements this chapter in Section 3.6.

3.1 Basics

In the following we recall the basic definitions of reproducing kernel Hilbert spaces (RKHS)
as well as their most important properties that will be useful in the remainder of this thesis.
Herein, we mostly follow [4, 16, 59, 135].

Definition 3.1. (Symmetric positive definite kernel)
A function K : Q x Q — R, where Q C R%, is called symmetric positive definite kernel if
1. K(z,y) = K(y,) for all z,y € Q.
2. For every N € N and all sets of NV pairwise distinct points X y = {5(1), e ,E(N)} C Q,

the kernel matriz G(X y) € RV*N with
Gij(Xy)=K (gz‘),gw)

is positive definite, i.e. cTG(X y)c > 0 for all 0 # ¢ € RY.
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26 3 Reproducing kernel Hilbert spaces

The following theorem describes the relationship between symmetric positive definite kernels
and certain Hilbert spaces. It is proven in e.g. |4, 16, 59].

Theorem 3.2.

(i) LetH be a Hilbert space of real-valued functions on Q C R, where (-, -)% denotes the inner-
product of H. Assume that the point-evaluation functional 64(f) = f(x) is continuous in
H for all x € Q. Then, there exists a unique symmetric positive definite kernel function
K :QxQ — R such that

(a) The Riesz-representer of the point evaluation functional o in H is K(-,x), i.e.
f(x) =0x(f) = (f, K(-,x))y for all f € H and all x € Q. (3.1)

We say that the kernel K reproduces point evaluation in H.

(b) The closure of the span of all point evaluation representers K (-, x) equals H, i.e.

H = span {K (-, x)|x € Q}.

(i) The converse is also true: For every symmetric positive definite kernel K : Q x Q there
exists a unique Hilbert space for which the properties (a) and (b) hold true.

From now on we only consider separable Hilbert spaces that fulfill the assumptions of Theorem
3.2, i.e. point evaluation is a continuous linear functional and H contains a countable subset
that is dense in H. Because of the one-to-one correspondence between such Hilbert spaces and
symmetric positive definite kernel functions, we will write Hg to denote the Hilbert space in
which the kernel K is reproducing. Hence, Hg is called a reproducing kernel Hilbert space,
which usually is abbreviated as RKHS.

First, we note that convergence in Hx always implies uniform convergence.

Proposition 3.3. If a sequence of functions (fn)nen converges to a function f with respect to
the || - |12, -norm, then f, — f uniformly on every compact subset S C €.

Proof.
[f (@) = fa(@)] = [(FC) = Fu(), KC 2D | S WS = Fallag 1K G )3 = (1 = Fallne vV K (2, 2).
O

The next proposition discusses the role of orthonormal bases in separable RKHS. Its proof can
be found e.g. in [16, Sec. 1.5].

Proposition 3.4. Let Hi be a RKHS with associated kernel K : 2 x Q — R. Let (¢1,)72, be
an orthonormal basis of Hy, i.e. (i, Vi), = iy for all i,5 € No. Then the kernel can be
expressed as

K(z,y) =Y tn(@)vr(y).
k=0
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3.2 Approximation of linear functionals 27

The following result allows to explicitly compute the Riesz-representer and operator norm
of arbitrary bounded functionals in H7, which is isomorphic to Hg. To this end, we use
the notation LW K (z,y) to denote the application of the functional L to the variable y,

e 0 K(x,y) = K (@,€),

Proposition 3.5. Let L : Hg — R be a bounded linear functional on H, i.e. L € H¥,. Then,
there exists a function £ € Hy such that

L(f) = (£, f)1, holds for all f € Hg.
The Riesz-representer £ € Hy of L is explicitly given by
U(z) = LYK (2,y) = L(K(x, ). (3.2)

Moreover, the norm of L is given by

ILlbg, = sup L) = /L@ LW K (@,y). (3.3)

Il g <1

Proof. By the Riesz-representation theorem there exists a unique function ¢ € Hg such that
L(f) = (£, f)n, for all f € Hg. To see that ¢ is given by (3.2), we use the reproduction formula
(3.1) to obtain

U(x) = (6, K( @) uy = LK (@) = LYK (@, y).

Regarding (3.3) we use (3.2) and compute

IZIRy. = 1405, = (602 = L(0) = LILWK (- y)) = P LW K (2. ).

O
Using Proposition 3.4, the norm of L can also be written as an infinite series, i.e.
IL|3s, = LP LYK (@, y) =Y L@ LWy (@)i(y) = Y L), (34)
k=0 k=0

where (11)72, is an orthonormal basis in Hp.

3.2 Approximation of linear functionals

Since numerical integration seeks to approximate a given linear functional by linear combina-
tions of different functionals (mostly point evaluations), we now consider the approximation
of bounded linear functionals in reproducing kernel Hilbert spaces. To this end, we stay in a
rather abstract setting during this section, but turn to more concrete examples in Section 3.4
of this Chapter.
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28 3 Reproducing kernel Hilbert spaces

We are now interested in approximating a continuous linear functional L : Hx — R using the
information (c.f. Section 2.1) that is given by a finite set of linearly independent functionals

Ay = {Al,...,AN}, A; 67‘[}((

In the following we assume that L ¢ span Ay.
From Proposition 3.5 we know that the Riesz-representers of L and Aj,...,Ayx are given by
((x) = LYK (z,y) and \i(x) = Agy)K(az,y),i =1,..., N, respectively.

Motivated by Theorem 2.1, we restrict ourselves to linear approximation algorithms, i.e.

N
Qayw(f) =D wi- Ai(f) = L(f). (3.5)
i=1
The choice of the weights w = (w1, ..., wy) € RY will be discussed later.

The approximation error

Ry aw(f) = L(f) = Qay.w(f)

is a bounded linear functional itself which has a representer ra, .« € Hx given by

(@) = B K (@) = LOK (@) 3w AV K, y).
=1
Its norm
HRAN,wHH;(: sSup ’RAN,w‘
[FAlETS!

can be computed by
HRAN,wH%-L;( =RAyw(rAyw) = thjzinxljsz (z,y)
=RY) o, (LYK (2,y) - QY K (z.y))
—LOLWE (@,y) - 20 , LYK (@) + Qy) , Q) K (2,y)

N
:L(:c)L(y)[((a;7 y) — 2 Z ij(w)Ag»y)K(CB, Y)

+Zzwle K(.’L’ y)

=1 j=1

N N N
=1Ll — 23 wini(0) + 3w AP AY K (2, y),
j=1

i=1 j=1

which is known as the squared worst-case error formula (see e.g. [119, 154]) or the power
function of the functional L (see e.g. [59, 135]).

Moreover, having in mind Proposition 3.4, according to (3.4) the worst-case error can also be
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3.2 Approximation of linear functionals 29

written as
o) N 2
1R A w5 —Z|RAN, ()] Z vr) = Y wihj ()| (3.7)
k=0 k= j=1

where (¢1,)72, is an orthonormal basis of H.

For a given set of information Ay C HJ, the optimal linear algorithm is defined by the vector
of optimal weights w(Ay) = (W1 (AN), ..., Wn(AN)), Le.

W(AN) == argmin || Ra y | #3, - (3.8)
weRN

It can be seen from (3.6) that ||Ra N,wH%{;( is a quadratic form in w whose partial derivatives
are given by

0
TMHRAN,’UJH%L;( =2 (L(m) AYK (2, y) sz/\(x )) ;

such that the first-order conditions for optimality aTJkHRAN’wHH;( =0for k=1,...,N imply

(w)A(y sz w)A(y x,y) fork=1,... N (3.9)

This leads to a linear system of equations, i.e. the vector of optimal weights is uniquely deter-
mined by
w(Ay) = w(Ay, K) = argmin [|Ray w|l = G2 - b(AN). (3.10)
weR”
Here, the matrix G(Ay) € RV*YN is the Gramian of the representers ); of the functionals A;
that act on Hg, i.e.

N
G(AN) = G(AN, K) = (i A )iimy = (AN K @ w)) (3.11)
and the right-hand side vector b(Ay) € RY is given by
N () A (y) N
b(Ay) = b(Ax, K) = (A(0)Y, = (L Al 1r<(a;,y))i:1 . (3.12)

If it is clear from the context, we will drop the dependence of G, b and w on K to keep the
notation more simple.

In the following we will denote the linear approximation (3.5) that uses optimal weights w(A y)
defined in (3.10) by QAN. The associated error functional will be denoted by RAN and its
Riesz-representer as 74 .

Moreover, it will be helpful to express the worst-case error HRANHH;( in a more convenient
form. To this end, we note that by (3.9) the choice of optimal weights w(A ) is equivalent to

RAN()\k):Ak(fAN):O fOI‘kZZ,l...,N.
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30 3 Reproducing kernel Hilbert spaces

Therefore, the worst-case error formula (3.6) takes the simpler form

1BAN s, = Ban (Fay) = L(Fay) — Qay (Fay)

N
= L(fay) = L@ LI Zw AN)L ‘”)Ag.y)K(a:,y)
N = (3.13)
= 1Ll = 2 os(Aw) A ()
= | LI, — bT(AN)G ™ (AN)b(AN).

Before we proceed, we note the following property of the optimally weighted worst-case error
[Bay 7z - Let Ay C Hi be aset of linear functionals such that span Ay = span Ay, i.e. there

exists a matrix A € GL(n) such that A = Zivzl a; xAk. Then, it holds

IRa I3 = R4 [l

i.e. the worst-case error of an optimal algorithm is independent of any (invertible) linear trans-
formation of the underlying information. This follows from (3.13) because

IRz 1By, =IZIZ, — bT(An)G (An)b(AN)
=|Ll3;, — (A-b(AN))T(A-G(An)- AT)T'A - b(Ay)
=||L||Fy, —bT(AN)G ™ (AN)b(AN).
The following corollary summarizes the most important properties of optimally weighted ap-
proximations to bounded linear functionals in reproducing kernel Hilbert spaces.

Corollary 3.6. Let L € Hj, be a bounded linear functional with representer £ € Hy. Moreover,
Ay = (M1,...,AN) C M} denotes N different linear functionals as information.

Then, it holds

(i) For an arbitrary linear approzimation

N

Qaw(f) =D wiki(f)

=1

the worst-case error is given by

IL = Qawliy, = LOLY K(x,y) - 207, LYK (z,y) + Q¥ QY) K (z.y)

, ) (3.14)
— LB, — 2Qaw(0) + [ Qawlss

(ii) For an orthonormal basis (V)3 of Hi the worst-case error can be computed by

IL = Qawlli, = D 1L(r) — Qaw(®n)]®
k=0
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3.2 Approximation of linear functionals 31

(iii) The vector of weights that minimizes the worst-case error (3.14) is given by
w(Ay) = G 1 (Ay)b(Ay).

The resulting linear approximation to L

N

Qay(f) =D wi(An)Ai(f)

i=1

achieves the smallest worst-case error among all (possibly nonlinear) algorithms that use
the information Ay .

(iv) The representer of the error functional RAN =L - QAN vanishes at Ay, i.e.
Ap(Fay) =0, forallk=1,...,N

and the vector of optimal weights Wy ,, ts uniquely determined by these conditions.
Equivalently, the optimal algorithm QAN treats exactly all functions from the span of the
representers {\;,i =1,..., N}, where \j(x) = Agy)K(:c, Y), i.e.

Qay N)=L(N\) foralli=1,...,N.
(v) The worst case error of QAN takes the simpler form
HRANH%-L}( = RAN(K) = HLH%L}( - QVAN(E)
N
— ILIZ, — S i AN)A(D)
i=1
= HLH’%-L;( —b"(AN)G T (AN)b(AN).

(vi) The worst-case error HRANHH} of an optimal algorithm that uses the information given
by Ay C Hj; is independent of any (non-singular) linear transformation of An.

Finally, the following proposition states that the error of an optimal approximation algorithm
can always be reduced by adding a further information functional.

Lemma 3.7. If L ¢ span Ay, the error of any optimal linear approzimation QAN to L can be
reduced by adding a functional Ani1 € Hje with An11(Tay) # 0 to the information.

Proof. We choose Any1, such that An41(7a, ) # 0 and define the linear algorithm
Qn+1(f) = Qay(f) + ONt1AN11(f),
whose error representer is ryy1(x) := 7a, (x) — U~)N+1AS$)+1K(w, Y).

-1
Choosing W41 = An+1(Tay) - (AS\?LAS\ﬁlK(m,y)) , we obtain Ay41(7a,) = 0. Then, we
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32 3 Reproducing kernel Hilbert spaces

can compute

|RN+1]]> = Rvs1(rve1) = Ray (rv41) — On41AN+1(r1)
- RAN (TN-H) - RAN <fAN) - TDN+1AN+1(7’AN)
= raylP? = @ (ARLAVL K (@) -

As |]RAN+1|] < ||[Ry+1]l < [|[Rayll; the claim is proven.
0

Corollary 3.8. If K is normalized such that ||L||y, = 1, then ||Fay||x, <1 for all N > 1.

3.3 Relationship to spline algorithms

In the following we will discuss the relation of optimal cubature rules to so-called spline algo-
rithms, which are treated in a much more general setting in [154]. In what follows, we will keep
the level of abstraction as low as possible.

Definition 3.9. (Spline interpolation)

For a given set of linear functionals Ay = (A1, ..., Ay) C H3% and a data vector f = (A;(f))Y,
generated by a function f € H, the associated interpolatory spline Sy € Hy is defined by

(i) As(Sy) = fifori=1,...,N,ie. Sy interpolates the data f at Ay.
(ii) IStllngx = min{|lg]| : g € Hrx and Ai(g) = fi,i =1,..., N}, ie. among all functions that
interpolate f, the spline Sy has minimal H g-norm.

We can construct the interpolatory spline algorithm explicitly since it is the orthogonal projec-
tion of f onto Hp(a,). To this end, we define

c()M(x),  where e(f) == G (An)f
(3.15)

S G AN AAY K (z,y),
k=11=1

where the matrix G(Ay) was defined in (3.11). The property (i) in Definition 3.9 now follows
from A;(A;) = G x(An) and hence

Z Ck )\k = cT(f)G(AN)ei = fTGil(AN)G(AN)ei = f;.

To see (ii), we first show that f — .Sy is orthogonal to Sf in Hg, i.e.

<f—Sf,Sf>'HK =0 forall f e Hg. (3.16)
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3.4 Application to numerical integration 33

This follows by

Then, we can conclude from (3.16) that

1f =S¢l = 1110 — S7I3

which implies HSf”%—lK < ||f|]%_[K In other words, the norm of Sy never exceeds the norm of f
and therefore is the desired minimum norm interpolant.

Next, we construct a cardinal representation of the spline (3.15) which consists of functions
Hy,...,Hy €span{\q,..., Ay} such that A;(H;) = J; ;. In the context of polynomial interpo-
lation such functions are sometimes called Lagrange basis.

The functions Hy, ..., Hy can be constructed by finding a matrix of coefficients C € RV*V
which fulfills

N

> Ciphi(\) =6i; foralli,j=1,...,N.

k=1

Because it holds Aj(Ak) = (Ni, M) py = AEZ)Agy)K(m y) = Gir(An), we conclude that the

coefficient matrix is given by C = G71(Ay), i.e.

=

ZGM (AN) ().
=1

Now, the spline interpolant (3.15) can be written as

N
Sp(x) =Y fiHi(x).
i=1
It is interesting to note that the optimal weights w1 (Ay),...,wn(Ay) for the approximation

of a linear functional L € Hj, from (3.8) can also be obtained from the cardinal functions
Hy,...,Hy via w;(Ayx) = L(H;). To see this, we compute

N N
= GaLOw) =) GiiM(0) = (GTH(An)b(A)), = wi(Ay). (3.17)
k=1 k=1

3.4 Application to numerical integration

Until now we kept everything rather abstract by considering only general linear information in
form of Ay C Hj to approximate L € HF% . In order to get more concrete, we now consider
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34 3 Reproducing kernel Hilbert spaces

the setting where L is an integration functional of the form
Lo(f) = [ F@)w(a)dz.

Here, Q C R% and w : Q — R>q is a non-negative weight function. We have to assume that

Lo € Hj, which is the case if the kernel K is integrable, i.e. ng)ng)K(m, y) < oo. We will
discuss two scenarios that are important in the remainder of this thesis.

3.4.1 Integration using function values

The most classical choice of the set of information Ay would be point evaluations at a set of
N points Xy = (£ W eW )). In what follows, the information provided by the functionals
AN = (¢1), -+, 0¢v)) Will be denoted by Xy as well.

For an arbitrary vector of cubature weights w € RY the error functional is

N
Rxyulf) = [ f(@)w(@)de =3 wf ().
=1

The associated worst-case error formula, c.f. (3.6) now reads

N
IRxvuliy, = [ [ Kaw)w@) ddy—23 w [ KE.y)w)dy
=1
(3.18)

N N
+3 ) wiwK (€W, V).

i=1 j=1

If optimal weights
117(XN) = G_I(XN)b(XN)

are chosen, the resulting cubature rule
N .
La(f) ~ Y wi(Xw)f (69)
i=1
has the simplified worst-case error representation, c.f. Corollary 3.6, given by
N .
1Rl = [ [ K@ye@sm)dedy 3w [ K9, y)wly)dy
i=1

= [ [ K@y st dedy - 57006 (X0BX ).
QJQ

According to (3.11) and (3.12), we have the Gramian G(Xy) = (K(é(i),f(j)))ﬁ;:l and the
right-hand side vector b(X ) = (ﬁg(ﬁ(i)))f\il in this setting.
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3.5 Construction and composition of reproducing kernels 35

3.4.2 Integration using higher order derivatives

A different setting that will be important in Chapter 5 is univariate integration where not only
function values but also values of the derivative of the integrand can be used. To this end, let
Q2 C R and a set of n points X,, = (§1,...,&) € Q" be given. For a vector of multiplicities
= (1., pn) € N* with N =377 | p; we write

XH — gl 52 §n>’ ‘>0’

which is short for the information given by

-1 n—1
AN = XE = (06, 08500 0, 0.

Here, &% (f) = fU)(z) denotes the evaluation of the j-th derivative of f at the point z € Q. We
assume that 7 is a bounded linear functional in H, i.e. (62)) (62) D K (s,t) = K09 (z,z) < oo.

The resulting optimal quadrature rule then reads

—_

no i
Lo(f) = > ) i (XE) f9(&).

i=1 j=0

Again, due to (3.11) and (3.12) the vector of optimal weights w(X%'), which is now indexed by
i and j, can be computed by w(X%) = G~HXE)b(XE).
Consequently, the Gramian matrix G(X£) € RV*¥ is given by

K(&1,€1) e KOmENE6) - K (6,6 e KOrm(g,8)
K10, &) KOn-LisD(g &) - KUn-19)(e, ) K-, ¢)

K(&n, &) KOm=U(E, &) - K(&,&) KO#n=1(g,, )
K(unLé)(gm &) K(Mnlymsl)(gmgl) - K(uml,(;> (En, &n) K(unl,;inn(gn)

and the right-hand-side vector b(X%) € RV is

T

b(X) = (L&), " V(&) Lalgn), - 44V ()

3.5 Construction and composition of reproducing kernels
We have seen that the theory on reproducing kernels is very useful to tackle approximation and

interpolation in certain Hilbert spaces. In this section we will summarize some composition
formulas for kernels.
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36 3 Reproducing kernel Hilbert spaces

3.5.1 Product of reproducing kernels

Let K1 : Q1 x Q1 — R and Ky : Q2 x Q2 — R be reproducing kernels of Hg, and Hg, on
domains 21, C R. Then, for 9(2) := 1 x 9 the kernel

Koy(z,y) == Ki(z1,y1) Ka(72, y2)
is reproducing in the tensor product space
'HK(Q) =Hg, Q@Hk,.

More generally, it holds that for d symmetric positive definite kernel functions K : €; xQ; — R,
j=1,...,d the kernel

IS

K(d Y y H 513]7%

is the reproducing kernel of the tensor product space

HK ) = ® Hi;-

See [16, Sec 4.6] and the references therein for more details.

3.5.2 Sum and differences of reproducing kernels

Let K7 and K3 be reproducing kernels on €2 x Q with associated RKHSs Hx, and Hg,. Then,
Ki(x,y) + Ka(x,y) is the reproducing kernel of

Hic, 1k, = Hiry, DHi, ={f1+ fa: f1 € Hk, and fo € Hk,}.

If Hr, N Hi, = {0}, then H is a direct sum, i.e. H, is the orthogonal complement of H,
in #H, c.f. [16].

The norm in Hg, +x, is given by
1 B, e, = min{lfa By + I fell3, < 1 € Py and fo € Hi ).

Now, assume that Hp, is a closed subspace of Hg. Then, the orthogonal complement of H g,
in Hg, i.e. 7—[%{1 has the reproducing kernel

KIJ_(:Dvy) = K(m7y) - Kl(m’y)'

3.5.3 Restriction of reproducing kernels

Let K : Qx Q — R be the reproducing kernel of Hx and € Q. Then the restriction K = K|Q
of K to Q is the reproducing kernel of the space {fIQ i f € Hx} =: Hji. The norm of H is
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3.5 Construction and composition of reproducing kernels 37

given by [16] )
fll#, = min Sl
Il =, min
This result is important when considering spaces of holomorphic functions that are real valued
for real argument.

3.5.4 Kernels of finite dimensional spaces
If 41,...,%, is an orthonormal basis of an n-dimensional space Hg, the kernel K is due to
Proposition 3.4 simply given by

K(z,y) =Y vi(@)ye(y).
k=1

However, if only a non-orthonormal basis ¢1,..., ¢, of Hg is available one can compute the
Gramian matrix G € R™" with

Gi,j: <¢i7¢j>'HK7 iajzlv"’vn
and the reproducing kernel of H is given by [16, Sec. 6.1]
K(m,y) =Y > G;loix)6;(y). (3.19)
i=1 j=1

If AN = (A1,...,An) C H}, we can project on the subspace spanned by the Riesz-representers
of Ay, ie.
Hi,,, = span {A\,..., AN}

whose reproducing kernel is according to (3.19) given by

Kay(@y) =YY G HANAY K (@,9) AV K(x,y). (3.20)
i=1 j=1

3.5.5 Kernels of a certain subspace

Sometimes one is interested in the subspace of a RKHS which is defined by the property that
its elements vanish at a finite set of certain linear functionals, i.e.

{feHr : Ni(f)=0 fori=1,...,N}.

Examples are subspaces with prescribed zeros or zeros of derivatives. But one could also con-
struct subspaces of functions with vanishing moments.

The following proposition gives an explicit formula for the kernel of such subspaces.
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38 3 Reproducing kernel Hilbert spaces

Proposition 3.10. For a given set of N linear functionals An = (A1,...,An) C Hj; let

KkN(CE, y) = K(wa y) - KAN (way)a

where K, (x,y) was given in (3.20). The unique Hilbert space in which K kN is reproducing
is given by
HKX ={feHr :Ni(f)=0 fori=1,...,N}.
N
Proof. First, we note that the Riesz-representer of A € H% in H%{AN is given by
Ai(@) = AV KR (@,y).

Since Ag(f) = <5\k, f>7—t;( , it suffices to show that \; = 0. To this end, we compute
AN

(@) = AP (K (@) = AV K(@,y) - Kay(@,9))

AYK (2, y) ZZGJ (ANAY K (2,9) AYAY K (2, y)

i=1 j=1

— AYEK(z,y) ZZG” AVAY K (2, y) G x(Ax)
i=1 j=1

= AV E(,y) Y AYEK(@,y) > G HAN)G(AN)
i=1 Jj=1

=AY EK(,y) Y AYK (2, y) i
=1

—AYEK(z,y) - AYK(2,y)

=0.

3.5.6 Kernels of L, subspaces

Let L2(Q,w) denote the space of functions that are square-integrable on 2 C R with respect
to the weight function w. The inner product is given by

(F. 9) Loy = /Q F(2)g(@) () da.

Let (¢1)72, be an orthonormal basis of Ly(£2,w). Then, every f € Ly(€,w) can be written as

Mg

f(@) =) (f, 0k) Lo(,0)Pk(T)

iy

0
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3.5 Construction and composition of reproducing kernels 39

where we will abbreviate fi, := (f, ¢x) Lo(Qw)- By Parseval’s identity, it holds

117 50 =
k=0

2
< 00

fi

for all f € La(Q,w).
Now consider a subspace of La(£2,w) defined by some weight function p : Ny — R,, which
fulfills

p(0) =1 and p(k+1) > p(k).

We can define the norm
2

fi

oo
113, = p(k)
k=0
and the space generated by p is then the subset of Ly with finite || f||z,-norm, i.e.
H, = {f € La(w) : | flla, < oo}.
The inner product in this space is
o0
(f.90m, = > p(k) fr or
k

=0

and the set of functions

is orthonormal in H,. Consequently, according to Proposition 3.4, the reproducing kernel of
H, is given by

K(m,y) =Y ve(@vn(y) =D p(k) " dr()dr(y).
k=0

0

>
Il

3.5.7 Kernels from Taylor spaces

A similar approach consists in so-called Taylor spaces. The idea goes back at least to [33]
and more recently was studied in [51, 168|. The basic principle is to replace the Fourier series
expansion in the preceding subsection by the power series expansion

f(z) =) fid (3.21)
k=0

of functions that are analytic in open discs of radius r € (0,00], i.e. D, = {z € C: |z| < r}.
Because fr = f)(0)/k! is also the k-th Taylor coefficient, (3.21) is the Taylor series of f.
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40 3 Reproducing kernel Hilbert spaces

Following [33] let the function
[e.9]
S
k=0

be analytic in D, and real-valued for z € R. We define the space

Ty = {fGHol(DT):i%If<OO}

with the inner product between f(z) =3 2, fr2® and g(2) = Yoreo grz" given by

o0
7= 0" fuTk
k=0

and norm

117, = Ze "l
The reproducing kernel K : D, x D, — C is then given by
y) = Z 0,257 = 0(x 7).
k=0

Indeed, it holds for real z € (—r,r) that

(f,K(,x Ze fi Or® —kax = f(x)

Many well-known function spaces fit into this framework, c.f. [168], and the examples given in
the sequel.

3.6 Examples of relevant RKHS

In the following we will give several examples for univariate reproducing kernel Hilbert spaces,
whose tensor products are relevant in numerical analysis, scientific computing, machine learning
and engineering.

3.6.1 Sobolev spaces

The scale of Sobolev spaces H*(2),  C R, s € N consists of square-integrable functions on €,
whose first s weak derivatives are bounded in L? as well, i.e.

H?(Q) = f€L2 /‘f(k d$<oofork::(),1,...,s}. (3.22)
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3.6 Examples of relevant RKHS 41

There are several ways to choose a norm for H¥(2) c.f. [101]. In what follows we will concentrate
on a particular class of norms which result in an easy closed-form expression of the associated
reproducing kernel.

Periodic Sobolev space

We will start with the Sobolev space on the torus T = [0, 1) which consists of periodic functions
that fulfill (3.22) and whose first s — 1 derivatives are periodic.

A possible norm for the periodic Sobolev space

H® = H(T) = {f e () and FO0) = f®MQ) for k=0,...,s— 1}.

= ([ 1) s [ owf (323

because the integrals of the derivatives k € {1,...,s — 1} vanish due to the periodic boundary
conditions.

is given by

Having in mind the construction from Section 3.5.6, we define the weight
p(k) := max(1, 27|k|).

Inserting the Fourier expansion

f(l') — Zf-eZTrik:v’

kEZ
where f; = fol f(z)e 2™k dz denotes the k-th Fourier coefficient, we note that (3.23) equals

115 = D p(k)* | ful®.

kEZ

Consequently, the reproducing kernel of H* is given by

Z p(k) ™% exp(2mik x)exp(2mik y) Z p(k) ™% exp (2mik(z — ) .
kez kEZ

For s € N, this infinite series can be written as [157]

(_1>s+1
(2s)!

where Ba; : [0,1] — R denotes the Bernoulli polynomial of degree 2s.
We will also briefly comment on the space H®. = H*®* ® ... ® H®, which is the d-fold tensor

mix
product of univariate periodic Sobolev spaces. Due to the tensor product structure its norm is

Ky(z,y) =1+ Bas(|z = yl),

given by

191 = 3 Lotk 1. = [, e e (321)

kezd j=1
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42 3 Reproducing kernel Hilbert spaces

and according to Section 3.5.1 the reproducing kernel of H iy 18
d ~
HK (@,5) = Y Hp 2 exp (27ik - (z — y)) .
j=1 kczd j=1

Nonperiodic Sobolev space

The so-called unanchored Sobolev space on [0, 1} is constructed from H* by adding those func-
tions that reproduce the boundary values of f*) for k = 0,...,s — 1. To this end, we note
that the Bernoulli polynomials By, ..., Bs; have the property fo ) dx = 0 and they repro-
duce the values of functions on the boundary of [0,1], c.f. [158] T herefore, by the additive
composition formula in Section 3.5.2, the kernel

_1)s+1 s .
Ki(z,y) =1+ ( (;Z)T BQS(\x_yDJFZBJ( )B;(y)

reproduces point evaluation in H*([0, 1]) with respect to the inner product

(f,9) s = ( / fO >< /O 1 gV (x) dx>+ /0 1 £ (2)g®¥ (z) da.

We refer to |52, 158] for details.

Zero boundary condition

More restrictive is the class of functions, whose support is strictly contained in the open interval
(0,1), i.e. f € H® and suppf C (0,1). These functions play a role in the construction of Frolov
cubature methods, cf. [63, 156]. An equivalent definition is

H5(Q) = {f e H(Q) and fO0) = fO(1) =0for k=0,...,5— 1}.

Obviously, we have

H*(Q) c HQ) c HQ).

Since H* is a subspace of H®, we can invoke the results from Section 3.5.5 to construct the
reproducing kernel of H?.

To this end, we first note that it holds for f € H*® that f0)(0) = f@ (1) for j =0,...,s—1. In
order to determine the subspace where

f90) = 91 =0,

we first define the set X; := {0} and p = (s — 1). Then, in the notation of Section 3.5.5 the
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3.6 Examples of relevant RKHS 43

space Hy( Xy 18 the orthogonal complement of He. Consequently, the kernel of H* is given by
~ s S ~ . ~ .
Ko(z,y) = Ko(z,y) = > G HEHKL D (2,00 K5 719(0,y),
i=1 j=1

where K9 (z,y) = 29K (x,y) and the Gramian G(X!) € R*** is defined by

xpyq

Gij(XM) = Ki%9(0,0) fori,j=1,...,s.

3.6.2 Hardy spaces on open discs

Classically, c.f. [54], the scale of univariate Hardy spaces HE with r € (1,00) and p € [1,00] is
defined as the set of functions that are holomorphic on the open disc D, = {z € C : |z| < r}
and have bounded LP-norms on all circles of radius ¢ < r, i.e. (% f027r |f (tei“’) |p dp)t/P < o0
for all 0 < ¢t < r. Then, functions f € HY can be extended point-wise to the boundary of I,
almost everywhere and their norm! is given by

1 » 1 [ . v
e = (e [ 1rEPatel)” = (5 [ 15 ey prae)

i.e. by the LP-norm on the circle bounding D, or equivalently on the torus T = [0, 27). Therefore,
analogously to the scale of LP(T)-spaces, H! are Banach spaces and we have the inclusion
H C HY for 1 < p < ¢ < oo, see e.g. [54]. Moreover, for 1 <t < r it holds HY C HF.

In the context of approximation theory, functions of this class have been studied for quite some
time, e.g. the case r > 1 and p = 2in [103, 133], 7 > 1l and p = co in [99] or r = 1 and p € (1, o]
in [3, 145].

In the following we will be interested in the case p = 2 when H, := H? becomes a Hilbert space
with inner product

2 1/2
s = (5 [ 1069 gl ae) (3.25)

Using that f, g € H, can be represented as absolutely convergent power series on D,, i.e.

f(z) = Z fez®  and g9(z) = Z 2",

keNp k€Ng

together with the orthogonality of the monomial basis with respect to (3.25) we obtain an
alternative representation of the inner product, i.e.

1 2

(f, 9, f(re¥) g (rei) de

:%0

1 27 o ki _— T
=3 Y futgs [0 e

k1€Np k2€Ng

'In the case p = co we have the obvious modification || f|[use = esssup,cap, [f(2)]-
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44 3 Reproducing kernel Hilbert spaces

1 o k1+ka Jipk ipk
D S
0

k1€Ng k2€Ng

=Y gk

keNy
Therefore, the H,-norm can also be realized in terms of the weighted fo-norm of the power

series coefficients, i.e.
1/2
1, = (D r1A2)
keNg

which fits into the setting of Section 3.5.7, by choosing
0(z) := Tk —
(2) g r- "z R

Consequently, for z,y € R the reproducing kernel of H? is given by

7,2

Kr(2,y) = 35— e

3.6.3 Taylor space generated by the di-logarithm

Our next example consists of functions that are analytic on the open disc of radius r = 1,
ie. Dy = {z € C: |z| < 1}, and have derivatives in the Hardy space H, with » = 1. This
property is important for certain integrands that appear in econometrics, cf. Section 8.3 of
Chapter 8.

We will denote this space by 71, which refers to the di-logarithm

Lig(2) =) =
k=1
In the notation of Section 3.5.7 we set

[ee]
O(z) =1+ k¥ =1+ Liy(x).
k=1

Consequently, the norm of f(2) = Y 5o, frz" in Tis, is

00 1/2
1£11,, == <|fo|2+§jk2 |fk|2>

k=1

and the associated inner product is

(f,9)7,, = folo + Y _ K> fiTk.
k=1
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3.6 Examples of relevant RKHS 45

Moreover, the reproducing kernel K of 7y;, for real arguments is given by
K(z,y) =1+ Lia(zy).

Finally, we note that the first derivative of functions from 7r;, belongs to the Hardy space H,
with radius r = 1.

Proposition 3.11. For every f € T, it holds that
f/ € Hy,
i.e. the first derivative is in the Hardy space of functions analytic on the open unit disc.

Proof. For a given f € Tr;, it holds

o o
Fl(2) =Y kfpf ™t =D (k+ 1) frg1 2,
k=1 k=0
i.e. the power series coefficients of f” are given by ((k+ 1) fr+1)peo- The || - |z, -norm of f” is

therefore

171, = D 1k + D fia =D kful> = DR fl® < If 1, < oo

k=0 k=1 k=1

3.6.4 Hermite spaces

The scale of Hermite spaces M, was introduced in [91]| and consists of functions whose Hermite-
coefficients fulfill certain decay conditions in the spirit of Section 3.5.6. To this end, let the k-th
degree Hermite polynomial be denoted by

(—1)F 22 dF 2

Hy(z) = NG ez dzk

For 2 =R and w(z) = \/%e_ﬁﬂ it holds

<Hiv Hj>L2(va) = 6i’j'

Let R
fe = (fs Hi) 12(0.0)

denote the k-th Hermite coefficient of a function f € Lo(2,w). In the following we will con-
sider the class of functions whose Hermite coefficients decay exponentially. To this end, for a
parameter 7 € (0,1) we define the norm

o0

—k 7

IR, =D 7 R
k=0
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46 3 Reproducing kernel Hilbert spaces

and the function space
M, = {f € Lo(2,w) : || fllae, < oo}

Consequently, the reproducing kernel of M., is given by

oo
K(z,y) = 7" Hyp(x)Hy(y). (3.26)
k=0
By Mehler’s formula, c.f. [91, 148], (3.26) can be written as

1 1 1
K(z,y) = \/ﬁexp <T_1+1$Z/ - m(x - y)2> :

Moreover, it was shown in [91] that f € M, is analytic in a strip of width 77! — 1, i.e.

feHol(S,—1), withS, 1 ={z€C:z=a+itforte (—(r'—1),7 ' =1)}.

3.6.5 GauBian spaces
Our final example consists of most famous kernel, namely the Gaussian kernel
K(z,y) = exp (—7*(z — 9)*) ,

which is frequently used within support vector machines for machine learning problems [139].

Due to a general theorem by Bochner, c.f. [163], the space in which the Gaufian kernel is
reproducing consists of entire functions, i.e. f € Hol(C), whose Fourier transform F(f)(w) =
= Jp f(t)et dt decays exponentially, i.e.

1 2
B = 5 [ 17O ew (575) o<,

Further details on H g can be found in [144] or [102], where the space is characterized in terms
of an L? eigenfunction basis.
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4 Optimal cubature using random point sets

In this chapter we investigate to which extent optimal cubature weights can improve the con-
vergence rate of plain Monte Carlo and classical quasi-Monte Carlo in Sobolev spaces with
dominating mixed smoothness on the d-dimensional torus T = [0,1)? and the d-dimensional
unit cube [0,1]%. In other words, as information, cf. Section 2.1, we use function values at
uniformly distributed points or low-discrepancy point sets Xy = (5(1), e ,€(N )) c [0,1)4.
Classical (quasi—)Monte Carlo methods, abbreviated by (q)MC, like e.g. the Halton sequence
[82], use uniform weights w; = 1/N, i.e.

N
QUM = > 1 (€9).
=1

They can achieve a convergence rate of N~1/2 or N—1 log(N)(d_l)/Q, respectively, in H®. for

mix
s > 1. There are also so-called higher order quasi—Monte Carlo methods [52] as well as lattice
rules [141]. They can achieve higher order convergence for s > 1 but are not studied at this
point because the former are difficult to construct already for moderate d > 6 and the latter

only work for periodic functions.

For a given s € N we will consider the cubature rule
N .
Qx(F) 1= Y ol X, H)f (€9)
i=1

that uses the optimal vector of weights w;(X n) which minimize the worst-case error in HS .
among all linear algorithms that use the point set X y as information. Hence, the radius of
information of the point set X y in H?. equals the worst-case error of this optimally weighted

mix
cubature rule, i.e.

S S

Wée(XN7 mix) = ch(QX]\N mix)'

In order to compute w;(X ), we will make use of the reproducing kernel Hilbert space based
computation of the worst-case error, cf. Chapter 3, which can rather easily be implemented in
a computer. Therefore, it is a natural approach to conduct numerical experiments, analyze the
resulting data, and put forward a theory which then hopefully can be proven.

The numerical experiments can be found in Section 1 of this chapter. Here, we compare the
worst-case errors of classical (quasi-) Monte Carlo point sets with uniform 1/N weights to their
optimally weighted counterparts as well as to the sparse grid construction. As it turns out,
the choice of optimal cubature weights can improve the convergence rate from O(N -1/ 2) for
conventional uniformly weighted Monte Carlo or O(N~"log(N)¢=1/2) for quasi-Monte Carlo
cubature to O(N~*log(N)?). Here, ¢ seems to be substantially smaller than (d—1)(s+1/2), as
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48 4 Optimal cubature using random point sets

would be the case for sparse grids. However, even though the worst-case error formula is exact,
we can only compute it numerically for rather small N € {1,...,2!%}. Therefore, in Section
4.2 we will deal with the derivation of sound asymptotic results on the radius of information
of random points. Here, we obtain an upper bound which is of order N~5t1/21og(N)4~1/2,
Unfortunately, this leaves a gap to the previously observed optimal main rate N ~°.

Finally, in Section 3 we will comment on the reasons why the promising results of Section 1
and 2 can not be expected to be carried over to analytic function spaces.

4.1 Numerical experiments

In the first part of this section we consider integration in Q = [0, 1]¢ with respect to the uniform
density function w(x) = 1. We will investigate the radius of information, cf. (2.4), of both
random and quasi—-random point sets for the approximation of

La(f) = [ 1@ d,

in periodic and non-periodic Sobolev spaces with bounded mixed derivatives numerically. We
will see that they achieve an optimal main rate of N~%log(/N )q(s’d), where the best possible
log-exponent is ¢(s,d) = (d — 1)/2 and hence independent of the smoothness s, cf. [43, 150].
However, the numerical experiments suggest that for optimally weighted random points the
exponent ¢(s,d) in fact is depending on s.

4.1.1 Setup
Recalling Section 3.6.1 the reproducing kernel K of the periodic Sobolev space with bounded
mixed derivatives H2. := H. (T%) can be written as
2 (=1
= > pk) ™ exp (2mik(z ~ ) = 1+ 5 5= Bau(le — w)), (4.1
kez )
where s € N and B; denotes the j-th Bernoulli polynomial.
Moreover, the kernel of the non-periodic Sobolev space H2. = HS. (]0,1]¢) is given by, cf. Sec-
tion 3.6.1,
S
5 B.(x)B.
K(z,y) = K(z,y) + Y |~ (8,);@) . (4.2)
=1 '

Consequently, according to the results in Section 3.5.1, the kernel of the tensor product spaces

HrsmX and H}. are given by the product of the univariate kernels, i.e.

(@505 )s

zg

d
HIN( xj,;) and K(z,y)=
: j:1

respectively.
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4.1 Numerical experiments 49

Moreover, we can directly obtain from (4.1) and the zero mean property of the Bernoulli poly-
nomials that the Riesz-representer of Lo(f) = f[o e f (z) dz is constant in both, H2. and
HS

mix’

lo(z) = K(z,y) dy = K(z,y) dy = 1.
[0,1)4 [0,1)4

Therefore, we also have
ILallc, ) = ILal g, ) =1

Since we will put an emphasis on the periodic Sobolev space in the following, we will from now
on explain our approach for Hrfmx However, by replacing K by K every formula holds for the
non-periodic setting as well.

Before we proceed, we recall (3.10), i.e. the vector of optimal weights for a given set X y C [0,1)?
of N cubature points is given by

w(Xy) =G HXn) b(Xy), (4.3)

4 N
where (X ) = (la(€V)Y, = 1€ BY and G(Xy) = (K(¢9,69)) " eRNN.
)=
Moreover, recalling (3.18), the worst-case error of a cubature-rule

N
)= wif (€Y
i=1

is given by

wee(Qn, HS, )= |1 -2 Zwl + Z szw] @) g0y, (4.4)

i=1 j=1

The expression on the right-hand side of (4. 4) has to be computed with a precision of &2
to guarantee an accuracy of ¢ for wee(Qn, HS, ) on the left-hand side. Depending on the
magnitude of wee(Qn, HS ., ), we thus have to use data types with a precision beyond 10716,
as is the standard double floating point arithmetic.

4.1.2 Numerical results

We compute the optimal weights w(X ) in (4.3) using a Cholesky decomposition of G(X y).
This involves costs of approximately N3 floating point operations. For the numerical experi-
ments with s > 2 we use the GNU Multiple-precision library MPFR [62| with a fixed precision
of 96 binary digits. This equals a decimal precision of about 10727 and hence is sufficient to
compute worst-case errors up to 10~ accurately.

The set of uniformly distributed random cubature points X 5 is drawn with the Mersenne
twister implementation of C+-+11, using the number 2016 as seed. For the generation of the
Halton and Sobol quasi-random point sets we used the GNU Scientific Library (GSL) [58].
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Figure 4.1: Numerical results for the mixed-Sobolev space H?, (T¢) with smoothness parameter
s =1 on the torus.

4.1.3 Worst-case error in the periodic setting

We will start with the detailed numerical investigation of the periodic setting, i.e. the space

He. = HS. (T%). Here, we compare optimally weighted random and Halton points to their

unweighted counterparts as well as to sparse grids based on the rectangle rule, which is known

to be optimal for integration in univariate Sobolev spaces of periodic functions, cf. [22, 30]. In

Section 4.1.4 we will demonstrate that similar results hold for the non-periodic Sobolev space
s ([0,1]9) as well.

For the smoothness parameter s = 1, we give the results of the worst-case error computation
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4.1 Numerical experiments 51

(4.4) in dimensions d € {2,4,8,16} in Figure 4.1. In d = 2 it is known that the Fibonacci
lattice gives the optimal order of the convergence rate N~'log(N)'/2. Moreover, in [88] we
gave a computer-based proof by exhaustion that for V up to 16 the Fibonacci lattice represents
the true global minimum of the worst-case error function with respect to the location of the
points. Here, we can see that Halton points with and without optimal weights also attain
this optimal rate of convergence. Random points with uniform weight 1/N achieve the rate
of N=Y2 which improves to N~! with optimal weights. It is not clear whether an additional
log-factor comes into play here. Finally, sparse grids also attain the main rate N—', but an
additional log factor is clearly present.

In higher dimensions d € {4,8,16} the picture is basically the same: For s = 1, Halton points
with and without optimal weights seem to achieve the best possible rate

N~%log(N)@=1/2, (4.5)

Unfortunately, the Fibonacci lattice does not have a canonical counterpart in higher dimensions.
Therefore, it appears in the plots for d = 2 only.

d—1

It is noteworthy that the rate (4.5) only holds asymptotically. For small N < ez, the rate
(4.5) is not even meaningful at all because it is not decreasing. Therefore, the Halton sequence
with and without optimal weights, as well as the optimally weighted Monte Carlo method,
achieve a pre-asymptotic rate that is better than (4.5) in d = 8 and d = 16, where (4.5) was
not even plotted at all.

Another observation for s = 1 is that sparse grids, as well as uniformly weighted Halton and
random points, yield the same worst-case error if N = 1. This is due to the periodicity in
H;iX(Td) — it simply does not matter where the first point is placed, as long as the weight is
1. However, with non-uniform weights one can improve the worst-case error, as it is the case
for the optimally weighted (quasi—) Monte Carlo rules. We will see that this effect becomes less

influential in higher smoothness.

For smoothness parameter s = 2, the results of the worst-case error computation (4.4) in
dimensions d € {2,4,8,16} are given in Figure 4.2. Again, the Fibonacci lattice attains the
best possible rate (4.5) in d = 2. As opposed to s = 1, now the Halton sequence with uniform
weights still has a main rate of N~!. This can be improved by computing optimal weights: The
optimally weighted Halton sequence achieves a main rate of N =2, where a log-factor seems to
be involved. The same holds for Monte Carlo points which have order N~/2 convergence for
uniform weights and a main rate of N~2 when optimal weights are used. Additional log-factors
seem to be involved here as well. However, as the dimensionality becomes larger, i.e. d = 8
or d = 16, one can clearly see that the optimally weighted random and quasi-random point
sets converge much faster than the sparse grid method, which has a log-factor with exponent
(d—1)(s+1/2), cf. [44]. Therefore, we believe that the dimension and smoothness dependence
of the log-factors for the optimally weighted (q)MC methods is much weaker than with sparse
grids.

Another effect that becomes visible in d = 16 is that the optimally weighted random points have
a smaller worst-case error than optimally weighted Halton points for small N. However, the
Halton sequence becomes more efficient than random points as N gets larger. We explain this
behaviour by the fact that most quasi-random constructions in high dimensions attain their
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Figure 4.2: Numerical results for the mixed-Sobolev space H? . (T¢) with smoothness parameter
5 = 2 on the torus.

small discrepancy bounds only for large IV, i.e. large constants are involved. The discrepancy
of random points, however, can be bounded by +/d/N, cf. [85], which is only mildly dependent
on d.

In Figure 4.3 the plots for the case s = 3 are given. Here, the gap between the optimal Fibonacci
lattice and optimally weighted Halton and Monte Carlo points for d = 2 is even more prominent
than in the case s = 2. Therefore, we conclude that there is an s-dependency in the log-term
of optimally weighted (quasi—) random sequences, even though it might be possible that just
the constant gets worse.
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Figure 4.3: Numerical results for the mixed-Sobolev space H?, (T¢) with smoothness parameter
s = 3 on the torus.

Looking at the higher dimensional settings d € {4,8,16}, we get a similar picture as in the
cases before: For small point sets optimally weighted random points are the best choice, but,
as N increases, the optimally weighted Halton becomes superior. In all cases we observe that
optimally weighted (quasi-) random points achieve the best possible main rate N~3 and even
outperform sparse grids, especially if d gets large.

In order to investigate whether the log-exponent of optimally weighted random and Halton
points is s-dependent at all, we multiplied the respective worst-case errors wce(X n, HS . )

with N* and plotted the resulting data against the logarithmically scaled point numbers N. As
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Figure 4.4: Dependency of the log-term on the smoothness s € {1,2,3}.

can be observed in Figure 4.4, the depicted curves clearly depend on the smoothness parameter
s € {1,2,3}. Therefore, it can be ruled out that optimally weighted random points do achieve
the best possible rate N~*%log(N )(dfl)/ 2 whose log-term is independent of the smoothness s.

Stability

Finally, we comment on the stability of the optimal weights w(X n). We recall that a cubature
rule is called stable if |w(X y)|; is uniformly bounded by some constant for all N or at least
does not grow faster than a power of log(N).

In Figure 4.5 the values of |w(X y)|; are given for different smoothness parameters s € {1, 2,3}
and N = 2*. The point set X y is either the Halton sequence or the random sequence used
in the worst-case error experiments before. Clearly, the optimally weighted cubature rules are
stable for large N. However, between N = 10 and N = 100 the random points and for s = 3
also the Halton sequence get less stable. Still, |w(X )| is bounded by 4 for all the considered
combinations of the number of points N, the dimensionality d and the smoothness s.

4.1.4 Extension to the non-periodic setting

It is a natural question whether the results of the preceding section are related to the periodicity
of the considered function spaces. To this end, we compute the worst-case error in Hj. on
[0, l]d with the very same approach as before. As mentioned in Section 4.1.1, all the formulas
apply in the non-periodic setting as well, albeit replacing the kernel K with the kernel K given
in (4.2). The associated reproducing kernel Hilbert space H?. ([0, 1]) contains all functions
from its periodic counterpart H*. as well as all of its products with multivariate polynomials

mix
of the form
d

p(x) = Z cka?.
j

|klo<s  J=1
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Figure 4.5: Stability of optimal cubature in the mixed-Sobolev space H?. (T9) for smoothness

parameters s € {1, 2, 3}.

Therefore, H? . ([0, 1]) is substantially larger than H?. . Yet, it is known [150] that there exist
cubature algorithms which can achieve the same optimal asymptotic rate of convergence as
in the periodic setting, i.e. O(N~*log(N)¢1/2). However, not much is known about the

constant that is involved in the O-notation.

Again, we compute the optimal weights w(X y) in (4.3) using a Cholesky decomposition of
G(X n), where X y are either Halton points or uniformly distributed random points generated
with the Mersenne twister.

These optimally weighted random and Halton points are compared to their unweighted coun-
terparts. In Figure 4.6 we give the results for s = 2. We observe that using optimal weights
improves the convergence rate to the best possible main rate N~°. Moreover, the Halton se-
quence with equal weights has a worst-case error that is larger than 1. We explain this by the
fact that the first Halton point is 0 € R? which is a corner of the domain of integration. This
is no problem for periodic functions, but in the non-periodic setting, where boundary effect are
present, it is usually advantageous to avoid placing points too close to the boundary [122].
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Figure 4.6: Worst-case errors for the non-periodic Sobolev space H?. on [0, 1}d with s = 2.

4.2 Upper bounds

In this section, we will prove bounds for the worst-case error in Hf;ix for optimally weighted
Monte Carlo cubature rules of the form

N
Qxy(f) =Y w(Xn)f(€D), Xn={V, ... M} ~uo,11"), (4.6)
i=1

i.e. we draw a set of N uniformly distributed random points in [0, 1] and compute the associated
optimal cubature weights. Related results for isotropic Sobolev spaces on the cube and the
sphere are discussed in [29]. The numerical results in Section 1 of this Chapter suggested that
optimally weighted random points do not only achieve the optimal main rate of N~ in Hs

mix’
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. . . d—1
but also have a fairly good log-exponent that is close to the optimal “5=

However, it is very difficult to analyze the properties of the aforementioned optimally weighted
cubature rule Qx , (f) directly. Therefore, we will use the following approach:

1. Construct a stable cubature rule

N
= wf (X ) f(ED)
=1

that is exact on a finite-dimensional subspace of trigonometric polynomials and uses the

same random point set X y as information, but certain non-optimal weights w; (X ).
2. Prove upper bounds for the worst-case error of QN(f) in Hrsan

3. Finally, by the optimality of the cubature weights in (4.6), it follows that Qx ~ has at
least the convergence rate of Q73 (f).

Unfortunately, this will not lead to the desired optimal main rate N ~° that we saw numerically.
Nevertheless, we will obtain a main rate N ~5t1/2 which still is a substantial improvement over
N—Y2 for s > 1.

To get started, we first recall (3.24), i.e. the Hénx—norm can be realized as

113, = 3 o)™l

kczd

where fk denotes the k-th Fourier coefficient and

d

= [ max(1, 27|k;)).

J=1

Hence, the reproducing kernel of H H? . is given by

K(z,y) =Y plk) > vr(@)dr(y),

kezd

where we denote

U

Y(x) = exp (27ik - ) H omikja;

Therefore, by (3.7), it holds for an arbitrary cubature rule Qn(f) = ZN Lwif(€D) that

/ Vg (e dw—zwﬂbk( )

2

wee(Qn, Hyyi)? =
keZd

Now we can bound the error of cubature rules that are exact on a certain set of trigonometric
monomials.
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Proposition 4.1. Let a cubature rule Qn be exact on a hyperbolic cross of radius T > 0, i.e. on

{Yr, k € HC(T))} with

d
HC(T) =S k€ Z%: [ [ max(1, |k;|) < T
j=1

In addition, assume that Q is stable in the sense that there exists a constant C' > 0 such that

SN |wi| < C for all N € N. Then it holds that

wee(Qn, He ) <sq T2 log(T)%.

ix
Moreover, (4.7) can be rephrased in terms of the cardinality m = |HC(T')| as

—s+1/2 s(d—1)

wee(Qn, Hi ) <sam log(m) .

ix

Proof. For k # 0 it holds f[o 14 g (x) de = 0. We use the stability of Qun to obtain

N 2 N 2
o1 Yk (z) dz — ;wﬂbk (5(0) = ‘— ;wﬂbk (E(i))
N 2
< | D lwil v (S(i)ﬂ
=1 ——

=1
N 2
=1
<C?.

Therefore, it follows from the exactness of Qx on HC(T') for T' > 0 that

2

wee(Qn, Hy)® = ) p(k) ™%

Vr () dz — i\’: Witk <€(i)>
=1

kezd [0.1)
N 2
= Y. pk) Uk () do — > witk (E(i)>
keZd\HC(T) [0,1]¢ i—1
< Z p(k)—QsCQ
keZA\HC(T)

jd,s T72s+1 IOg(T)dil,

where the last inequality can be found e.g. in [43, Sec. 2.3|.

(4.7)

(4.8)

Regarding (4.8), we also know from [43, Sec. 2.3| that the cardinality m := |HC(T)| of a
hyperbolic cross with radius 7" behaves like m =4 5 T log(T )41, Hence, we can conclude that
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Figure 4.7: Without oversampling, i.e. m = N the quadrature weights in (4.12) get unstable
already for d = 1.

m 25l < 725+ og(T) (=254 D(d=1) which implies

wee(Qn, Hyg)? Zas T2 log(T)
=4 —2s5+1 log(T) (2s—1)(d—1) log(T)dfl

—2s+1 oo (7)) 25(d=
< m~ 2+ Jog(m)2(@-D)
O
Let us discuss the assumptions of Proposition 4.1 in more detail. First, let m = |HC(T)|

denote the cardinality of HC(T') and define the non-decreasing re-arrangement of the multi-
indices k € HC(T) by a function h : N — Z? which fulfills A(1) = 0 and

k<l e p(h(k) < p(h(1)).

Basically, this means that the countable set Z? is ordered with respect to the magnitude of p.
This translates also to our basis functions 1, which we will write as

i) = ey (@) = exp 2mih(k) - @).
Now, we can define the Vandermonde-type matrix V€ R™*N by
:q,z)k(g(i)), k=1,...omandi=1,...,N. (4.10)

as well as the vector b € R™ by

bk = / ’lbk(w) dw, k= 1, cees M. (4.11)
[0,1]
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Clearly, it holds that b = (1,0,...,0).
If m = N and V € GL(m), which holds with probability 1, the cubature rule

N
Qn(f) = wif(§"), wherew =V""b (4.12)
=1

is exact for all basis functions with index k € HC(T'). Still, we have to ensure the stability of @,
ie. Zfil |lw;| < C for all N € N to fulfill the assumptions of Proposition 4.1. Unfortunately,
numerical experiments suggest that for m = N the | - |;-norm of w grows super-linearly in IV,
cf. Figure 4.7. Therefore, we will follow an oversampling approach to ensure stability. This
means that we choose m < N and use the (N —m) remaining degrees of freedom not to achieve
the maximal degree of exactness but instead for stabilizing the weights. In particular, we will
aim for the solution with minimal ¢s-norm, i.e.

w’ = argmin{|lw||s : w € RY and Vw = b}.

Using results from [39] it will turn out that for logarithmic oversampling one can ensure the
stability of w™.
To simplify the notation we define the matrix G € R™*™ by

G =VV*
which means that Gj; = Zfil wk(ﬁ(i))wl(ﬁ(i)),k,l = 1,...,m. We note that G is Hermi-
tian and positive semi-definite. The expectation of %G with respect to all possible uniformly
distributed point sets X x C [0, 1]¢ is the m-dimensional identity matrix I,,, € R™*™,

We will need the following concentration inequality, which is basically proven in [39] and quan-
tifies the deviation of %G from I,,, with respect to the spectral norm

|All = max [[Avl]s.
[vlla=1
Theorem 4.2. For s > 0 assume
m
1—-log2 N
Stm):= sup > [us@)’ <
ze0,1)4 ; 2+42s log N
Then, it holds that
1 1
Pl =G —-1,|| = = < 2N75. 4.1
e-+123) - -
In our situation we have S(m) = m because
m m m
D k(@) =) lexp(h(k) -2)]* = 1=m.
k=1 k=1 k=1
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Hence, in order to fulfill (4.13), one has to choose m such that

1—1log2
m < vvithcs:ziog

— . 4.14
_CslogN’ 2+ 2s (4.14)

Now we are ready to pose conditions on the interplay between m and N such that stable weights
can be constructed.

Theorem 4.3. Let Xy = {E(l), . ,€(N)} be a set of N uniformly distributed points in [0, 1]%
and HC(T') a hyperbolic cross with cardinality |HC(T')| = m. Moreover, assume that N and m
fulfill (4.14). Then, for V.€ R™N and b € R™ defined in (4.10) and (4.11), respectively we
define the cubature rule Q% (f) = Zfil w;rf(ﬁ(i)) with

w =V (VV*) b

It holds that
(i) The cubature rule QF; is exact on Vi, = {1, ..., tbm}.

(ii) Among all possible weights that ensure the exactness of QE on Vi, wt is the one with
minimal fo-norm, i.e.

w’ = argmin{||wl|z : w € RY and Vw = b}.
(111) w™ is stable with high probability, i.e.
P{|yw+||1 < \/6} >1- N~

Proof. The exactness of Q} on V,,, holds true because

Vwt =VV*(VV*) lb=1,b=0b.
Next, we show that w™ is the minimum norm solution of Vw = b by elementary linear algebra.
To this end, take another w € RY that fulfills Vw = b. We show that ||w]||o > |w™||. First,
we note that it holds (w — w™)*w™ = 0 because

(w—w)*wh = (w—-w")*'VG b= (Vw - Vw")*G b= 0.
Therefore,
lw3 = [lw — w™ —w*||3

= Jlw = w* 5 = 2(w — w) W + [wf = w - w3+ JwT]3 > w5

Finally, following [39], we observe that || G — Ly, | < 3 implies

IN

1 3
-N < G -N
N o< 6l = 3
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62 4 Optimal cubature using random point sets

and hence
|G~ < 2N~ (4.15)

Moreover, because of G = G* we have

|G| = Muax(G) = max z*Gx = max z*V*Vz = max |[Vz|?=|V|?%
[J2[|l2=1 [J[|l2=1 [le]|2=1

which implies

IVl = IVl = VIGT < V32V, (4.16)

Now, combining (4.15) and (4.16), we arrive at
lwtlls = Ve (Vv e < IVIIG bl < v/3/2VN2N ! fblly = VBNV
Finally, by Hoelder’s inequality we obtain the desired result:
lw* |1 < VN[w*|2 < V6.

O]

Remark 4.4. wT = V*(VV*)"'b = V*b, where V't denotes the Moore-Penrose pseudo
inverse of the fat matrix V€ R™*V,

Now we are in the position to determine a final error estimate for the cubature-rule Q; in terms
of the number of function evaluations V.

Theorem 4.5. Let Xy = {5(1), .. ,S(N)} be a set of N uniformly distributed points in [0, 1]%
and HC(T') a hyperbolic cross with cardinality |HC(T')| = m. Choose m as large as possible such
that (4.14) is still fulfilled. Then, the worst-case error of QX (f) = Zfil wjf(ﬁ(i)) n I:Ifnix can
be bounded from above by

wee(QY, 13

mix)

jd,s Nfs+1/2 log (N)sdfl/Z

Proof. Let m = m(T) = |HC(T)|, where T is chosen as large as possible to fulfill (4.14),
ie. m(T) < ¢sN/log(N). It follows that m(T 4+ 1) > ¢sN/log(N). Moreover, there exists a
dimension-dependent constant « such that m(T' + 1) < am(T) for all T € R;. This implies
m(T) > % N/log(N). Then, using (4.8), we can conclude that it holds

wee(Qy, H?

i) Zd,s T2 log(m)* @Y

. N fs+1/21 N s(d—1)
—ds log N 8 log N

< N=5+1210g(N)*~1/2 Jog (N)*@~D
— Nfs+1/2 log (N)sdfl/Z )
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4.3 Random information in analytic function spaces 63

In the following remark we comment on possible alterations of our result to obtain the best
possible main rate of N~° which we saw in the numerical experiments of Section 1.

Remark 4.6. In fact, numerical experiments suggest that QE decays with a main rate of N %
instead of N=5t1/2 We are convinced that the missing N~1/2 gets lost in (4.9), where the

bound
N ‘ N
> wan (69) [ <D il
i=1 i=1

seems to be too rough for our choice of w™. Due to extensive numerical simulations, we believe

that it actually holds
N
> wi v (5 (i))
i=1

" (5@)’ for all k € 7¢

< CON~Y? (4.17)

for sufficiently many k € Z%.

For example, in the univariate setting d = 1, assume that (4.17) holds for all but a fixed number
of elements in every dyadic block D; = {£27,+(27 +1),...,4+(2/ + 29 —1)},j € N. Then, the
desired main rate N % could be obtained with a simple modification of Proposition 4.1.

However, the validity of (4.17) seems to be difficult to prove and is ongoing joint work with
Aicke Hinrichs and Mario Ullrich (JKU Linz).

The following remark gives an outlook to possible extensions of the proof-technique used here.

Remark 4.7. In Theorem 4.3 we constructed the set of auxiliary cubature weights to be of
minimal || ||2-norm among all weights that ensure a certain degree of exactness on trigonometric
polynomials. Of course it is also reasonable to follow the same approach, but replace the || - |2
with the || - ||1- norm, i.e.

w = argmin{||w||; : w € RY and Vw = b},

which is closely related to compressed-sensing, see e.g. [61].

Beside proving upper bounds for the periodic Sobolev spaces with dominating mixed smooth-
ness, one could consider non-periodic setting as well.

Remark 4.8. The concentration inequality from [39] only holds for orthonormal bases. In [18§]
this was generalized to Riesz-bases, in particular to the hierarchical Faber basis. Therefore,
it is possible to obtain a similar result as for the periodic Sobolev space for its non-periodic
counterpart as well.

4.3 Random information in analytic function spaces

At first glance, it seems to be a natural approach to extend the results from this chapter to
function spaces of infinite or analytic smoothness. However, it is known that in this case the
precise location of points is much more important than it seems to be the case for integration
of functions with finite smoothness. A well-known example is the so-called Runge phenomenon,
originally observed for polynomial interpolation and hence also for Newton-Cotes quadrature.
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64 4 Optimal cubature using random point sets
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Figure 4.8: Worst-case error and stability of optimally weighted point sets in the analytic Hardy
space H.

Basically, it says that polynomial interpolation becomes extremely unstable for equidistant
points. In [125] it was proven that the Runge-phenomenon is present also for arbitrary inter-
polation operators when applied to analytic functions.

In Figure 4.8, we computed optimal weights for integration in the Hardy space Hy which consists
of functions that are analytic in a disc of radius r = 2. It is known that in this space one
can achieve convergence rates of order 272", cf. [80]. This rate is approximately achieved by
optimally weighted Gauss-Legendre points. However, for optimally weighted equidistant or
random points the rate is substantially smaller. Moreover, looking at the right-hand side of
Figure 4.8, the optimal weights are highly unstable, which is consistent with the results in [125].
Since the instability of the optimal quadrature weights grows exponentially with n, the resulting
quadrature rules have no practical value at all.

A possible workaround is using quadratic oversampling, cf. [90], which, however, reduces the rate
exponential convergence rates of order O(e~®") to a sub-exponential rate of order O(e=*V").
Moreover, even if logarithmic oversampling, like in the finite smoothness setting, would be
sufficient, still an exponential rate of convergence deteriorates to the order of

oo (~ o)
AT Yog N/

which is also sub-exponential.

Therefore, we believe that for integrands with infinite or even analytic regularity the precise
location of the points plays an important role, which is our motivation for the next chapter.
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5 Computation of optimal and nested
quadrature points

In Chapter 4 we studied the radius of information of uniformly distributed random and low-
discrepancy point sets. It turned out that they provide almost optimal information in the sense
that they allow convergence of order N~57¢, where the ¢ > 0 neglects possible log-terms. Even
with optimal cubature points one cannot beat the N ~$*¢-asymptotic of the worst-case error in
HE ., cf. [43]. However, as discussed in Section 4.3 the situation is quite different in the setting
of analytic regularity. Now, the precise choice of the cubature points is much more important,
but also more delicate because of the nonlinear structure of the worst-case error with respect

to the points.

This chapter deals with the problem of choosing good or even optimal point sets for numerical
integration in a given RKHS H . Here, our main focus is the treatment of infinitely differen-
tiable functions, but most results are applicable to spaces with finite smoothness as well, albeit
with additional effort to deal with certain technicalities.

First, we note that the best possible linear integration algorithm consisting of N points X y
and weights w for integration in Hp is represented by

N
(X n,w) := argmin  sup /f(:c) w(x)dr — Zwif(ﬁ(i)) (5.1)
XNEQ ||f||HK<1 i=1
weRN Q
= arg min |[£q( i (Z
XgNEQ Q Zw E
weRY M

We see that by the Riesz-duality in H g the problem of finding a set of N points Xy € Q C R?
that minimize the worst-case error is equivalent to finding the best N-term approximation of
lo € Hi by elements from the set {K (-, @) : ¢ € Q}, cf. [49, 151].

As a first step, we decouple the problem of finding the optimal point set X y from the problem
of finding the optimal weights @ € RY. To this end, we recall Corollary 3.6, which states that
for a given set of points X , the optimal weights can be computed by solving the linear system

’lb(XN) = G_I(XN)b(XN),

where G(X ) = K(¢W, )N € RV*N and b(Xy) = (Lo(€9))N, € RV.

Zj_
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66 5 Computation of optimal and nested quadrature points

Then, the worst-case error can be written as (cf. Corollary 3.6)

o /f(fﬂ)w(fv) dz =Y wi(Xn)f(ED)] = [ Lalfy, — b (XN)GH(XNb(X ), (5.2)
Hy S o i=1

which is a nonlinear function of X . Unfortunately, direct minimization of (5.2) in multiple
dimensions has three main drawbacks:

1. For analytic kernels the problem is very ill-conditioned, cf. the discussion in Section 5.2.

2. For d > 2 there exist many local minima. In fact, there exist approximately N! local
minima already for d = 2, see the discussion in [88].

3. Every single evaluation of (5.2) for a set of points X y requires the inversion of a dense
N x N matrix with high precision, cf. the discussion at the beginning of Section 4.1.2.
Therefore, the computation of an amount of points that is sufficient for multivariate
integration problems is not tractable, even with parallel computers.

We deal with the ill-conditionedness by a reformulation of the best-approximation problem
(5.2) as a nonlinear, but stable system of equations that can be solved efficiently with Newton’s
method. However, this approach only works for d = 1 because it relies on the properties of
extended Tschebyscheff-systems, which only exist for d = 1, cf. Section 2.3.1. Therefore, we
postpone the second and third problem to future work and treat the problem of finding optimal
points throughout this thesis in the univariate quadrature setting only.

To this end, we use the concept of total positivity, which relates the theory of interpolation with
extended Tschebyscheff systems, cf. Definition 2.4, to approximation with kernel functions.
Then, the zeros and hence the behaviour of the error representer can be controlled to derive
several important properties of optimal quadrature rules in the univariate setting. This leads
to an efficient method for the computation of optimal quadrature points, which can be further
improved by exploiting certain symmetry properties of the kernel.

Because we will tackle the problem of multivariate integration with optimal weights by a sparse
tensor product approach in Chapter 7, we also need good quadrature rules with nested points.
To this end, we rely on the best-N-term approximation perspective (5.1) again and use ortho-
gonal matching pursuit to construct a greedy approximation to £q from the dictionary Dq(K).
By Riesz-duality this corresponds to nested quadrature rules. Moreover, for non-uniform in-
tegration, i.e. w # 1, we propose a weighted variant of the matching pursuit approach that is
inspired by Leja points, cf. Section 2.3.4.

The algorithms that are developed throughout this chapter will be validated in Chapter 6,
where we compare the performance of the greedy approach to optimal quadrature points as
well as to classical quadrature rules like e.g. Gaussian quadrature.

5.1 Optimal quadrature points and their properties

In this section, we discuss optimal quadrature rules, i.e. numerical integration in the univariate
setting, where both the weights w = (wy,...,w,) and the points X,, = ({1,...,&,) are chosen
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5.1 Optimal quadrature points and their properties 67

to minimize the worst-case error, i.e.

(X, ) := arg min wee(X,,, w, K) = argmin  sup

=Y wif(&)
=1

weR™ wERm 1Nl e <1
Xn€QP XnC K= (5 3)
= argmin ||fg — g wiK(+,&)
R’IIL
¥oan i=1 Hic

Apparently, by Riesz-duality, this problem is closely related to the approximation of
folo) = LYK (.9) = [ K(aag) ) dy

by functions from the set {K (-, z)|x € Q}.

The residual of such an approximation

- Z le(ZE’, gl)
=1

is called an extended monospline if K is extended totally positive, cf. Definition 5.1. Given a
norm || - ||« and n € N, one can ask for

Jnf - [la() sz &)l (5.4)
X, Ccon
i.e. a monospline of least deviation with respect to the || - |[,-norm. If || - |lx = || - |2, th

problem (5.4) becomes (5.3). Moreover, we will show that the points that minimize the error
for the H x-norm are the same that minimize the L (2, w)-norm.

This problem has been extensively studied in the 1970’s and 1980’s, e.g. in [9, 10, 11, 20, 27,
30, 56, 95, 103, 129, 130, 167] after it was considered for the first time in [164]. Therefore, this
first Section does not offer new insights, however we give some new proofs that are specifically
tailored to the RKHS setting we are dealing with.

Before we proceed, we recall some results from Chapter 3, especially Section 3.4: For a vector

of n given quadrature points X,, := (&1,...,&,) the vector of optimal quadrature weights in a
RKHS H g with kernel K : Q x 2 — R is defined by

(X, K) = G Y X, K)b(X,, K).

Here, the positive definite matrix G(X,,, K) € R™*" denotes the Gramian of point-evaluation
functionals and is given by

le(Xn,K) :K(fj,gl) j,l = 1,...,n
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68 5 Computation of optimal and nested quadrature points

Moreover, the vector b(X,,, K) € R" is defined by

b (X K) = ba(6) = LYK (2, y) = / K (€ y) wly) dy.

Q

In the following, we will assume that the kernel K is fixed and hence omit the dependence on
K, writing
w(X,) = G H(X,)b(X,)

for the vector of optimal quadrature weights associated to X, for approximation of Ly in Hp.

As stated in Corollary 3.6, the optimally weighted quadrature rule

n
= wi(Xa)f (&)
i=1
is exact on the n-dimensional space
Hiy, =span{K(-,§):i=1,...,n}.
For the error functional Ry, € HY given by

Rx, (f) == Lo(f) — Qx,(f) = La(f) - sz‘(Xn)f(&')

this exactness property implies
Rx, (K(-,&)) =0 fork=1,...,n

This is equivalent to
f.Xn (é.k) = 0?

where 7y, € Hp is the Riesz-representer of RXn given by

’an Z’J} 57,7 )

Therefore, the squared worst-case error formula simplifies to
n
wee?(Xp) = || Rux, 3, = Lo <eg<-> - waxﬂ)K(-,&)) Lo, — sz Wla(&).
i=1
Hence, by w(X,) = G71(X,,)b(X,) we can define the function wce? : Q" — R via

wee?(Xn) = || Lallf;, — sz nla(&) = [ Lallf;, — bT(Xa) - GTH(Xn) - b(Xn),  (5.5)
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5.1 Optimal quadrature points and their properties 69

whose minimization with respect to X,, = (£1,...,&,) € Q" yields a set of (locally) optimal
quadrature points. Since quadrature points are indistinguishable, we will assume in the following
that the points are ordered, i.e. £ < & < ... < &,. This means that we restrict the set X,, to
come from the simplex defined by

SH(Q) = {(fl,,fn) EQnigl <EH <L Sgn}
At this point, the function wee? : S*(Q) — R is only defined on the inside of S*(Q), i.e.
S={X,eS"(Q):&H <& <... <&}

because for & = & with ¢ # k the matrix G(X,,) is singular. Unfortunately, the inside of S™(2)
is open. It would be desirable to establish the continuity of the function wce? on the whole
S™(€2) since by the extreme value theorem continuous functions on a compact set attain their
minima. Therefore, we will now discuss the continuous extension of wce? to the boundary of
S™(2), i.e the case when two or more points coincide.

Before we proceed with the continuous extension of wee? to the boundary of S*(Q), we need
to impose additional assumptions on the kernel K.

5.1.1 Extended totally positive kernels

In this subsection, we deal with a variant of positive definite kernels, where not only the kernel

function K is evaluated at a given set of points, but also the kernel function’s partial derivatives

play a certain role. To this end, we recall the notation K9 (z,y) = %K(a:,y) and the

definition of an extended totally positive kernel from [94].

Definition 5.1. (Extended total positivity)

For Q C R, a symmetric positive definite kernel K € C*(Q x Q) is called extended totally
positive (e.t.p.) if the sets

{K(OJ)(-,xi):izl,...,nandj:O,...,,ui—l}

are extended Tschebyscheff-systems for all n € N and all choices of n points z1,...,z, € Q
with associated multiplicites p1, ..., un € Np.

Remark 5.2. By the symmetry of K, also the sets
{K(j’o)(xi,-) i=1,...,n andj:(),...,,ui—l}

form extended T-systems on ().

Hence, the condition in Definition 5.1 can be re-phrased into

N
det (K(W’“]‘)(Si,tj)>‘ - >0
1,]=
for all s < -+ < syt < -+ <ty C Q, where v; = max{k : s;_p = s;,k > 0} and

wi = max{k : t;_ =t;,k > 0}.
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70 5 Computation of optimal and nested quadrature points

The following theorem from [33| will help us to identify kernels that are extended totally positive.
Theorem 5.3. For Q C R let u € C*(Q) be positive and increasing. Then, if the sum

K(l‘,y) = Z )‘ku(x)ku(y)kv Ak >0
k=0

converges for all (z,y) € Q2, the kernel K is e.t.p. on .

Another useful characterization of e.t.p. kernels can be found in [94].

Theorem 5.4. Let K : Q@ — Q be e.t.p. and the function v : Q — R, positive. Then, the
kernel

K(z,y) := K(z,y)v(z)v(y)
15 e.t.p. on X Q as well.
Throughout the remainder of this chapter, we will assume that the kernel K is extended totally
positive.
5.1.2 Continuity of the worst-case error

Even though the worst-case error for optimal weights of the form (5.5) is not defined for identical
points, the limit of coalescing points exists and the resulting quadrature rule is of the form

n pi—1

Qxu(f) =D > wij(XE) 9 (&) (5.6)

i=1 j=0

Here, cf. also Section 3.4, the notation

O A
n (/’Ll 7% e Un Hi

is short for the vector

XN :517"’7517627‘"7527"’76717"'7&%)7
—— — ~——
p1 times o times Un times

where N = > | u;. Note that X} means that each point & appears at least p; — 1 times.
Still, two or more & may coincide such that there exists X}, = X} withm <n and v > pu.
Never the less, we will see that X% represents the information given by function values at
&1,...,&, and in addition also the values of derivatives up to order p; — 1 at the points &;.
This is well-known for polynomial interpolation, where Lagrange basis functions converge to
the respective Hermite-Birkhoff cardinal functions, when the interpolation points coalesce. In
the context of radial basis functions, this was observed e.g. in [134].

In this setting, cf. Section 3.4.2, the optimal weights 1 (X}') are

W(XH) = G (XP)b(XH).
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5.1 Optimal quadrature points and their properties 71

Recalling the notation K &9 (x,y) = 8,63 K(z,y), the matrix G(X}) = G(X},K) is

Baloy7
K(&,61) e KO@meD(g g) K(&1,&n) e KOmT(g8)
K1) €.61) K(Mrl,mll)(&, &) - K1) (.6.) K(url,unll)(gh £)
K(&,,61) . . KOm=1(g £)) e K(&n, &) . o KOs, £)
K(;m—lé)(gﬂ@ﬂ K(Nn_laﬂlz_l)(fn7€1) K(ltn_lvoz) (€ns&n) K(ltn_lvlin_l)(én)

and the right-hand-side vector b(X}) = b(X}, K) is given by
_ _ T
b(X) = (o€, 48 €0), hal&n). - V()

Since derivative evaluation is assumed to be a continuous linear functional in H g, the Gramian
matrix G(X%) € RV*¥ is invertible and its dimensionality N = Y7, y1; is the total number
of (derivative) evaluations that are used by Q yu.

Consequently, the associated error functional will be denoted by RX#( f) = La(f) — Qxr(f).
Its Riesz-representer

n pi—1

fX# Z Z ’L] K(Oyj)(t7£i)7

i=1 5=0

has zeros of multiplicity p1, ..., u, at the points &1,...,&,, i.e.

f%(gk)zo forall k=1,...,nand j=0,...,ux — 1.

Moreover, the squared worst-case error of the higher-order quadrature rule (5.6) is

n pi—1

wee(XA) = [Fxpllf, = 1allfu, — D D wig(XE)G) (). (5.7)

=1 7=0

Proposition 5.5. The function wee?(Xy) = HRXNH%_[K is continuous on SN ().

Proof. First we note that HRXN”%-[;( = |IFxpl3, = HLQH%{;{ — b (Xyn) -G HXN) - b(Xy) is
continuous in the inside of SV () because G and b, as well as matrix-inversion, are continuous

functions of X . We have to take care of the case where two or more points coalesce, which
happens on the boundary of SV (2). To this end, we follow [20]. Let (X (‘1)) °, be a sequence

of points X(@ € SN (Q). Each X(@ can be written as
X@ = xH

such that N =" | p; and X, € S”(Q), ie. & < ... <& Assume that limg_, X(@ = XY
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72 5 Computation of optimal and nested quadrature points

with X,,, € S™(Q2). We have to prove that
lim [y 2 = 17 |2

To this end, we recall the recursive definition of divided differences

D f o D[§k+1a---7§k+l]f - D[§k7---,§k+z—1}f
[€rribrt]d = ol — &n )

which are linear combinations of the function values at Xp. In order to deal with confluent
points, we need the Hermite-Genocci formulation of the divided-differences 48], i.e.

1 m TI—1 1
Dgtitd = [ [ [ 1% (& 3 (i &)) dn... dn,
0 0 0 i=1
which is well-defined for confluent points & = 11 = ... = &4y and equals % in this case.
The information provided by X (@ = (§§q), e ,fj(\?)) € OV can therefore be expressed as a linear

combination of the information given by

AW = (D), DI 6711, DIE” - 601)

and by Corollary 3.6 it holds
wéeQ(X(q)) = wvceQ(AS\?)).

Now, for confluent points the divided differences converge uniformly to the respective derivative
value and it holds that

lim G(X@)=G(X¥) and b(X)=0b(XY),

q— o0
which implies limg 0o G~H(X @) = G71(X%) and hence lim, o w(X @) = w(X%), which
proves the claim. O

Now we know that the optimally weighted worst-case error depends continuously on the quadra-
ture points in S"(€2) and therefore attains its minimum. However, it is not clear whether this
minimum consists of n different points or whether all the points coalesce to one single point
yielding a Taylor-style quadrature rule that uses derivative values of increasing order at one
single point.

In order to address this question, we will study the behaviour of the error representer 7yu in
more detail.

5.1.3 Properties of optimal quadrature points

In the following, we discuss the properties of optimal quadrature weights w(X,,) associated to
a local minimizer X,, of the wce? function.
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5.1 Optimal quadrature points and their properties 73

Proposition 5.6. For X}, where p = (p1,...,pun) with all p; even, it holds for the error
representer T xu that

(i) 7xw has exactly n zeros &1, ..., &, each with multiplicity p, . . ., pn, respectively.
(i) Txp(t) >0 for allt € Q.

(iti) 1) (&) > 0 fori=1,....n
Proof. Let N := 3" | pj. We recall that Q x# is exact on the N-dimensional space

Hic(xt) = span {K(DJ)(-,&)J —1,...nand j=0,..., 1 — 1}

which implies that

I
—

n Mg

xp () Wi (XEV KO (2, &)
=1 5=0
has vanishing derivatives up to order ur — 1 at &, i.e. fﬁ?é(&k) =0for k =1,...,n and
j=0,...,ur — 1. For (i), we have to prove that there are no additional zeros. To this end,

we assume that 7y (z) has an additional zero, which can either be a new simple zero at a
point z € Q\ {&,...,&}, or an existing zero with then increased multiplicity. Without loss of
generality we assume the first case, i.e. 7yu(z) = 0. This implies that ) Xt is exact on the
span of

Hpexpey ULK(,2) 1,

which is an extended Tschebyscheff-system of N +1 functions. Therefore, we can find a function
9 € Hy(xwy ©{K (-, 2)} which fulfills the interpolation conditions

g(j)(fi):Oforizl,...,nandj:O,...,,ui—l and g(z)=1.

The function g cannot have more than N zeros (counting multiplicities) and all zeros are of even
multiplicity. Therefore, g cannot cross the z-axis and has to be positive because of g(z) = 1.
This implies Lo(g) > 0. But QXI;\AI (g) = 0, which is a contradiction to the exactness of () x» on
Hpexry U{K(,2) )

Next, (ii) is a direct consequence of (i) and [, 7xu(z)w(z)dz = HfX,’fH%-[K > 0 because it
has to be positive at least at one point and cannot cross the x-axis since all zeros are of even
multiplicity. Because of 7xx(§;) = 0, the points &1, ...,§, have to be local minima of 7yu,
which implies (iii). O

Proposition 5.7. Let X, € g"(Q), i.e. the points are pairwise distinct. Then, the partial
derivative of wee?(XE) given by (5.7) with respect to a quadrature points &y is

—wee (XH) = 2 1 (X8) UL (6)- (5.8)

Proof. In order to differentiate wee?(XE) = HfX#H%{K with respect to the point & we use the
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74 5 Computation of optimal and nested quadrature points

(inner) product rule and 7' (fl) =0fori=1,...,nand j =0,...,u; —1 to obtain

0 . 9 o0 . .
@HTX#HHK = 67&<TX7’{7TX,‘{‘>HK

_ 2<£€fxﬁ,fX#>HK

n pi—1 pr—1
= _2<Z Z 65 {wu )}KJO 627 Z wk,j X“ ]+1’0)(§k7')an#>,HK
=1 7=0
no pi—
Yo AT R R
Ok
i=1 j=0
pi—1 )
> wk,j<X#><K<ﬂ+lvO><fk,->,fxg>HK)
n pi—1 HE—1 +1)
—2( XX oo -3 )
=1 7=0
= 21 n>f§§;§)<§k>.
O
From now on, we will call a set of points X4 optimal of type p if
0 . .
T&wceQ(X#) 201 (XA) TR (6) = 0 (5.9)

holds true for all k =1,...,n

Next, we discuss the properties of optimal quadrature weights associated to optimal quadrature
points. To this end, we need the following lemma which is standard in analysis text books, see

e.g. [2].

Lemma 5.8. Let k € N be even and f € C**1(a,b). Assume it holds for some x € (a,b) that
1. fOz) =0 for j=0,....k—1 and f*)(z) > 0. Then z is a local minimum of f.
2. fO(z) =0 forj=0,...,k and f*+Y(x) > 0. Then f is strictly increasing at .

Theorem 5.9. For even p € N'} it holds for the optimal weights iu(X#) at optimal points X,
that
Whp—1(XE) =0 and Wy, —2(XE) >0 foralk=1,...,n

Proof. According to Proposition 5.6 (iii), it holds 7§ (1s0) W (&) > 0 for k=1,...,n. The first-order
optimality condition (5.9) requires for optimal X* that

2t 1 (X4) 70 (€) = 0.

This implies Wy, ,,, — 1(XHE) =0, i.e. the first equality.
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5.1 Optimal quadrature points and their properties 75

N -

Figure 5.1: The function f € Viy_1 for n = 3 and p = (2,2, 2) from the proof of Theorem 5.9.

Regarding the second inequality consider the unique function

feVny=span{KOD( &) ri=1,...,n, j=0,..., 0 — 1\ {EO*D( )},
that fulfills .
f(J)(&.):0for14;751‘:1,...,nandj:0,...,ui—1
SOE) =0for j=0,..., =3 if >3 (5.10)

We will show that f is non-negative and we consider the more complicated case uy > 3 first.
We note that functions from Viy_; can have at most N — 2 zeros (counting multiplicities).
Therefore, all possible zeros of f are already fixed by (5.10). Moreover, by Lemma 5.8 (i) f has
a local minimum at &,. Therefore, f(z) > 0 for all z € Q\ X,,, which implies Lo (f) > 0.

Then we apply QXn’ which is exact on Vy_1 C HK(X#)? to f and use wk#k_l(xﬁ) =0 to
obtain

n pi—1

Lo(f) = Qx, (/) =Y > wii(Xn) 9 (&)
i=1 j=0

= g o (XE) FU 7D (E) = by —2(XE).
The case juy, = 2 follows similarly with f(&,) = 1, cf. Figure 5.1. Again, Lqf is positive and by
the exactness of QX on Vy_1 the weight wy O(Xn) is positive. O
Proposition 5.10. For even pu € N” the optimality of X% implies the optimality of Xk
Proof. By Theorem 5.9 it holds w; ,,—1(XA) = 0 for i = 1,...,n. This implies

Txu ((E) = fX#A (a;)

n

Moreover, by Proposition 5.6 (i) it holds fgf;l (51) = 0 and therefore also 7 ;’ (fz) = 0. This
implies the optimality of XA -1
]

Next, we deal with the location of optimal quadrature nodes. We show that under certain
conditions the optimal points are located in the interior of the domain of integration.
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76 5 Computation of optimal and nested quadrature points

aw
a b

Figure 5.2: Visualization of the cardinal function Hy, ,,,, —1(z) from the proof of Proposition 5.11.

Proposition 5.11. Let K be extended totally positive on 2 Q =: (a,b). Then, for even
p € N the nodes of an optimal quadrature formula are all located within (a,b), i.e. there exists
a < a < f<b such that it holds for all optimal points £,i =1,...,n that

a<&<H<.L <6 LB
Proof. We will prove that for all n there exists § < b, such that for &, > £ it holds

0 2 i
agnwce (XFE) >o0.

This implies that if the largest node gets to close to the right border b, then wce?(X}) is
strictly increasing. The same argument yields %w@eQ(X# ) < 0.

By (5.8) we have to show that Wy, —1(X}) < 0 for &, € (8,b). To this end, we use that the
weights can be written as

w; j(XF) = La(H, ;) /H,] x)de foralli=1,...,nand j=0,...,u; —1, (5.11)

where H;; denotes the elements of the cardinal basis of H(xp), cf. (3.17) in Section 3.3.

Because of the cardinal property it holds H U)

i —1(&k) = 0n k0, —1. Besides those prescribed

Zf_ll pi+pin—1 zeros, Hy, ,,, —1 cannot have additional zeros. Moreover, because fi,, is even, so is
n — 2. Therefore, Hnjz 1) =0,7=0,...,u,—2and Hn”lf _11(§n) = 1 imply by Lemma 5.8

(11) that H,, ,, 1 is strictly increasing at &,. Since all other zeros have even multiplicities, we

conclude that H,, ,,—1 has only this one sign-change from negative to positive at &,, i.e.

<0 forazx<§,
Hn,unfl(x) <
>0 forxz>¢&,.

Therefore, (5.11) can be decomposed into

&n b
W —1(XE) = Hypp—1()w(z)de  + H, -1 (2) w(z) de,
a gn

where the first summand is strictly negative and the second one strictly positive if a < &, < b,
cf. Figure 5.2. We conclude that for &, = b it holds Wy, ,,,,—1(X¥%) < 0, which by continuity also
holds for &, = 8 < b sufficiently close. O
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5.1 Optimal quadrature points and their properties 7

Now we are prepared to deal with the existence of optimal quadrature formulas. To this end,
we recall Proposition 5.5 and note that the function wee? : S*(Q) — R attains its minimum
X# within S*(Q2). It remains to show that this minimum consists of n different points.

This result has been established in many contexts before, e.g. [11, 20, 55, 95, 124], mostly using
abstract results on monosplines of least deviation or specific properties of certain kernels. In
the following, we sketch an elementary proof from [21].

Theorem 5.12. Letne N, p e N*, N =3"" | p;, Q C QCR and K € C®(Q x Q) be e.t.p.
Assume that

n pi—1
X} = argmin |[|{q(-) Z Z w; (XF) KO (. &) . (5.12)
X“ES”(Q) i=1 j=0

Hi

Then it holds m = n and p = v, i.e. the n points minimizing the right-hand-side of (5.12) are
pairwise distinct.

Proof. Before we proceed, we define the C*°(2) function

7 xp(T)

F = X
xt ) = e T

which belongs to the unit ball of Hx. Then it holds
b
|| Pr(@) (@) dz =[xl = we(X2)

andF])(fk)—Ofork—l nand 5 =0,...,u; — 1.

For now, let p be even. We have to show that for

Xy, := arg min wee(XF),
flw-"gn

it holds m = n and hence v = u. Assume to the contrary that m < n and hence at least one
v > ug. We will produce a contradiction by showing that there exists

X(h) = <€1 cor &1 T—h TH+h &y ... §m>

Voo Vg1 Kk Vg — Mk Vik+1l --- Vm

such that wece(X (h)) < wee(XY) for sufficiently small o > 0. The parameter 7 € [ —h, & +h]

is chosen such that it holds F V(’“ )1 (€x) = 0. Then it holds by the argumentation in [21] that

FED(g) <0 and  [F (€] > Ah?, with Ay > 0.

Moreover, there exists A1 > 0 such that

|Fg>(h)(gk)| < ARt for =0, v — 1.
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78 5 Computation of optimal and nested quadrature points

Next, we will use QX;;L to integrate FX(h)' But first we note that

RX:;(FX(h)) < sup  |Rxy(f)| = Rxy (Fxv) = | Rxy |2 -

£ 117 e <1

Now we can compute

1Ryl > By, (i) = Lo (Fr) = @xx (Fi)
m v;—1

= Rzl = @xz (Fran) = 1Rl = 2 D wig(X0)FL, (&)

i=1 j=1
v —2

— IR = yvypW)
= ”RX(h)HH}{ - JZ; wk,y(Xm)FX(h)(fk)

vE—3

> || R g — (—n g2 (X7) A2h?) — Z g (X0 F ) (6)

Ve — -3 )

> Ry, + Bran—2(X5) A2h® = 37 |y (X1)FL) (60)
j=1
Vi — -3

> || R g Iz + Wk —2(X0) Ash® — Z g5 (X2)| Ayh?e

2 ||Rj<(h)“7-t;( + W2 h? — O(h?).

For sufficiently small h we obtain ||R5((h)HH;< < HR)(;;LHH;(, which contradicts the optimality
of X},. We can conclude that it holds m = n and v = p. The case of non-even p follows by
Proposition 5.10. [

We sum up the most important properties of optimal quadrature points, now specializing on
the practically most relevant case pu = 1.

Corollary 5.13. Let X, = (fl, e ,én) be optimal in Hp, i.e. local minimizers of the squared
worst-case error wee?. Let K be e.t.p. on QD Q= (a,b). Then it holds

(i) Optimal points are pairwise distinct and located within the domain of integration, i.e.
a<& <& <...<E& <D

(i) The optimal weights w( n) that are associated to an optimal point set X,, are all positive,
i.e. wi(X,) > 0.

(#ii) Optimal n points quadrature rules Q %, are exact on the 2n-dimensional space spanned by

{K(Oﬂj)(’gl) = 17 Lo, n and] S {0; 1}}

Therefore, they are a generalized Gaussian quadrature rule for a kernel dependent ETC.
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5.2 Efficient computation of optimal quadrature points 79

w) The Riesz-representer of the error functional of Q is non-negative, i.e.
Xn 9
¥x () >0  forallteQ.

and equality only holds fort € {&1,...,&,}.
(v) It holds that

wee?(Xp) = [|7g, 17y, = /fxn(t)w(t) dt = / 7%, (O w(t) dt = (|7 %, |2, (@),
Q Q

i.e. the monospline of least deviation with respect to the Hy-norm is the same as the one
with smallest L1(92, w)-norm.

(vi) The optimality of X,, is implied by w; 1(X2) =0,i=1,...,n.

5.2 Efficient computation of optimal quadrature points

In this section we discuss the computational aspects of optimal quadrature rules in RKHS. To
this end, we will reformulate the minimization problem as a nonlinear system of equations that
is much more stable and allows for the first time to compute optimal quadrature points with a
sufficient amount of points in RKHS of smooth functions. Moreover, we will make use of certain
symmetry properties of the reproducing kernel that allow to reduce the number of points that
have to be considered by a factor of about one half. We will concentrate on the simple node
case, i.e. the setting X,, = X}!.

5.2.1 Direct minimization

The most straight-forward approach to the computation of optimal quadrature points X,, is of
course the direct minimization of the squared worst-case error formula for optimal weights

X, := argmin wee?(X,,) = argmin ||Rx, ||«
X, €87 (Q) Xn€S™(92) "

= argmin {||LQ||§{;( —b7(X,) -G YX,) b(X,)}.
X €S (Q)

(5.13)

This is a nonlinear problem because both, b(X,,) and G(X,,) depend in a nonlinear way on the
points X, = (&1,...,&).
From Proposition 5.7 we recall the partial derivatives of wce? with respect to the points, i.e.

aisz:e?(Xn) = —2up(X) Py ().

Hence, we can utilize classic optimization approaches, like e.g. nonlinear conjugate gradient or
(quasi-)Newton methods [114].

In each step of an iterative optimization procedure it is necessary for the evaluation of both,
the objective function wece? and its derivative, to compute the optimal weights w(X,,) € R™.
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80 5 Computation of optimal and nested quadrature points

We recall that
w(X,) = G HX,)b(Xn), (5.14)

where

G(Xn) = (K(&, &) ;- € R and - b(Xy) = (Ca(&)i=y € R™

Since G(X,,) is a dense positive definite matrix, the Cholesky decomposition is the canonical
method to compute (5.14), which comes at costs of approximately - ﬂoatlng point operations
[48]. Therefore, it is the main bottle-neck in the minimization of (5. 13).

This naive approach seems to work fine for Sobolev spaces with finite smoothness, e.g. H*([0, 1])
or H5(T), cf. the left-hand side plot in Figure 5.3. Here, the Fletcher-Reeves nonlinear conjugate
gradient method [114] as well as Newton’s method for optimization are used to compute n = 10
optimal quadrature points. Clearly, Newton’s method outperforms the CG-approach, yet both
methods converge reasonably well.

However, the situation changes dramatically when considering analytic function spaces in the
right-hand side plot of Figure 5.3. Again, n = 10 points for optimal quadrature in the Gaussian
space shall be computed. Now, it takes much longer for the Newton minimization to converge
and the CG method does not seem to work at all. We conclude that in smooth function spaces
already for moderate point numbers n the optimization problem becomes very ill-conditioned.
Therefore, we will aim for a different approach.

5.2.2 Reformulation as stable nonlinear system

We will make use of Proposition 5.10 and instead of solving (5.13) consider the equivalent
problem of computing optimal points of order p =2 , i.e

X, := argmin wee?(X?2) = argmin HRX2”H*

X, €S™(Q) Xn€Sn(R)
= argmm{lanHH* —bT(X7) - GTHXE) - b(X2)}.
XneSn(Q)

We use that every point set X,, that is optimal for g = 2 is also optimal for p = 1.

Now, the vector of optimal weights is given by

w(X7) = GTHXDb(X7),

where
2\ ( (5275]))1‘7 1 (KOI) g'“éj )z_] 1 2nX2n
G(X}) = ((K(IO )(&,€5) )” , (K LD (&, &5) ) eR
and n
2y _ (Zﬂ(éi))i1> 2n
0D = (et ) <=

On first glance, this does not make much sense because the computation of optimal weights
(X 2) now requires solving a 2n x 2n system. Using the Cholesky decomposition this involves
s : (2n)® _
costs of approximately =5~ =
than the direct approach.

%n3 floating point operations, which is about 8 times more costly
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5.2 Efficient computation of optimal quadrature points 81

Computation of n = 10 optimal points in H3 Computation of n = 10 optimal points in Gaufian space
I I I I I I I I
s
10-2 | N — 10~ |
_ -6 |- _
L1077 - - 10
5 5
© 8
o o
=~ =~
1012 |- o 1071 |- n
_ | a 10—16 — -
10~ 17 —@— Nonlinear system (Newton)
—A—  Minimization (CG FR)
Minimization (Newton)
10-22 | \ \ \ 1072 . . -
0 10 20 30 0 20 40 60
Iterations Iterations
Figure 5.3: Convergence for different approaches to compute n = 10 optimal points in the

Sobolev space of finite smoothness H3([0,1]) and the analytic Gaufian space with
shape parameter v = 1.

However, we can make use of Theorem 5.9, which states that the quadrature points X,, are
optimal if it holds
U(X,) = (w11(X2),...,0n1(X2)) =0 € R (5.15)

This is a nonlinear system of n equations which is much better conditioned than the original
minimization problem and can easily be solved by Newton’s method. This was already ob-
served in [57, 105] for the Hardy and Bergman spaces, but their approach relied heavily on the
special structure of these spaces. We will demonstrate that the aforementioned reformulation
is beneficial in a much wider setting, namely for all RKHS of sufficiently smooth functions.
To this end, we refer to Figure 5.3 where the superiority of this reformulation as nonlinear
system of equations over the naive minimization of the worst-case error from Section 5.2.1 can
be observed.

For an efficient implementation of Newton’s method a closed formula for the Jacobian of the
objective function ¥ : Q" — R™ is beneficial. To this end, we need the following lemma
regarding the derivative of parameterized linear systems.

Lemma 5.14. Let a matriz A(6) € GL(n) C R™™ and a vector b(8) € R™ be parameterized
with parameter § € R. Then, with x(0) = A™1(0)b(0) it holds

d 1y (A d
—5a(0) = A7) (deb(@) - (MA(W(@)) -

Proof. We use the product rule and the identity
d

LAT0) = AT (0) < (AW} A7)

do
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82 5 Computation of optimal and nested quadrature points

to obtain

d d _
2520 = 55 {A70)b(0)}

LA ) bl0) + A7 0) S (0(0))
= A0 TAWM) AT O)b(0) + A7) (b(0))
= 470) (5 (6~ 55 (4O A (0)p00))
= 40) (5 0000 - 35 (A0 200)).
[

In order to compute the derivative of kernel matrices with respect to a point & € X,,, the
following remark is useful to simplify the notation.

Remark 5.15. Let H € C1(Q x Q). Then

H(I’O)(Cck,l"k) + H(Ovl)(gjk’ ij) for ¢ = k,] =k

iH(% )= HOO) (2, ) for z = k; #k
oxy, HOD (. 2p) fori #k,j=k
0 fori#k,j#k

Thus, the matrices from R™*™ can be written as

n

9 " (0,1) T (1,0) "\ o gaxn
aika(xi,;Uj) = (H (JTZ,.%']C)>1 l-ek—i—ek- (H (xk,’yx])) 1 eR )

ij=1 = =

where ey, = (d; )7, denotes the k-th unit column vector.

Now we are prepared to compute the Jacobian of ¥. To simplify the notation we define the
following n x n matrices:

GOV = KOV, &)1y, GO = KO (&, 60y
G = K(l’l)(&yfk)?,k:p G2 = K“’”(&»fkmzl

W = diag(wo(X2)), W = diag(w: (X72)),
where
wo(X72) = (01,0(X2), ... Wno(X2)),
w1 (X7) = (01,1 (X7), ., W1 (X))

are a partition of the vector of optimal weights 117(X2)) G 1(X2)b(X3).

Moreover, define
H" .= diag(fl)lgzl (&), ... ,f/)/(g (k) € R™*™

to be the matrix with the second derivative of 7 x2 evaluated at the points in X,, on the diagonal.
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5.2 Efficient computation of optimal quadrature points 83

Theorem 5.16. The Jacobian Jgy(x) € R™*™ of W is given by

B 9 0 GOYW, + GOAw,
Ju(Xn)=(0 I,)G71(X2) ((H,,> - <G(171)W0 L GUAW, (5.16)

ERn X 2n

Proof. First we define a block-partitioning of G(X?2), i.e.

- (5 30 e

where
A(Xy) = (K (&)1 B(X,) = (K®V(&.g)),
BI(X,) =(K'"0&g)) . D)= (K"E8)

Having in mind Remark 5.15, we obtain

oA, = <K(0’1)(fu§k));1 el ey ((K(l 0)(&;,5;'))].:1)
a(sz(Xn) _ <K(0’2)(§i7§k))j:1 el +ep- ((K(l )(szafj)>:1>T
OZCBT(X") _ <K<1 1)(&.,@)); el + ey ((K(2 0)(§k7§j)>:l>T
aiD(X”) _ (K(1’2)(§z,€k))j:1 el +ep- <(K(2’1)(§k7§j)>:_l>T

Moreover, it holds for b(X2) = (¢qo(&1), ..., la(&n), 6o (€1), ..., Lo (&) that

Now we compute
) -A(X,) g2 B(Xa)\ [(w
a?k{G (X2)}w(X7) (85 BT(X,) 851)()@)) (w?
)
)

0.

(K©OD( &,ﬁk))h el (KOY(g,80)) - e%) (wo(Xﬁ)>

K 1, 1)( Z,gk)) T (K(LQ (élvgk))z 1° e; wl(Xg)
1
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84 5 Computation of optimal and nested quadrature points

_ (wk,o<X3)( KOD(&,60)) ", +wk1 B (KO2(g, &) )
Wo(X2) (KD (éufk))l:l + b1 (X2) (K2 (&, &) )

er (it Z}:O wi,j(szz)K( (&, &k
er | 2i Z;zo wi,j(XZ)K@’j)(éu &k

~—  ~—

Therefore, having in mind (5.17), it holds that

i 2 _ Y 2 w( X2

o6, b(X7) agk{GX )} w(X7)

_ errya(&r)) (wk,o(XfL) (KO (€z,§k))Z: + W1 (X2) (K(O’Q)(fiafk))221>
enr’ya () Wro(X2) (KW (&, 68)) ,y + i1 (X3) (KU, 60)),,

_ ( 0 ) B <wk,o(X3) (KO z,ﬁk))Zzl + g1 (X2) (KO( iagk))221>
err’v2 (Sk) Wi o(X2) (KUY (&, &), + b1 (X2) (K&, 6))

=: ¢(Xn, k).

Now, the matrix C(X,) = (¢(Xn,1),...,¢(Xn,n)) whose columns are given by the vectors
c(Xn, k), k=1,...,n, can be written as

0 GOYW, 4+ GcOIw,
C(Xn) = (H//> - (G(LI)WO 4 G(1,2)W1> :
Finally, because of Lemma 5.14 we obtain
0
X2) = G XX = GHX2)e(Xn, k) = h(X,, k) € R*"
s W) = 5 (G XRB ) = G XB)e(X ) = B(X, )
and the derivative with respect to the point & of W consists of the (n+1),...,(2n) components

of h(Xy, k), i.e
0

9 B(X) = (Ber (X ), - B (X, ) € R,
O

which equals (5.16).

5.2.3 Obtaining starting points for Newton's method

Newton’s method is a well-established approach for the solution of nonlinear systems of equa-
tions. If provided with a starting point sufficiently close to the solution, it converges quadrati-
cally [48, 121|. However, if the starting point is too far away, it does not necessarily converge
at all. Therefore, we propose the following approach to generate good starting points.

Let X, C (a,b) = Q be a set of n ordered optimal points, i.e.

a<& <..., <& <b.
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5.2 Efficient computation of optimal quadrature points 85

Algorithm 2: Computation of optimal quadrature points in Hp.

Input:
e extended totally positive kernel function K : 2 x Q — R.

e Riesz-representer £ : 2 — R of Lg.
e derivatives of K and fq up to order 2.

Initialize: k := 0, Xy = 0.
repeat

1. k:=k+1

2. Define starting points &1, . .., & according to (5.18) or (5.19).
3. Assemble and initialize the closed-form Jacobian (5.16).

4. Solve the nonlinear equation (5.15) by Newton’s method.

5. Store the solution X}, as well as the associated optimal weights w(Xy).

until £ =n;
Output: Optimal quadrature points X and optimal weights w(Xy) for k =1,...,n.

We construct starting values 5_1, ... ,EnH for the problem of computing a set of n + 1 optimal
points by 5
F 1t+a
b=
& = &—H;_ &i fori=2,...,n (5.18)
. b+ ¢

On unbounded domains like e.g. = (—o0,00) we proceed similarly, i.e.

fi=f -8
& :2% fori=2,....n (5.19)
o 1= o 4 2507

Now we are prepared to compute optimal quadrature points and weights in univariate repro-
ducing kernel Hilbert spaces Hg, where K is extended totally positive. The nonlinear system
of equations (5.15), i.e. ¥(X,) = 0 can be solved by Newton’s method, cf. [48, 114], which is
implemented in many numerical analysis libraries. We used the implementation from [126]. If
the kernel K has partial derivatives up to order 2, we can use the closed-form solution of the
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86 5 Computation of optimal and nested quadrature points

Jacobian of ¥ given in (5.16). After a set of k optimal quadrature points has been computed, it
is utilized to construct the starting points for the search for n+ 1 points. The overall procedure
is summarized in Algorithm 2. We remark that for the case of kernels that are less than two
times differentiable, one can still use the direct minimization approach, cf. Section 5.2.1.

5.2.4 Exploiting the symmetry of certain RKHS

Let us assume that Q = (—a, ) and the reproducing kernel K : Q x Q — R of H fulfills the
condition

K(z,—y) = K(—z,y). (5.20)

Moreover, we assume that it holds
w(z) =w(—z) forall z € Q. (5.21)

All kernels of the form K (x,y) = g(zy) or K(x,y) = g(|x — y|) are examples that fulfill (5.20).
We will see that this kind of symmetry allows to construct optimal point sets with cardinality
2n or 2n + 1 by constructing an optimal set of n points for the modified kernel

f((x,y) = K(z,y) + K(z,—y). (5.22)

We remark that (5.20) can be generalized to K(x,a —y) = K(a — x,y) for some a € €2, but in
order to keep the notation simple we will stick to the case a = 0.

In the following, we will show that optimal weights and points for the approximation of
«
L(—a,a)(f) = f(x)w(l‘) dx
—a

in the Hilbert space Hx can be obtained by optimal weights and points for the approximation

of
Low(f) = /0 f(@)w(z) dz

in the Hilbert space H ., where K is given by (5.22).

Before we proceed, we need a simple Lemma.

Lemma 5.17. Let K fulfill (5.20). Then it holds
1. lo(z) = Lo(—x).
2. K00 (g, —y) = — KO (—z ).
3. Lg(x) = —lg(x).
4. KO0, )+K<1°<0 —y) =0.
5. K19(0,0) =

Proof. Claim 1. follows from the symmetry of w, i.e. (5.21). The claims 2.-5. follow by differ-
entiating both sides of (5.20) with respect to x. O
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5.2 Efficient computation of optimal quadrature points 87

Proposition 5.18. Let X,, = (&1,...,&,) € (0,a)™ and '[v(Xn,f() the associated optimal
quadrature weights for the approzimation of L o) n Hp.

With Xop = (=€, ., —E1,€1, - &) it holds
Ilb(XQTL?K) = (uvjn(XnaK)a s ,Uv)l(Xn,K),ﬁ)]_(Xn,K), s ,Uv)n(XT“K)),

i.e. the 2n optimal weights for the approzimation of L(_q «) using the symmetric point set Xop
in Hy can be obtained by computing n optimal weights for Lo q) in Hz.

Proof. Let v = (wn(X,, K),...,w01(Xpn, K), 01 (Xn, K), ..., 0n(X,, K)). We have to show
that v = w(Xs,, K). To this end, note that the Riesz-representer of the error functional

RX2n7’0(f) = L(fa,a)(f) - QXQn,v(f) is
T Xon0(T) = L—a,a)(T) — Zwi(Xn, K)(K(x,&) + K(z,—&)). (5.23)
=1

We will prove the two equalities

Tx, (%) =rx,, () forall z e (0,a) (5.24)
TXonw(T) = Tx,, v(—2) forallz € Q= (-a,a). '

Because of 7x, (&) = 0 for i = 1,...,n, the identities (5.24) imply that rx,, »(£&) = 0 and
hence the optimality of v.

Regarding the first equality, we note that it holds for z € (0, «) that
£00,0)(T) = {(_a,0)(T)

because of
/ R(z,y) w(y) dy = / K (z,y) w(y) dy + / K(z, ) w(y) dy = / K(z,y) w(y) dy.
0 0 0 —

Then, having in mind (5.23), we can compute for z € (0, @)

P, (1) = Loy () = Y (X, K)K (2, 6;)
=1

= g(fa,a) (33) - Z wZ(Xn7 f{) (K('ra 51) + K(.I, _51))
=1

= TX2n7’U (:C) .

Regarding the second equality in (5.24), we use the identities £(_, 4)(=7) = {(_q,q)(z) and
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88 5 Computation of optimal and nested quadrature points

K(—z,y) = K(x,—y) to compute

TX%,W(_:U) = E(—a,a)(_x) Z w; (Xnv K) (K(_'x: fl) + K(_xv _52))

O

An immediate consequence is the following theorem, which allows to obtain optimal quadrature
rules with 2n points at reduced costs.

Theorem 5.19. Let X, = (£1,...,&,) € (0, ) be a vector of optimal points for the approz-
imation of L(oq)(f) in Hg. Moreover, let w(Xn,K) (1 (X, K), ..., 0n(Xn, K)) € R" be
the optimal weights for X, in H . Then it holds that
(i) The points
Xop i=(=bny.n, €161, ..., 6) € (—a, )™
are optimal for approrimating L(_a@)(f) in the Hilbert space H .
(i) The associated optimal weights for Xa, in Hx are given by

w(Xon, K) = (0n( X, K), ..., 01 (X, K), 01 (X, K), ..., 0, (X, K)) € R?.

Proof. Since Xy, is symmetric, the optimality of the weights (ii) follows by Proposition 5.18.
For the optimality of the points we have to show that

Py, (£&) =0 fori=1,...,n.

This follows from the symmetry (5.24) in the proof of Proposition 5.18 and the optimality of ,
ie.
Win(gi):O fori=1,...,n.

O]

This allows to compute optimal quadrature formulas with 2n points in Hgx by solving the
associated problem in H z for n points. In order to deal with the case of 2n +1 nodes, we define
the kernels

K(z,0)K(0,y)

KO(:I:?y) :K(l"y)_ K(0,0)

and
K(z,0)K(0,y)

ko(-f,y) = k(&?,y) K(O 0)

= Ko(z,y) + Ko(z, —y).
Theorem 5.20. Let X,, = (51, . ,én) € (0, )™ be a vector of optimal points for the approzima-

tion of L(g,q)(f) in the Hilbert space H . Let w(X,, K) = (01 (X, Ko), . .., 0 (X,, Ko)) € R?
denote the associated optimal weights for X, in Hi,
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5.2 Efficient computation of optimal quadrature points 89

Then, it holds that
(i) The points
Xont1 = (=&n, - .-, —5170 glpm,fv ) € (—a, )"
are optimal for approzimating L_ f f(@)w(z)dx in the Hilbert space H .
(i) With the definition

wo(Xn) = — 775 (1000 Zwl ns Ko) (K(0,6) + K(0,-£)) )

the weights
v = (0 (X, Ko), - . o 01 (X, Ko)y wo (X)), 01 (X, Ko), - . ., 0 (X, Ko)) € R

are optimal for Xopt1 in Hi, i.e. w(Xopt1) =0

Proof. We first note that the optimality of the points X,, for L) in Hpg implies the opti-

mality of (=&,,...,—&1,&1,...,&,) for L(_a,a) in Hr,. Therefore, the error representer of the
associated optimal quadrature formula in Hp, is

%in(x) = ngi)aa KO fL' y Zwl 52) +K[)(33 61)) )

and fulfills 'y, (+&;) = 7y, (£&i) = 0. Therefore, in the spirit of the proofs for Proposition 5.18
and Theorem 5.19, it remains to show that

TXoni1,w(T) = Tx,,(x) forall z € €.
To this end, noting that

T X (8) = Lcae) (@) = > w0i(Xan) (K (2, —&) + K (2,6)) — wo(Xn) K (z,0)

i=1

we can compute
n

P () = LY Kola,y) = Y wi(Xn) (Ko(w, —&) + Ko(w, &)

_E( aa)(x) K(0,0)
_ ;wi(Xn) (K(x, —&) + K(z,&) — I;Eg: 8; (K(0,&) + K(0, @))
(-ava) Z (Xan) ( —&) + K(2,8)) — wo(Xn) K (x,0).

It remains to show that 7x,,,,(0) =,  (0) =0, which follows by inserting x = 0 and using
Lemma 5.17. O
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90 5 Computation of optimal and nested quadrature points

5.3 Greedy construction of nested point sets using matching
pursuit

In the preceding section we dealt with the problem of computing optimal quadrature points
without any additional constraints, i.e. all the n points and n weights were considered as
degrees of freedom and could be varied to minimize the worst-case error. The resulting optimal
quadrature points are pairwise distinct and strictly contained in the interval of integration
Q = (a,b), ie. a < £ < & < ... < &, < b. However, numerical experiments suggest that
the optimal point sets X,, are not contained in X,, for m > n, except for the midpoint of the
interval if certain symmetry conditions of K are fulfilled. Therefore, the optimal quadrature
points are not nested. But in many practical applications nestedness is a big advantage because,
for example, one can increase the accuracy of the numerical approximation from n to m = n+k
function values without evaluating the integrand at all the m points. Instead, one can re-
use the first n values requiring only an additional k£ function evaluations. Moreover, for the
construction of sparse tensor product cubature rules, cf. Section 2.4.2 and Chapter 7, nestedness
of the underlying univariate quadrature rule is advantageous. Therefore, we will spend this

section on the construction of nested quadrature rules, keeping the following points in mind:
1. The nested quadrature rules should use optimal weights for a given RKHS. This is impor-
tant with regard to the construction of optimal tensor product cubature-rules in Chapter 7.

2. The nested quadrature rules should have a small worst-case error, preferably comparable
to the n-th minimal worst-case error of the non-nested optimal quadrature rule discussed
in Section 5.1.
3. The nested quadrature rules should be stable, i.e. the £1-norm of the vector of optimal
weights w(X,,) should not grow with n.
There are several approaches to construct nested quadrature rules that directly minimize the
worst-case error by a greedy approach, cf. [89, 136]. Then, however, it is not guaranteed that
the resulting points are well-separated. In fact, already for the univariate Hardy space Hbs
stability problems occur. Therefore, we will go for a different approach that is well-established
in the field of nonlinear approximation and yields well-separated point sets which lead to stable
quadrature rules.

5.3.1 Orthogonal matching pursuit and nonlinear approximation

In the following, we will discuss the application of orthogonal matching pursuit to the construc-
tion of optimally weighted quadrature rules. To this end, let us first recall the setting of best
n-term approximation.

Nonlinear approximation

The following generalization of a basis in a Hilbert space will be essential.

Definition 5.21. (Dictionary)

Let H be a Hilbert space with inner product (-,-,)3. A dictionary D C H for H is a set of
functions that fulfills the following two conditions:
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5.3 Greedy construction of nested point sets using matching pursuit 91

(i) For each dictionary element ¢ € D it holds ||¢||ly = \/ (¢, d)r = 1.
(ii) The closure of the span of D equals H, i.e.

H = span D.

A dictionary is not necessarily a basis because it can be redundant.

For a given dictionary D C H one can now ask the question how well a given function f € H
can be approximated by elements from this dictionary. This is formalized by the best n-term
approximation error, i.e.

inf inf

5.25
¢17"'7¢n€Dw17-..,wnER ( )

f=> wid,
i=1

If a set of n dictionary elements ¢1, . .., ¢, € D is fixed, the second inf in (5.25) is a classical best-
approximation problem which due to the Hilbert space structure breaks down to the solution
of the linear system

H

S wi i, di)w = (65, fyu forall j=1,....m.

=1

However, due to the first inf over all possible combinations of n dictionary elements
@1,...,¢n € D this problem is referred to as nonlinear approximation problem.

Greedy approach to best n-term approximation

A popular greedy approach to solve the problem (5.25) is well-known by the name Orthogonal
Matching Pursuit (OMP) [45, 123, 155] or Orthogonal Greedy Algorithm (OGA) [151]. For a
given dictionary D C ‘H and an element f € H it works as follows: First, we need a so-called
selection function x : H — D

k(g) = argmax (g, P)n|, g€ H (5.26)
»eD

which selects the dictionary element that maximizes the absolute value of the inner product
between its argument g and all the elements from the dictionary. Moreover, for a given finite-
dimensional subspace Hy C ‘H, we need the orthogonal projection Py, : H — Hy.

Then, step-by-step an approximation space H,, is constructed by the greedy procedure outlined
in Algorithm 3.

In order to illustrate the behaviour of OMP, we consider the following example.

Example 5.22. Assume the dictionary consists of an orthonormal basis of H, i.e. (¢,¢¥)yg =0
for ¢ # 1 and @,y € D. Then, each function f € H can be written as

f@) =) (f.o)u ()

¢eD
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92 5 Computation of optimal and nested quadrature points

Algorithm 3: Orthogonal matching pursuit
Initialize: k:=0, ro := f, Hy := {0}.
repeat

1. k=k+1

2. ¢ :=k(rg—1) (compute the next dictionary element)
3. Hj :=span (Hg_1 U{gr}) (update the subspace)

4. rp = f — Py, (f) (compute projection on subspace and associated residual)

until £ =n;
Output: The projection Py, f of f onto H,, is an approximation to f in the H-norm.

and after k steps the OMP algorithm has automatically selected the k largest coefficients (f, @)y
of f. In this case, the OMP approximation equals the best n-term approximation in (5.25)
because

If = Pu, fll3, = D (f. )3
¢ Hoy

However, in general, the dictionary is not orthogonal.

Now, we are going to apply this generic approach to the approximation of functionals in RKHS.

5.3.2 Greedy approach to quadrature in RKHS

As discussed before, the approximation of a linear functional Lg : Hx — R using point-
evaluation functionals d¢,§ € € is dual to the problem of approximating /o € Hg using
K(-,8),¢ € Q, where K(+,£) is the Riesz-representer of d¢.

Recalling that

1K)l = U)K (e = VE(EE)

and that Hxg = span{K(-,z)|x € Q}, we note that the set of normalized point-evaluation
representers

Dq(K) := {m|§ = Q}

VE(E,€)
is a dictionary for Hx in the sense of Definition 5.21. The idea to use orthogonal matching
pursuit in this setting appeared for example in [150, 151].
Next, we need to compute the projections onto the subspaces spanned by {K(-,§;),i = 1,...n}.
To this end, let H,, = span {K(+,&1),..., K(-,&n)} be a subspace spanned by m kernel func-
tions. The orthogonal projection Ppg,, : Hi — Hy, is explicitly given by the spline algorithm,

cf. Section 3.3, i.e.
m m

Py, f(x) = > G HXm)K(2,8) f(&).

i=1 j=1
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5.3 Greedy construction of nested point sets using matching pursuit 93

Algorithm 4: OMP greedy approach to compute nested quadrature rules in RKHS
Input: kernel function K : Q x © — R, representer o :  — R.

Initialize: k :=0, X =0, 7x, = la.

repeat

1. k:=k+1

2. & = argmax,q |*x,_, ()|?/K(z,x) (solve global optimization problem)
3. Xi = Xp_1U{&} (add new point)
4. w(Xy) = G Y Xy, K)b(X, K)  (compute optimal weights)

5. Tx, = Lao(z) — Ele wi(Xg)K(x,&) (update error representer)

until k = n;
Output: Quadrature points X,, and optimal weights w(Xy) for all k =1,...,n

Moreover, for the special case of f = fq, the projection of f on the subspace H,, is given by
Polo(z) =Y wi(Xm) K (x,&) and the residual f — Py, f is just the Riesz-representer of the
quadrature rule that uses the points X,,, = (£1,...,&m), i.e

lo — Py, lo ="7x,,.

Finally, we need the selection-function s : Hx — Dq(K), cf. (5.26). To this end, we observe
that to each point x € Q there corresponds a dictionary element ¢ € Dq(K). Therefore, for a
given function g € Hx, we can write the selection function k : Hx — Dq(K) as

#(g) = argmax |(g, 6}, | = argmax |{g, K (- @)/ v/K (@) |

$eDg(K) 2eQ
=argmax|g(z)/\/ K (z,x ]—argmax\g( /K (2, z).
e

Here, we used that K(-,z) represents point-evaluation and that the maximizer of a positive
function is invariant with respect to taking the square.

We see that with our particular choice of the dictionary Dgq(K), the orthogonal matching
pursuit algorithm can easily be realized for RKHS by solving a global optimization problem for
the smooth function |g|?/K (z, z).

We summarize the final procedure in Algorithm 4. Note that the only input required by this
approach is the kernel function K : Q x Q — R and the Riesz-representer of Lo in Hx that is
given by lo(x) = [ K (y) dy.

We visualized the sequence of maximization problems in Figure 5.4. Note the similarity to the
construction of Leja points in Section 2.3.4, where also repeated maximization problems have
to be solved in order to obtain nested point sets.

This approach is applicable for d > 2 as well, but unfortunately global optimization problems
quickly become intractable when the dimensionality increases. However, for d = 1 it can be
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94 5 Computation of optimal and nested quadrature points

X,
L) fl 1
X,
' & &
M_Z@(B\‘—/.\.‘
53 &2 &1

Figure 5.4: Orthogonal matching pursuit for approximation of ¢ with K(z,x) = 1.

solved by splitting €2 into k + 1 sub-intervals

k+1

2= (a,b) = (@, &a] U (€1, &] U .. U (Gem1, &) U (6,0 = [
i=1

Since 7x, (&) = 0, we know by Rolle’s theorem that there exists a local maximum of /Fgfk in
every €);. Therefore, in the k-th step we solve (k + 1) local optimization problems and obtain
the global solution by the largest of all the local ones.

5.3.3 Symmetric point sets

Sometimes it is advantageous to have nested point sets that are symmetric. One reason is that
symmetric points, which also lead to symmetric weights by Proposition 5.18, integrate all odd
functions exactly. Therefore, we will modify Algorithm 4 such that it produces points that are
symmetric by following the ideas from Section 5.2.4.

In particular, we assume that the integration domain is zero-centered, i.e. @ = (—«, ) and the
weight function is even, i.e. w(z) = w(—x) for all x € Q. Moreover, for all z,y € Q it shall hold
K(z,—y) = K(—=z,y). Then, we set the first quadrature point £ = 0 and apply Algorithm 4
to the kernel K (x,y) = K (x,y) + K (z, —y).

Each point & that is computed in the k-th iteration of the algorithm is then mirrored at zero
and the final set of points after n iterations has the form

Xgn—i-l = (Oa &1, —61,82, &2, -, &n, _fn)

and a cardinality of 2n 4+ 1. The procedure is outlined in Algorithm 5.
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5.3 Greedy construction of nested point sets using matching pursuit 95

Algorithm 5: OMP greedy approach for symmetric nested quadrature rules on Q = (—a, ).
Input: kernel function K : 2 x @ — R, representer {o : Q@ — R.

Initialize: k:=1, X; = X7 = {0}, 7x, = lo(z) — K(x,0){q(0)/K(0,0). repeat

1. k:=k+1

2. & 1= argmax,e (g ,q) 7x, ,(2)]?/K(z,2) (solve global optimization problem)
3. Xp = Xp_1 U{& ) and X5, ) = Xop 1 U{—&, &) (add new point)
4. w(Xy) = GY Xy, K)b(X;, K)  (compute optimal weights in Hi)

5. 7x, = lo(z) — Zle Wi (Xk)K(2,&)  (update symmetrized error representer)

until k£ =n;
Output: Symmetric set of nested quadrature points X3, ;.

5.3.4 Extension to unbounded domains and singular function spaces

A possible extension of the classical orthogonal matching pursuit introduces a certain prior on
the dictionary which moderates how much certain dictionary elements are preferred over others.
This can be realized by some function 1 : D — R which modifies the selection function « to

rin(g) := arg max|(g, §)| n(¢)-
9D

In our setting, where we use the dictionary Dgq(K) and each element corresponds to a point
x € (2, the prior on the dictionary elements can be realized as weight function v : 2 — Rx.

Inspired by weighted Leja sequences, we choose v(x) = y/w(x) for integration with respect to
non-constant weight functions w. This is especially important when dealing with integration on
unbounded domains like {2 = R. Moreover, it turned out to be beneficial to use the Chebyshev
weight function v(x) = /(1 — 22) for integration on (—1,1) when the function z — K(z,z) or
its derivative is unbounded as x — =£1, like e.g. in Hj or Ti,,.

The weighted OMP greedy algorithm for the construction of nested quadrature rules is outlined
in Algorithm 6 and visualized for K(z,z) = 1 in Figure 5.5.

Finally, we remark that it is of course possible to combine the weighted greedy approach in
Algorithm 6 with the symmetric greedy approach in Algorithm 5.

v(z)

Fx, () mx, (x)v(z)

&1 &2

Figure 5.5: Weighted orthogonal matching pursuit with weight function v : 2 — R,..
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96 5 Computation of optimal and nested quadrature points

Algorithm 6: Weighted OMP greedy approach to compute nested quadrature rules in RKHS
Input: kernel function K : 2 x 0 — R, representer {q : 2 — R, weight function v : Q@ — R,.
Initialize: k:=0, Xo =0, rx, = lo

repeat

1. k=k+1

2. & = argmax,cq |7x,_, (¥)v(z)|>/K(x,xz) (solve weighted optimization problem)
3. Xi = Xk_1U{&} (add new point)
4. w(Xy) = G Y Xy, K)b(X, K)  (compute optimal weights)

5. fx, = Lao(z) — Ele wi(Xg)K(x,&) (update error representer)

until k = n;
Output: Quadrature points X,, and optimal weights w(Xy) for all k =1,...,n.
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6 Application to optimal quadrature in
certain RKHS from scientific computing

In Chapter 5 we have introduced two algorithms for the construction of both, optimal and
nested univariate quadrature, rules that approximate

La(f) = /Q f(2) w(z) da

in a univariate reproducing kernel Hilbert space Hy with kernel K : 2 x 2 — R. Here, 2 C R
is a one dimensional domain and w : 2 = R, a positive weight function.

This chapter is concerned with the validation of these quadrature rules in a variety of repro-
ducing kernel Hilbert spaces that are relevant in applications from numerical analysis, scientific
computing and engineering. In order to apply the algorithms from Chapter 5 to the construc-
tion of quadrature formulas in specific spaces Hy efficiently, we have to derive closed-form
representations of

ILal3s, = LY LY K (x.y)  and  fo(r) = LYK (x,y), (6.1)

which are the squared norm and the Riesz-representer of L in H g, respectively. Moreover, we
need certain derivatives of the kernel K and the function £q, but since differentiation in general
is a simple task the main problem is the derivation of (6.1).

After the desired optimal and nested quadrature rules have been computed we will compare
them not only with each other but also to Gaussian, Clenshaw-Curtis and Leja quadrature.
Even though the optimal quadrature points will not be used in Chapters 7 and 8, they will
serve as a benchmark for the performance of other quadrature rules in the respective setting.
To this end, we define

wcee, (Hi) = Wée(QXn) (6.2)

to be the worst-case error of a quadrature rule with n optimal points X,, and associated optimal
weights ﬂJ(Xn) Here we note that our numerical experiments suggest that in all the investigated
settings the optimal quadrature points obtained by Algorithm 2 are unique. However, this has
been proven only for translation invariant kernels of the form K (x,y) = g(x —y) for integration
with respect to the uniform density w = 1, cf. [27]. If in fact the uniqueness would hold true
for all of the kernels considered in this thesis, the quantity (6.2) would equal the n-th minimal

worst-case error in Hp, cf. (2.5) in Section 2.1.2.
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98 6 Application to optimal quadrature in certain RKHS from scientific computing

Our main observation regarding the performance of the OMP greedy approach is the following:

o If wce, (Hx) decays algebraically with order O(n™*%),s € N, the OMP greedy quadrature
also exhibits a convergence rate of O(n™*), albeit with a slightly worse constant than the
optimal algorithm.

o If wce, (Hx) decays exponentially with order O(e™*"), a > 0, the OMP greedy quadra-
ture achieves a convergence rate of O(e™2").

o If wce,(Hx) decays sub-exponentially with order O(e=*V™) o > 0, the OMP greedy
quadrature achieves a convergence rate of O(e‘ﬁ\/ﬁ), where the precise relationship be-
tween « and £ is not clear. However, in the considered cases we have 8 > «/2.

Beside the relationship between optimal points and the OMP greedy points with respect to
their worst-case errors we also consider further properties, like the distribution of both, optimal
and OMP greedy points, or the stability of the resulting optimal quadrature weights. Regarding
the latter, we note that the stability of optimal quadrature rules follows from the positivity of
their weights, cf. Theorem 5.9. The stability of the OMP greedy points will be investigated
numerically. It turns out that they behave similar to Leja points, i.e. the associated optimal
weights are not all positive, but the quantity Y ;" | |@;(X,,)| seems to be uniformly bounded for
all n € N.

Moreover, we investigate the distribution of the OMP greedy points, relative to the respective
optimal points. Here we observe that in many settings the OMP greedy points are distributed
in the same way as the optimal point sets. This is a similarity to Gaussian and Leja quadrature,
where the respective point sets also lead to the same distribution.

Finally, we compare the performance of our new quadrature rules with respect to the worst-case
error to other, well-known quadrature rules from the literature. Therefore, in the upcoming
plots we give the worst-case errors of the following quadrature rules.

Optimal: Optimal quadrature points and weights, cf. Section 5.2.

OMP Greedy: The points are selected by the approach from Section 5.3, which is based on
orthogonal matching pursuit. The weights are computed to be optimal in Hp.

Weighted Greedy: The points are selected by the approach from Section 5.3, but an additional
weight is employed.

Gaussian-quadrature: Classical Gaussian quadrature rule that achieves the maximal polyno-
mial degree of exactness which is 2n — 1. Depending on the setting we use either Gauss-
Legendre for integration on bounded intervals like [—1,1] or [0, 1], or Gauss-Hermite for
integration on (—o0, 00).

Clenshaw-Curtis: Common quadrature rule that is nested for n = 2 — 1,k € N. It is exact for
polynomials up to degree n — 1. Their construction is explained e.g. in [38, 159].

Leja: The points are maximally nested with polynomial degree of exactness of n — 1. Their

construction for integration on [—1, 1] is explained in Section 2.3.4 and for integration on
(—00,00) in Section 2.3.4.

All computations were carried out with arbitrary precision floating points arithmetic [62], where
it was necessary to use an accuracy of 2 to compute worst-case errors of the magnitude e, cf. the
discussion at the end of Section 4.1.1.
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Figure 6.1: Log-log plot of the worst-case errors in H® on [0,1] for s € {2, 3}.

6.1 Sobolev spaces

Our first examples are Sobolev spaces with smoothness s € N. The non-periodic Sobolev space
H? on [0,1] as well as its reproducing kernel

_1)s+1 s .
Kiay) =1+ (55325(‘””” i+ Y BB

was already discussed in Section 3.6.1. Moreover, the reproducing kernel of the periodic Sobolev
space H? is

S exp (2mik(z — = m
ke%ﬂ p (2mik( y) =1+ (25)!

Bas(|z — yl).

In order to apply the algorithms from Chapter 5, we need to compute the Riesz-representer of
Lof = fo ) dz in both spaces. Due to the representation as Bernoulli polynomials, which
fulfill Lo By, = O we obtain

lo(xr) =1 and therefore |[|Lqll(gs)x = ||LQ||(HS)* =1.

It is well-known that for both, periodic and non-periodic Sobolev spaces, it is possible to achieve
the best possible convergence rate of the worst-case error, i.e. n™% by using equidistant points,
cf. [28, 109, 116]. Also, classical Gaussian quadrature with its 2n—1 polynomial degree of exact-
ness exhibits this rate of convergence, which is a consequence of polynomial best approximation
results in Sobolev spaces [109].

Therefore, it is not surprising that the improvement by choosing optimal point sets is ne-
glectable. However, it is still interesting to note that even the greedy algorithm achieves the
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Figure 6.2: Log-log plot of worst-case error of the OMP greedy quadrature in both, periodic
and non-periodic Sobolev spaces on [0, 1].

S

best possible rate n=*, albeit with a slightly worse constant.

To be more precise, in Figure 6.1 we compare worst-case errors of optimal points to greedy
points as well as to Gaussian quadrature and Leja quadrature in the non-periodic Sobolev
spaces H® for s € {2,3}. The data is plotted in a log-log-scale. Clearly, all the considered
methods achieve a convergence rate of n=°. The decay of the Leja quadrature, however, is not
as smooth and straight as the rates of the other methods.

In Figure 6.2 the worst-case errors of the OMP greedy points for both, the periodic Sobolev space
H? and the non-periodic Sobolev space H® on [0, 1] are given. Here, we considered smoothness
parameters s € {1,2,3}. Clearly, the OMP greedy method achieves the best possible rate of

n~% in both spaces for all the considered smoothness settings.

Moreover, we comment on the stability of the OMP greedy points. We computed the quantities

o(n) =Y _[i(Xy)| (6.3)
=1

for X, being the nested point sets obtained by the OMP greedy algorithm. For both spaces,
H? and H*® and all smoothness parameters s € {1,2,3} we found that o(n) < 1.1. Therefore,
we claim that the OMP greedy quadrature rules are stable.

Finally, we consider the distribution of optimal and OMP greedy points. To this end, in
Figure 6.3 their cumulative distribution functions are given on the left-hand side. Both point
sets are distributed uniformly over the domain € = [0, 1]. This is consistent with the right-hand
side picture, where the convergence of the largest optimal quadrature point to the interval’s
boundary is plotted in a log-log scale. Since the largest optimal point is always located within
(0,1), it can only approach z = +1 but never actually hits the boundary. The observed
convergence is of order n~!, which is consistent with a uniform or equidistant distribution.
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Figure 6.3: Distribution of optimal and greedy points for non-periodic Sobolev spaces on [0, 1].

6.2 Hardy spaces on open discs

The next example are Hardy spaces Hl,. which consist of functions that are analytic in the open
disc D, = {z € C: |z| < r} and are square integrable on its boundary. Its reproducing kernel
was given in Section 3.6.2, i.e.

o0
Kolag) = o = S
k=0

We consider integration on € = (—1, 1) with respect to the uniform measure, i.e.

1
= /1 f(z) dz. (6.4)

The extended total positivity of K, is an immediate consequence of Theorem 5.3 with u(z) = z
and A\ = r— 2k,

In order to apply the results from Chapter 5, we need a closed formula for both, the Riesz-
representer {o and the norm || Lo||m: of Lg.

Proposition 6.1.
(i) The Riesz-representer of Lo(f) given in (6.4) is

lo(z) = 2%tanh <::2)
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(ii) The operator norm of L in H, is given by

1 1
HLQH%H; =2 (le < ) Lip ( r2>) )

where Lig(z) = 50y %: denotes the di-logarithm, cf. [165] and the references therein for
an overview of the properties of the Lis-function.

Proof. Regarding (i) we use the identity

and compute

keNo -1 keNo k+1
Z _4k 2k 2 27"2 (x >2k+1 1
_ T _ 2 +
2
et 2k +1 x et r 2k +1
2 2
=" tanh™! ( 2)
T

The norm of Lg is computed by

ILallZ, = LY LY K (2, y)

=3 (/ o dx>2 _ Y (1(;5:11))5)

keNp keNp
6.2 20k+1) L Y
_kzl\;o k+1 <1+( ) 2r gN:O k:+1)2<1+( 1)>

= 2r? erzk% (1 + (—1)’“71) = 2r? <
k=1

= 2r% (Lig(r™?) — Lio(—r7?))

NE
=
Tl
ol
|
Mg
< *||
w
ol
N——

O

Now we are prepared to apply the results from Chapter 5 to compute both, optimal and nested
quadrature rules for H,. These are then compared to several other quadrature rules on (—1,1)
in H, for different » > 1 in Figures 6.4 and 6.5. The data is plotted in a semi-logarithmic scale,
i.e. the respective worst-case errors on the y-axis are logarithmically scaled. Clearly, a large
radius of analyticity r allows for a faster rate of convergence.

It is known that optimal quadrature points for H, converge to the Gauss-Legendre points
as r — oo, cf. [103]. Therefore, for large r the benefit of using optimal quadrature points
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Figure 6.4: Semi-logarithmic plots of the worst-case errors in the Hardy space Hl, with relatively
large radii r € {3,1.5,1.25,1.05}.

over classical Gaussian quadrature is neglectable, cf. Figure 6.4. Both, Gauss-Legendre and
optimal points exhibit the almost same exponentially decaying worst-case error. The Clenshaw-
Curtis and Leja quadrature exhibit about half of the exponential convergence rate. This is not
surprising because they integrate polynomials up to degree n — 1 exactly, which is about half
of the degree the Gaussian approach can achieve.

The same holds for the OMP greedy method which achieves a worst-case error that is not much
better than the one of the nested polynomial based approaches.

However, as r tends to 1 the situation changes. Even though for » > 1 all the considered
methods achieve an exponential rate of convergence [80, Thm 5.7|, the optimal quadrature
rule clearly outperforms the Gaussian approach if r < 1.25. For the limiting case r = 1 it is
known that the rate of convergence of Gauss-Legendre quadrature drops to O(n=2), cf. [99)].
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Figure 6.5: Semi-logarithmic plot of the worst-case errors in the Hardy space H,. for small radii

r € {1.02,1.01,1.001, 1.00001}.

However, it was shown in [3] that the optimal algorithm with optimal points for quadrature in
H; converges at a rate of

_ﬁ\/ﬁ

In Figure 6.6 we observe that the optimal quadrature rule computed by the approach from
Section 5.2 attains this best possible rate, while the quadrature rules based on a polynomial
degree of exactness converge algebraically only.

wee(X,,, Hp) = n'/*exp (6.5)

Let us discuss the performance of the nested quadrature rules obtained by the OMP greedy
procedure from Section 5.3 in more detail. We have estimated both, the optimal rate and the
greedy rate using a least-squares approach. Clearly, the estimated rates match the ones that
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Figure 6.6: Semi-logarithmic worst-case error plot for H, with r = 1.

can be observed in Figures 6.4 and 6.5. Here, it sticks out that for » > 1 the greedy rate is
always about half of the rate that the optimal points achieve. For r < 1.01, the greedy rate is
even better than Gauss-Legendre quadrature and hence offers a real benefit in settings where
the integrand is analytic in just a small neighborhood of the integration domain.

Even more interesting is the limiting case r = 1. Now, the optimal rate is sub-exponential,
cf. (6.5), and we estimate exp(—1.64/n) for the OMP greedy rate, where the weight function
v(xz) = V1 — a2 was employed, cf. Section 5.3.

A very pleasant observation is the stability of weights associated to the OMP greedy quadrature
points X,, in H,.. We computed

with various radii » € {1,1+107°,1+1073,1.01,1.02,1.05,1.25,1.5,3}. In all these cases, the
value of o(n) never exceeded 3.2. Therefore, we claim that the OMP greedy quadrature rules
for H, are stable.

Finally, Figure 6.8 studies the distribution of the optimal quadrature points in H,: It is well-
known that Gauss-Legendre points are more concentrated close to the boundary than in the
inner part of the interval. In fact, the largest node £& of an n-point Gauss-Legendre quadrature
rule converges to 1 at a rate of about n=2, cf. [147], i.e. it holds

1- fg <n2
For the H,-optimal quadrature points we see a similar behaviour if > 1. For smaller r, how-

ever, we observe that for small n the points tend much faster, i.e. at sub-exponential speed, to
the boundary. But when n gets larger their algebraic asymptotic behaviour becomes apparent.
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of optimal and greedy points for Hardy spaces on (—1,1).

In the limiting case 7 = 1, there certainly is a super-algebraic convergence of the largest optimal
quadrature point towards the boundary.

Moreover, in Figure 6.7 the cumulative distribution functions of both, optimal points and OMP
greedy points are depicted for r € {1 +107°,1.01,1.25}. In all cases the greedy construction
yields a point distribution that exactly matches the one of the respective optimal points. How-
ever, for small r the distribution is substantially more concentrated at the boundary, which is
consistent with the observations regarding the growth of the largest optimal node. Again, we
remark the similarity to the relationship between Leja points on [—1,1] and Gauss-Legendre
quadrature, which also distribute in the same way, cf. Figure 2.2.
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6.3 Taylor space generated by the di-logarithm

The Taylor space Ty, that is generated by the di-logarithm Lis was introduced in Section 3.6.3.
It consists of functions that are analytic in the open unit disc and have quadratically decaying
power-series coefficients. Its kernel is given by

ko, k
K(z,y) =1+ Liz(zy) =

k=1

Again, we consider integration on {2 = (—1, 1) with respect to the uniform measure, i.e.

= /_11 f(z) dzx

The extended total positivity also follows from Theorem 5.3 with u(x) = z and A\, = k2.

In order to apply the results from Chapter 5 we need a closed formula for both, the Riesz-
representer o and the norm HLQ||71*12 of Lg.

Proposition 6.2. (i) The Riesz-representer of Lo(f) = fil f(z) dz in T, is given by

-1
lalz) = 2tanh™ " (x)

1
+log(1 — %) + iLig(x2).
(ii) The operator norm of L in Tii, is

2
Lol = 8(log(2) — 1) + 27

Pmof Regardlng (i) we use log(l —z) = =Y 72, %, the definition of Liy and the identity
= 7z k: + kil to compute

%2 (k+1) e
/ K(z,y) d / 1+ Lig(ay) dy

_2+Zk2 k+1))

k=1

ok R k k
B ¥ + (—x) x (—x) ok + (—x)
=24) T 55 .

k=1 k=1 k=1 k=1

2 2%k ak 4 (—x)F
=2 log(1 — log(1 _

+Z4k2+og( x) + log( —I—x)—i-z Pl

k=1 k=1

_2+T+10g +Z k+1
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L12($2) 2 & 2k+1
=24+ —= +log(l — —
+ + log( 2 1: E_
Lig (22 2
:2+M+log(1—x2)+ = (tanh™(z) — z)
Lig (22 2 tanh
leéx)—l-log(l—xQ)—l-anw().

For (ii) we first note that it holds

[e.9]

1 1
L og(2)—1
;H% or — los(2)

because

n n

=1
;H%

1 1 1 11
[ 1. _— = 1‘ _— — =
k nE&Zsz 2%k ni%;1+2k+2k k

n—o0

_nh_>ngo—1—|—;—zk = lim —1+ h(2n) — h(n),

where h(n) denotes the harmonic series. It behaves like h(n) = log(n) + v + o(1), where
v =~ 0.5772 denotes the Euler-Mascheroni constant. Hence we can conclude that

1 1
Z; Toon " ap = dm -1+ h(2n) = h(n) = lim —1+log(2n) —log(n) + o(1)

= —1+log(2).

Moreover, it holds that

because

> 1 > 1 T T T
> T aRe 1+2k _Z?_l_Z(Qk)2:F_1_ﬂ:§_l'

k:l k=1 k=1

Now we are in the position to prove (ii) by computing
1,1
117 = LOLY K (2,y) = /_1/ 1+ Lis(zy) dz dy
:4+§:k2(/1xkdx) —4+Zk2 )k)Q
k=1 -1 k + 1)?

:4+Zl(2(1+(—1)’“)) (;jf;i* (1+1k)2+ (1ik)>
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Figure 6.9: Semi-logarithmic and double-logarithmic plots for the worst-case error in the Taylor
space Tii,-
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In Figure 6.9, the worst-case error of both, the optimal and the weighted OMP greedy quadra-
ture with v(z) = /1 — 22 are given. Here, the left-hand picture is a semi-logarithmic plot
while the right hand picture contains the same data, but as a log-log plot. Clearly, the optimal
quadrature rule converges sub-exponentially at a rate estimated by a least-squares approach to
be exp(—4.054/n). The OMP greedy method exhibits a rate of approximately exp(—2.8/n).

In order to discuss the performance of the polynomial based approaches Gauss-Legendre, Clen-
shaw Curtis and Leja, the log-log-plot is more informative. Here, we see that all the polynomial
based quadrature rules achieve an algebraic convergence rate of about n~?/2. This is a clear
advice to use optimal quadrature rules instead of classical ones if the integrand has singular
derivatives. We will make use of this in Chapter 8 when we deal with certain integrals from
econometrics.
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Moreover, we computed the stability o(n), cf. (6.3), for the OMP greedy quadrature points in
Tii,. Here, it turned out that o(n) < 2.4 for all n = 1,...,120. We conclude that the nested
quadrature rules for 7r;, obtained by the OMP greedy procedure are stable.

Finally, we also considered the distribution of optimal points in 71, in Figure 6.8. Similar to
the Hardy space with » = 1 the points tend super algebraically to the boundary, albeit at a
slower rate than the optimal points for the Hardy space.

6.4 The Hermite space

The univariate Hermite space M, was introduced in Section 3.6.4 and consists of functions
whose Hermite coefficients are square summable with respect to the weight 7—%. Its kernel is
given by the Mehler kernel, i.e.

1

Ko = o (g gy 07) = S @), 66)

In order to apply the results from Chapter 5 we have to make sure that K is extended totally
positive. To this end, we use Theorem 5.4 with

R(z,y) = \/11_77_26Xp ((Tll+ S+ 7721_ 1) xy) and  v(z) = exp (-2(721_1);#) .

Now, the extended total positivity of K (z,y) = K(z,y)v(z)v(y) follows from the extended total
positivity of the function exp(cxy),c > 0, cf. [94].

We consider integration on R = (—o0, 00) with respect to the Gaussian measure, i.e.

1 2
2

e 2 dx.
V2T

We note that the Riesz-representer /g and the norm HLQ||71*12 of Lg are given by

Lo(f) = /R /()

lo(z) =1 and |Lo|m: =1,

which is a direct consequence of the series representation (6.6) and Lo (Hj) = 0 for all Hermite
polynomials Hy with k > 1.

Now we can use the algorithms from Chapter 5 to construct optimal points on the one hand
and nested quadrature points on the other. For the latter, we will employ the OGA greedy
method in both variants, unweighted and weighted.

For small values of 7 € (0,1), e.g. 7 = 0.25, the Gauss-Hermite and the optimal quadrature
rule achieve almost the same error, cf. Figure 6.10. This is not surprising because the Gaus-
sian approach integrates the first 2n — 1 summands of the Hermite expansion exactly and the
remaining part is very small due to the strong decay of the Hermite coefficients. If on the
other hand 7 is close to one, there is a substantial difference between optimal quadrature and
Gauss-Hermite quadrature, albeit both of them achieve an exponential convergence rate.
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Figure 6.10: Semi-logarithmic worst-case error plots for the Hermite space M.

Regarding the OMP greedy algorithm, we note that for small 7 there is a substantial difference
between the weighted and the unweighted variant. While the weighted greedy points achieve
approximately half of the geometric convergence rate as the optimal points, the unweighted
greedy points fail completely, especially for small 7. However, for larger 7 the difference between
weighted and unweighted OMP greedy points is not that prominent, albeit still clearly visible.

Finally, we also computed worst-case error for the weighted Leja sequence from Section 2.3.4.
Similar to the Gauss-Hermite quadrature rule it is very competitive for small 7 and almost
achieves the error level as the weighted OMP greedy points. But for larger 7 the convergence
rate of the Leja points deteriorates until almost no convergence is visible anymore.

We also computed the values o(n), cf. (6.3) to study the stability of the OMP greedy quadrature
points X, for integration in M. In all the considered settings, i.e. 7 € {0.25,0.75,0.95,0.99}
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Figure 6.11: Growth of the largest optimal node and the largest greedy note for 7 €
{0.25,0.75,0.95,0.99}.

the value of o(n) never exceeded 1.4. Therefore, we claim that the OMP greedy quadrature
rules for M. are stable.

Finally we investigated the distribution of optimal and weighted greedy points in M. But
here the greedy points do not just distribute differently, they also exhibit a different growth
behaviour, as can be observed in Figure 6.11. Here, the largest optimal points grows at a
sub-linear rate in all the considered settings. Even though the largest greedy point also grows
sub-linearly, this happens at a substantially slower rate. We do not have an explanation for
this behaviour at this point.

6.5 The Gaussian space

Our final example consists in the RKHS in which the Gaussian kernel
K(z,y) = exp (—7*(z — v)*)

is reproducing, cf. Section 3.6.5. Its extended total positivity is well-known and was proven in
e.g. [94].

In order to apply our results from Chapter 5, we need the Riesz-representer £ and the norm
||La|l for Hx of the functional Lg(z) = fil f(x) dz in closed-form. To this end, we use the
change of variable z = y(z — y) to obtain

1 1 ) ) 1 et
o) = [ Klaw) dy= [ ep(a-p?) ay== [ e a,
- i

-1
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Figure 6.12: Semi-logarithmic worst-case error plots for the Gaussian space.

and by the definition of the error function erf(x)

tofz) = VT

Moreover, the antiderivative of erf(z) is x erf(z)
leads to

= 2 [y e dt it holds

= (erf(y(1 + z)) + erf(v(1 — x))) .

— ¢~ /\/7. Therefore, a change of variable

”LQH%{%:/ / K(z,y) dﬂ?dy—/ / exp (v¥(z — y)?) dady

o </_1erf( (1+2)) dx—l—/_lerf( (1-2) dx)

2/myerf(2y) + e — 1
5 .
g
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Figure 6.13: Distribution of optimal and greedy points for Gaussian spaces on (—1,1).

Now we can construct both, optimal and OMP greedy points for the Gaussian space. In
Figure 6.12, we compare their worst-case errors to Clenshaw-Curtis, Leja and Gauss-Legendre
quadrature for shape parameters v € {1/8,1/2,1,4}. We computed worst-case errors up to
10755 using arbitrary precision arithmetic [62]. Clearly, the integration problem becomes more
simple if v decreases. Moreover, we observe that the worst-case error decays super-exponentially.
The results from [131] imply that it is of order O(e=®"18(")) where o > 0.

Regarding the stability of the OMP greedy quadrature points X,,, we computed o(n), cf. (6.3).
In all the considered settings, i.e. v € {0.125,0.5,1,4} the value of o(n) never exceeded 3.2.
Therefore, we claim that the OMP greedy quadrature rules for the Gaussian space are stable.
However, especially for small values of v one has to use arbitrary precision arithmetic with a
sufficient accuracy to compute the weights. Here, the accuracy needs to be at least the value of
the worst-case error squared. Therefore, in the given examples we used floating point arithmetic
with a precision of about 800 binary digits.

Finally, Figure 6.13 compares the distribution of optimal points and OMP greedy points for
v € {1,4}. Clearly, both point construction have the same distribution, as it was also observed
for the Hardy and Sobolev spaces before. Moreover, we observe a quadratic convergence of the
largest optimal point to the boundary, which seems to be typical for analytic function spaces
on a bounded domain.
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7 Quasi—optimal tensor product integration
in RKHS

This chapter is concerned with the construction of multivariate integration algorithms based on
tensor products of the optimally weighted nested quadrature rules we constructed in Chapter 5.

We first deal with the properties of generalized sparse grid cubature that use univariate quadra-
ture rules with optimal weights. In this setting, the sparse grid construction yields a multivariate
cubature rule that is also optimal with respect to the weights. Therefore, the worst-case error
enjoys a simplified representation and an optimal index set can be constructed without any
knowledge about a priori error bounds by employing the dimension-adaptive sparse grid tech-
nique [70] to a specific function from the Hilbert space. Then, every index set which is optimal
for this particular function is also optimal with respect to the worst-case error for the whole
space. In combination with the greedy procedure that was proposed in Section 5.3, we therefore
obtain a true black-box algorithm that only needs the univariate reproducing kernel as an in-
put and automatically produces stable and effective integration algorithms for the multivariate
problem.

Moreover, for (sub-)exponential error bounds on the univariate quadrature rules, we provide
novel error bounds for the associated quasi-optimal sparse grid algorithm. These generalize the
results we obtained previously in [80].

Finally, we validate both, our automatic index set construction and the theoretical upper bounds
in various tensor product spaces.

7.1 Worst-case error of tensor product quadrature formulae

In this section, we deal with the problem of optimal integration in tensor products of RKHS.
Here, we will follow the sparse grid paradigm from Section 2.4.2 with the additional assumption
that the underlying univariate quadrature rules are nested and use optimal weights. Then, the
multivariate sparse grid cubature rule inherits the property of being optimally weighted. This
was already studied in [161, 162| in a more general setting. We losely follow their presentation,
albeit provide different proofs for some of the results.

Let Hg,,...,HK, be RKHS of functions on €y, ...,Qy, respectively. Moreover, let

Lo, (f) ::/Q'f(:v)wj(x)dx, j=1,...,d
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116 7 Quasi—optimal tensor product integration in RKHS

be linear functionals on ;. Their Riesz-representers will be denoted by
to, (@) = [ Kla.)w,o) o
i

In the following we assume product structure of the integration domain Q4 := Q1 x ... X Qq,
as well as of the weight function w4 (x) = H?Zl wj(z;). We want to approximate the functional

Lo, (f)=Lo, ® - ® Lo, = /ﬂ f(x) wa)(z) de
@

using cubature algorithms of the form

QuH=>(Ra?|r. (7.1)

i
keA \ j=1

where A C N is a downward-closed set of multi-indices and A](Cj Y k; — R is a hierarchical

quadrature rule for Hg; that can be written as linear combination of nj function evaluations

at points from nested sets X,,, C X, ,,, i.e
AP =D, ) er (72)
i=1

The sequence (ny)2, is assumed to be non-decreasing and positive. In most cases, the choice
ng = 1 is reasonable because the total number of function-values needed by @ 4 is given by

d
¥ =N @0 = X T, i)

keAj=1

where we define n_; = 0 for technical reasons. In the special case ng; —ng,—; = 1 it holds

N =4

For the construction of the A](j Y k; > R, j=1,...,d, we start from a sequence of univariate
nested quadrature rules

QU =Y wilH &), fork=0,1,2,.... (7.3)
=1
with the convention Q(_ji( f) = 0. Note that due to the nestedness of the sets
X,gj) = (f%j), e 7(32) the labeling of the points 52-(” in (7.3) does not depend on the level k.
Moreover, we assume that the univariate quadrature rules are convergent, i.e.
lim QV(f) = Lo,(f), forall feHg, and j=1,...,d. (7.4)
— 00
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7.1 Worst-case error of tensor product quadrature formulae 117

Now, the aforementioned hierarchical quadrature rules associated to Q,gj ) can be defined by

AV (1 =YV (1) - QY (1)

=S ) - > wl)_ f(e?)
=1 =1
"k M1 7.5
= 2 WA+ 3 (ol - wid) £ )
1=ng_1+1 =1
="l fe?)
=1

This definition implies by (7.4) that

:ZAg)(f), forall j =1,...,d
k=1

and hence
LQ(d)(f) = Lo, ® - ® Lo,(f) = Z Ak (f)
keNd
where
d .
A= QAP | r
j=1

In order to derive a simplified worst-case error representation for arbitrary tensor product
formulas of the form (7.1), we require the following lemma.

Lemma 7.1. Let f(x) := HJ 1 fi(z;) be the product of univariate functions f; € Hy;. Then
it holds for Q4 of the form (7.1) that

Qi) =3 ldI (a2(5)-

keAj=1

Proof. Using the product structure of f and (7.2) we obtain

d . nkl d .
®Rad | =3 Z o | (TT )
j=1 i1=1 ig=1 \j=1 j=1
N ; d A
=TT 3o 55 ) =TT a2
J=1 \#=1 J=1
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118 7 Quasi—optimal tensor product integration in RKHS

Now we are in the position to compute the worst-case error of () 4 with a complexity of approx-
imately |.A|? instead of N2.

Proposition 7.2. Let A for] =1,...,d and k € N be defined as in (7.5). For any downward-
closed index set A C Nd the worst-case error of the cubature rule (7.1) is given by

| Lo~ Qalld; | HHLQ Hm—zzr[m t,) +ZZH ADYAD)Y D K (2, ).

kcAj=1 kcAveAj=1

Proof. The proof follows directly from the worst-case error formula (3.14) in Corollary 3.6,
Lemma 7.1 and the product structure of both, €Q<d) and Kg). ]

From now on, besides the nestedness of the univariate quadrature rules Q,(Cj ), we will additionally

assume that the univariate quadrature rules use optimal weights w (X ,gj )), i.e. have the form

=S X FED). (7.6)
=1
H , . . i
XD = (D, el

is a set of integration points that fulfills X ,gj b X ,gj_gl and

of (X)) = @), .. 0l (X)) e R, j=1,... dand k€ Ng

ng,k

is the vector of optimal weights that can be computed by
o () = ¢ (X K b, K;).

Consequently, we will denote the hierarchical quadrature rules that are built from the optimal
quadrature rules (J ) by

AP =@l (-, (7.7)
which enjoy the following orthogonality properties.

— Lo, — Q). Then it holds

Proposition 7.3. Let T () denote the Riesz-representer of RX(]-) =
k k

for k,1 € Ny that

1By I, — 1Ryl for k=1

(A9, A, = . (7.8)
J 0 for k #£1
In particular, we have for k € Ny
I8, =\ WA g, — IRyl = \/Bu(to,) (79)

Note here that for k =0, it holds ”RX;(CZHH;(J‘ = HLQ]-H'H;{j.
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7.1 Worst-case error of tensor product quadrature formulae 119

Proof. For the sake of readability, we will drop the dependence on the dimension j. We note
that it holds Q4(7x,) = 0 for all s <t because 7x,(&) =0,i=1,...,n.

Without loss of generality assume [ < k, which implies X; C Xj. Let us treat the second case
of (7.8) first. Then we have k > [ — 1 and using 7x, _,(§) =0,i=1,...,n,_1 we compute

(A, An)ags. = (Qr — Qr—1, Q1 — Qi—1)23,
(LQ — Qr-1— (Lo — Qr), Q1 — Qi-1)2,
= (Rx,_, — Rx,, Qi — Q1)

=Q (er ) = Qulix,) — Qi1 (Fx ) + Qi1 (Fx,)
=0-0-04+0=0.

Regarding the first case k = [ we have

(Ak, Ap)ps. = (Qr — Qr—1, Qk — Qr—1)nz. = (Rx,_, — Rx,, Rx,_, — Rx,)n;,
= HRXk71 H%—L;( + HRX}CH%[;( - 2<RXka RXk71>'H;('

Now, the first claim follows by
(R, Bx,_ )z, = La(Px,) — Qx,_, (Px,) = La(Fx,) = |Rx, 3

cf. (3.14) in Corollary 3.6.
The second equality in (7.9) is a direct consequence of || Rx, Hg—t; = Ry, (£g). O

As a consequence of the univariate orthogonality property, we obtain for the tensor products

d
X A ()
A~ QAL (7.10)
j=1
th 1 It X A
e analogue resu (B, Ai)ps, = for k #1
(d)
and
d
o e B 512 P 2 = A
<Ak’Ak>'H§<(d) = ||Ak”H;((d) _jl_[1 (HRXI(CJ_)I”'H;{j HRX;EJ)HH%J') = Ak@ﬂ(d)).

Let Ay : Hr, — R be the tensor product of the A,(j ) given in (7.7), which are differences of

optimal univariate quadrature rules Q,(CJ ) in (7.6). Then, the sparse tensor product algorithm

)= Aw(f) (7.11)

ke A

uses the information given by the function values at the set

- 1 d
Xa=J X, xox X
keA
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120 7 Quasi—optimal tensor product integration in RKHS

Theorem 7.4. Among all algorithms that use function values at &€ € X 4, the algorithm Q 4 in
(7.11) minimizes the worst-case error.

Proof. We recall from Section 3.2 that a linear cubature algorithm that uses function values
from the set X 4 is optimal in H Kay if and only if it integrates exactly all functions

d
{K@)(€),6 € Xa}, where Kg(-,&) =[] Ki(~&) (7.12)

j=1

i.e. the Riesz-representers of the point evaluation functionals that it uses.

To see that this is the case, we note that for j = 1,...,d the univariate quadrature rules Ql(j )

)

use the points from X,(f,‘cj and, due to the choice of the optimal weights, are exact on the nested
sequence of spaces ‘ A
Vk(]) := span {Kj(-,gi(])),i =1,... ,nk}.

Now, Theorem 2.5 yields the desired exactness on (7.12). O

The following corollary summarizes the results from this section.

Corollary 7.5. Let Ay : Hriy — R be as defined in (7.10), i.e. the tensor product of Al(cj)
given by (7.7), which are differences of the optimal quadrature rules Q;j) in (7.6).

Then, the sparse tensor product algorithm

Qa(f) =Y Ax(f)

ke A

s optimal among all algorithms that use the same function values at the set

— 1 d
X 4= U Xnk1 X"'XXnkd'
ke A

Moreover, because of the orthogonality of the hierarchical tensor product rules Ay, the squared
worst-case error of Q4 can be represented as either an infinite sum, i.e.

~ 2 ~
IEow ~Qally, = > 18l

keNdH\ A

d
— D2, IR 2
= > H(HRX;%LHH;{J. HRXIE?HH;%) (7.13)
keNg\A =1

d
< 3 IR By (7.14)
keNd\ A j=1 7 ’
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7.2 Adaptive construction of the index set 121

or a finite sum which equals the error of Q4 for integration of €Q(d>, i.e.

5 2 x 2 S A2
HLQ(d) - QAHH;( = LQ(d) (eQ(d)) - QA(EQ@) = HLQ(d) H?—L;{ o ”AkHH;{ ,
(d) (d) keNg\A (d)

d d
_ H HLQjH%{;(j — Z H (HRX,E?)_lH%%j - HRXS)H%;(],).
j=1 keAj=1 ! !

(7.15)

Using (7.15), it is possible to compute the worst-case error for any index set A C Ng by simply

computing the worst-case errors of the univariate quadrature rules Qg )T herefore, the cost is
only linear in the cardinality |.A| of A. Moreover, because the worst-case error of Q4 equals the
integration error of Q) 4 applied to the function KQ( o € HK g the construction of quasi—optimal
index sets can be done automatically by means of the classical dimension-adaptive sparse grid
Algorithm 1 from Section 2.4.2.

For theoretical considerations however, when a priori information on the asymptotic behaviour
of the univariate worst-case errors ||R, || is available, the infinite sums (7.13) and (7.14)
are more convenient to obtain bounds on the worst-case error of Q 4.

Before we proceed with an a priori error analysis for analytic functions, we discuss both, a
greedy technique to obtain index sets where no a priori information on ||Ag|| is available and
the choice of quasi-optimal index sets based on given bounds for ||Ag].

To this end, we will assume from now on, that ny —nip_1 = 1, i.e. the point sets X,gj) are
maximally nested, and therefore A,(f ) uses exactly one additional function evaluation. Actually
one could also assume that ng — ni_1 = ¢, where c is independent of the level k. Then, all the
results would remain valid, but for the sake of readability we stick to this more simple case for
now.

7.2 Adaptive construction of the index set

The choice of good index sets A aims to make the worst-case error (7.15) of Q4 as small as
possible. Therefore, it is natural to define the index set such that it contains those indices
k € NZ with the highest contribution ||Ag|. However, there are infinitely many ||Ag| to
compute. Besides, the downward-closedness of A has to be satisfied at all times. Therefore,
and because of ||A||> = Ak(fg(d)), we propose the use of Algorithm 1 applied to the specific
function f(x) = lo, (x). The procedure is outlined in Algorithm 7. Here, step-by-step the
index set A is constructed by searching in its direct neighbourhood for suitable candidates that
promise the highest error contribution. After a suitable index k* is found, the associated point

( ,(C?, ceey ,(g)) is added to the set X and the new weight wy+ is computed from the weights of

the hierarchical quadrature rule Ag+. Moreover, the weights associated to the points that are
already in X also have to be updated. This leads to a total cost complexity of O(N?) floating
point operations, where N = |A| = |X| denotes the total number of cubature points that
are constructed by the algorithm. This is a substantial reduction over the naive construction
of optimal weights for unstructured point sets which has a complexity of O(N?3) due to the
inversion of a dense N x N matrix.
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122 7 Quasi—optimal tensor product integration in RKHS

Algorithm 7: Dimension-adaptive construction of optimally weighted cubature rule @ 4.

Input:
1. Representer (g, = H;lzl lo, of Lo, in Hi, -
2. Optimally weighted nested quadrature-rules Qgﬁi with [Xg|=k+1for j=1,...,d.
3. Desired accuracy € > 0.
Initialize:
1. Compute the hierarchical weights of Ag)(f) = Ziill vl(]k)f(fl(]))

2. Set of active indices: A = {0}.

3. Set of cubature points: X = {(fil), e ,f%d))}.

4. Squared worst-case error: W = H?Zl | Lo, ||§_[Kj — Ao (Lo, )-
repeat
1. Determine admissible neighbours B={A+e;:j=1,...,d}.
2. For all k € B compute HAkH%ﬁﬂd)'

3. Determine (some) k* = arg maxyg HAkH%{;{

4. Add k* and deal with hanging nodes:
foreach kK <k*:k ¢ Ado

a) Add the index k to A.
b) Update worst-case error: W := W — HAng{;{
(d)
¢) Add the point (§,§)+1, . 7515;?+1) to X.
d) Update the weights: wy = H;l:l v,(%)ﬂ ky
foreach I < k do
p :
‘ w; = wy + Hj:1 vl(j')'rl,k'j'
end
end
until VW <zg¢;
Output:
o Cubature rule Qaf =>4 wkf(gl(i), e ](ci)) that uses N = | A| points.

e Worst-case error HLQ<d) — QAHHK(@ =VW.
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7.3 Quasi-optimal index sets 123

7.3 Quasi-optimal index sets

The choice of good index sets A aims to make the worst-case error (7.15) of Qu, ie.

2

— A 2*
D SN -

K@) keNd\A

as small as possible. To this end, we will assume in the following the existence of functions
pj : No — R that fulfill

pj(kj) =< HA/E;?

2
H*
K

and are monotonically decreasing. Then, the function

d
112
p(k) =T pi(k;) =ap || Bk|5
- Ky
J=1 (
is also monotonically decreasing with respect to each component k;,7 =1,...,d.

Hence, for a given cardinality m € N a quasi-optimal index set A contains the m multi-
indices with the highest value of p(k). Here, the downward-closedness of A follows from the
monotonicity of p.

Therefore, every downward-closed index set A that fulfills
EecA = pk)>pl) forallle NI\ A
is quasi-optimal. Consequently,
Aple) = {k e N : p(k) = <

is a quasi-optimal index set. Since we are interested in analytic functions that allow for expo-
nential or sub-exponential convergence rates, we define the family of index sets

A (T) = {k eNL:p(k) > e—T} .
The worst-case error of Q 4,(r) can be bounded by
Lo = Qally, < Sk | (7.16)
keNG\A,(T)

In order to derive a bound for (7.16) in terms of the total number of points N = |A,(T")], the
following two problems have to be solved.
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124 7 Quasi—optimal tensor product integration in RKHS

Error bound: Bound (7.16) in terms of the parameter T' by some function G : R>¢g — R, i.e.

> k) =< G(T). (7.17)

kENI\A,(T)

Cost bound: Bound the cardinality of the index set A,(T") in terms of the parameter 7' by
some function 7 : R>¢g — Rx>o, i.e.

We will relate the discrete problem (7.17) to a continuous integral. To this end, we need the
auxiliary set

ENT) = {w e Ry : p(z) > 6—T}’

which fulfills
Ay(T) = £,(T) NNg.

Moreover, let
d
A1) = | Qlkj.ki+1) CRL,.
keA,(T) j=1

Then, it holds
AfT) < &(T) < AJT).

For the treatment of (7.17) the following Lemma will be useful.

Lemma 7.6. Let p; : R>o — R4 be monotonically decreasing and fulfill

(r—1
sup pj(x )

<oo forj=1,...,d.
zeRy ,O](ZU)

Then it holds
> Za [ ) de
RE\E,(T)

KeNI\A,(T)

Proof.

> - o(z)) dz

kEN{\A,(T) L0\A7(T)

_ PUZ)) N da
_/Rgo\AE(T) p(x) o) d
p(1=])

/ p(x) dz.
zerd \AD(r) P(Z) JRL\AD(T)

< sup
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7.4 Error bounds for (sub-)exponential decay 125

Now, using (R%,\ AZ(T)) € (R \ &,(T)), the claim follows by

/ p(x) de < / p(x) dz
RL\AZ(T) RL\EH(T)

and
pllz) _ plz—1)
p(z) = p(z)
O
Remark 7.7. The conditions for Lemma 7.6 are easy to verify. For example, assume that
pj(k) < e~" and hence
efa(kfl)p
s = exp(a(k? — (k — 1)P), (7.18)

which is constant for p = 1. Moreover, for p € (0,1) the concavity of k — kP yields that
(7.18) is monotonically decreasing, yet bounded from below by zero. Therefore, Lemma 7.6 is
applicable. However, for p > 1, the convexity of k — kP implies that (7.18) is monotonically
increasing and therefore unbounded, which implies that Lemma 7.6 is not applicable in this
case.

Now, we can apply this approach to the setting of (sub-)exponentially decaying p, which appears
e.g. in the treatment of analytic function spaces [80, 153].

7.4 Error bounds for (sub-)exponential decay

In this section, we extend the approach of [80] to the more general setting
d
p(k) =exp | — Zajk;’ , p€(0,1] and a € R‘i. (7.19)
j=1

We will relate the discrete summation problem to a continuous integration problem. To this
end, we define the sets

d
Aap(T) =k eNG:> ak? <TH CNf
j=1

and

d
Eap(T) = x € Réo : cha;? <T C R%O.
j=1

Clearly, the quasi-optimal index set A,(T) = {k € Nd : p(k) > =T} related to (7.19) is given
by Aap(T).

The next Lemma links our problem to the incomplete Gamma function.

125



126 7 Quasi—optimal tensor product integration in RKHS

Lemma 7.8. For p € (0,00) and a € R it holds that

d d d d
_ -1 1
/ exp —Zayn? de=p d Haj P / exp —Zyj Hyf dy.
Jj=1 j=1 j=1 j=1

R \Ea.p(T) RI\EL1(T)
Proof. The equality follows by the change of variable y; = ajac? . O

Next, we set § := 1/p and concentrate on the integral

d d
/ exp (=Y i | [ TIv77"] dw,
j=1 j=1

RI\EL,1(T)

which for d = 1 equals the upper incomplete Gamma, function.

/ exp (—y1)y? " dy1 = T(B, T).
T

Before we proceed, we briefly discuss the incomplete Gamma function.

Remark 7.9. (Comments on the incomplete Gamma function I')

1. If S € R>g is fixed, I'(53, S) is strictly increasing in /5. If on the other hand 8 € N is fixed,
I'(5,S) is a strictly decreasing function in S. This can easily be seen from the integral
representation

r(3,9) = / P~ te~t dt.
S
2. For § =0, it holds

/Oo e 4P dt =T(8,0) = T(B), (7.20)

0
which for 8 € N equals (f — 1)!. This implies

S
/exp (=t)tP~1 dt =T(8) = T'(8,9). (7.21)
0

3. For g € N, we have the equality, cf. [1]

E.S) _ s 59"
NONE kzzo R (7.22)

The following bounds for I'(3, S) will be useful.
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7.4 Error bounds for (sub-)exponential decay 127

Lemma 7.10. For 8 € N and S € R>g, it holds that
e 98871 <1(3,9).
Moreover, for B> 1 and S > B( — 1), it holds that

B

—S gB—-1
B—le SPT

'g,s) <

In particular, we have for S > 3
e 9871 <1(B,8) < Be¥8° L
Proof. The lower bound follows from (7.22), while the upper bound is proven in [25]. O

Moreover, we will need the following lemma.

Lemma 7.11. For n,k € Ny, it holds that

S
/ (S o x)kxn dx = Sk+n+1L_
0 (k+n+1)!
Proof. The change of variable z = 1 — S~z yields
S 1
/ (S — z)Fa" do = Sk+”+1/ K1 = 2)" da. (7.23)
0 0

Now we use n times integration by parts to obtain

1

/01 -2 dz = [szrl - z)n} n /01 M) = )L

k+1 o k+1
1
n k+1 n—1
= 1-— d
F /0 2Vl = 2) z

~ n(n—1) 1 e
‘Xh+nw+2LLZM%1” d:

nn—1)(n—-2)...(n—(n—-1))
k+1)(k+2)(k+3)...(k+(n—1)+1)

1
/ Zk+(n—1)+1(1 _ Z)n_(n_l)_l dZ

0
1% 1
_ nlk! kg
(k+n)! Jo
nlk! 1 nlk!

G+n)lk+n+1 (k+n+1)

which in combination with (7.23) proves the claim. O
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Proposition 7.12. For S € R>g, f € N and d € N we have

/ exp Zyg Hyﬁldy r(g)* F(ﬁ)dlm- (7.24)
{Zley;‘SS}

Proof. We use mathematical induction in d. To this end, we note that (7.24) holds true for
d=1, cf. (7.21). Let us assume that it holds for d € N. Then we can compute for d + 1

d+1 d+1
-1
[ ¥ D VAR
=1 =1
{ydtly<s) ! !

S d+1 d+1

Z/e‘ylyf_1 / exp | =3 i | [To)™
0 (X5 y<5-u) =) (7.25)
- /S eyl (FW - oy o) y”) ay
0
d S
—(C(3) - TSN TG - o 0/ (5.5 ~ 1) dus

Concentrating on the integral, we continue by using (7.22) and Lemma 7.11 to compute

[ / E s
/6 Yy 5 Ip (ﬁd S — Z/l) dy, = /e Y1 5 Ip (Bd) (S—y1) Z Tyldyl
0 0

k=0
=T(Bd)e=5 Z / (5 - yl g
k=0 7 (7.26)
Bd—1 okt
_ SHE(B—1)!
=T'(Bd)e™"
B 2 =gy
Bd—1 Sk+8

=I'(Bd)e °T :
(Bd)e™T(8) kz_j GO
=0

Combining (7.25) with (7.26) and using (7.22) twice, we obtain

d+1 d+1
~1
/ exp [ =Yy | [ dy
j=1 j=1

{Z?i_% y;<S}

128



7.4 Error bounds for (sub-)exponential decay 129

S
d
= (C(3) TSN TE) - o [T (6, - ) dn
0
d+1 _ & ghs
=T(6) Zf—— (Bd)e="T(8) kZ:O Y

g B s
_ A+l d+1 -8 S S
_ 08— T(g)e (k (5> (k+5)!>

_ d+1 d+1 —sﬂ(dH)i S*
=T(B) L) e s Y-

k!
k=0

B B T(B(d+ 1), 5)
_F(/B)d+1 P(B)dJrl F(ﬁ(d+1)) ]

Proposition 7.12 in combination with (7.20) yields the following equality.

Corollary 7.13. Forde N, pe (0,1], 1/p € N and T € R>o we have

d d 1, I'(d/p,S
b,
/ exp [ =Y wi | [ []w? dy:F(l/p)dW.
R4\ 1 (T) 7=t =t

Moreover, using Lemma 7.8 and 7.6, we arrive at the following result.

Theorem 7.14. Let a € Ri and p € (0,1] such that 1/p € N. Then it holds for T >0

d
I'(d/p, T
Yo exp | =) ak | Zaayp r(l/p)dé(il/p)) Zdap L(d/p,T).
keNg\Aa,p(T) Jj=1

To get a complete picture, we still need to derive an estimate for the cost of Q Aap(T), 1€ We
need to derive bounds for the cardinality |Aq ,(T")|. We generalize the result in [14] for p =1
to arbitrary p € (0,1]. To this end, we note that it holds

[Aap(T)| = vol A7 (T), where AJ (T)= ] [k Kk+1). (7.27)
k€Aa,p(T)
The following Lemma relates (7.27) to the volume of & ,(T').
Lemma 7.15. For p € (0,1] and a € R% it holds that

d
vol Eqp(T) < |Aap(T)| < vol&ap | T+ Zaj

)

j=1
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130 7 Quasi—optimal tensor product integration in RKHS

Proof. The claim follows by the inclusions

d
Eap(T) C AL (D) C Eap|T+D a5,

j=1

of which the first one is obvious. The second one follows from a;(k; + 1)P < ajk:? + a; if
€ (0,1].

Next, we note that it holds for all a € Ri and p € (0,00), cf. [160, Sec. 3|, that

d
_ aT(1+1/p)?
vol E4(T) = a VP TP
i J I'(1+d/p)

which for the special case 1/p € N reads

d

vol Eqp(T H Pty (161//1;))) (7.28)

Combining (7.28) with Lemma 7.15 we have arrived at the following theorem, which generalizes
the result in [14].

Theorem 7.16. For p € (0,1] with 1/p € N and a € R%, the cardinality |Aq,(T)| can be
bounded from below and above by

)G < < () (13 ) 2

Jj=1

Setting N = | Aqp(T)| and defining
1/d

d
H a; and  k(z) = (z)/®
j=1

we can deduce from Theorem 7.16 that it holds

d p/d Jd
(i) (LD sl
TNt <<<1/p>!>d> = k()TN
i= » (7.29)
d p/d d d
2 /p (d/p)! ~_ k(d/p) B .

Now we are prepared to prove the main result of this section.
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Theorem 7.17. For p € (0,1] with 1/p € N and a € R%, it holds that

Z exp ( ZCL] ) =d,a,p €XP <— :Ef;ﬁ;gm(aﬂ\;§> N5

keNN\Aq »(T)

Proof. Using Theorem 7.14, the monotonicity of I'(d/p,-) in combination with (7.29) and
Lemma 7.10, we can compute for T' > d/p

S e Taal <, Td/p,T)

keENG\Aap(T)

d w(dfp) oor N~

ST\ o e BN - 2
Kldp) N S
d.a,p €XP /ﬁ;(l/p)g (a)N +]Z:; J
d_q

d p

Rdfp) or A
ﬁ(l/p)g (a)N ]Z:; J

oo () (o)
(-

k(d/p) p iy
w(1/p) S Wd)'Nl "

—<dap

In order to obtain a more simple upper bound, we use Stirling’s approximation to bound

w(d/p) () (d/p) T (dfp)e!
r(1/p) el (1/p)itp/2e-1 eP(1/p)i+p/2¢-1

= de7PpP?, (7.30)

which implies the following Corollary, because e~ b =apb e~ (@=9)2" for all & > 0.

Corollary 7.18. Under the assumptions of Theorem 7.17, it holds

Z exp ( Za] ) =d.a,p €XP (—de_ppp/ng(a)Ng) .

keNN\Aq p(T)

Remark 7.19. Note at this point that for p = 1 both, Theorem 7.17 and Corollary 7.18 recover
the exact result from [80].

Finally, we are in the position to derive the desired upper bound for the worst-case error. To
this end, we recall (7.16). Inserting the results from this section, we arrive at the following
theorem.
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132 7 Quasi—optimal tensor product integration in RKHS

Theorem 7.20. Leta € Ri andp € (0,1] such that1/p € N. Assume that for each j =1,...,d
a sequence of optimally weighted nested quadrature rules Qg?)(j) s given and the associated
hierarchical quadrature rules fulfill HA;])HH;(_ = exp(—a;kP)."*

J
Then, a quasi—optimal index set for the sparse tensor product algorithm (7.1) is given by
Aap(T) = {Z;l:l ajkl < T} and the worst-case error of Qa, (1) in Hi gy = ®?:1 Hr,; can
be bounded by

x r(d/p) e 1z
Lo, —Qua, ’ =a,dp €XP (— gm(a)Nd | -N2"2d
H (d) 2(T) H;f(d) P Ii(l/p)
=a,dp €XP (—d e_ppp/ng(a)Ng) . (7.31)
Using Theorem 7.17 and (7.16) we compute
Proof.
1/2
HL9<d> - QAa,p(T)) e Z ||Ak\|2+u<(d)
K@) keNN\ A, ,(T)
0 a,p
p 1/2
=a,dp Z exp ( - Z 2ajk§>
keNI\Aq () J=1
d 1/2
M
k(d/p) P> 1_p
=exp | — m(a)Nd |- N2"2d.
(-Xipem
The inequality (7.31) follows from (7.30), cf. Corollary 7.18. O

7.5 Numerical experiments

This section is devoted to the validation of the algorithm proposed in Section 7.2 on the one
hand and the theoretical results from Section 7.4 on the other. To this end, we compute
optimal index sets A by means of Algorithm 7 and compute the worst-case error associated to
Q4 using the worst-case error formula (7.15). As underlying univariate quadrature rules for
approximation of Lq, in Hg,, we will employ the optimally weighted nested quadrature rules
obtained by the OMP greedy approach from Section 5.3.

The numerical results are then compared to the worst-case error predicted by Theorem 7.20,
i.e.

wee(Qan 1) Hiey) Sasdp XD (—HE% gm(a)NS) B, 1)

where the values of @ and p stem from (sub-)exponential upper bounds on the hierarchical
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quadrature rules of the form

1AL gy, < coxp(—asht), j=1,....d.

To this end, we need a bound for ”A;(Cj)HH;(n Here, Proposition 7.3 implies the bound
J

A7) _ o2 P 2 >3 N
180 i, = IR Iy, = 1Rl < 1R B (732)

where, throughout this section, HRXU) ||H;< ~is the worst-case error of the optimally weighted
k—1 J

univariate quadrature rule using the points X ,Ej ) = (59 ), e ,{,(Cﬂzl) that are constructed by the
OMP greedy method from Section 5.3.

We compare the optimally weighted sparse grid algorithm with classical sparse grids that are
based on non-optimal univariate quadrature rules. Then, however, it is not possible to automat-
ically construct optimal index sets that minimize the worst-case error, because the worst-case
error formula does not offer a suitable simplification.

7.5.1 Hardy space
The d-fold tensor product of Hardy spaces

H,=H, ® - -®H

Td

consists of functions that are analytic in polydiscs
Dy = {z € C%: |z] <r;}

with radii r1,...,74 € [1,00).
The performance of the OMP greedy method in univariate H, has been studied in Section 6.2.

Our first example consists of a d-fold tensor product of H,. with either » = 1.01 or r = 1.25. As
these are isotropic examples, we will omit the parameter j in the following.

From Figure 6.4 in combination with (7.32), we obtain the bounds

|Akllmy,, 2 exp(=0.41k) and  [[Ag|m;,, = exp(—0.85k),

1.25 —

respectively. These values are inserted for a; into (f) with p = 1 and plotted as dashed lines
in the upper row of Figure 7.1. Clearly, the observed worst-case errors of )4, where A is
constructed automatically by Algorithm 7, match the predicted rate of a sparse grid method
with quasi—optimal index set in H,..

Moreover, in both cases the optimally weighted tensor product method clearly outperforms the
sparse grid based on Clenshaw-Curtis quadrature and the classical Smolyak index set. However,
for r = 1.25 the difference is less prominent than for » = 1.01. For a larger radius r the error
of both methods improves substantially.
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134 7 Quasi—optimal tensor product integration in RKHS

(H")? with d = 2 and r = 1.01 (H")? with d = 2 and r = 1.25
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Figure 7.1: Worst-case errors in tensor products of Hardy spaces H g1 and Hjy o5.

In the lower row of Figure 7.1, the worst-case errors of ()4 for dimensionalities d = 2,...,6
are given. We can see the deterioration of the convergence rate as the dimensionality d of the
tensor product space increases. However, the super-algebraic rate is clearly visible in all the
considered cases.

As before, the dashed line represents the bound (). Here, it is only given for d = 6 where it
matches the observed worst-case error quite well.

Finally, in Figure 7.2 an index set derived by Algorithm 7 for the bivariate tensor product
Hardy space Hj 95 ® H 95 is depicted. It basically has the expected structure {k; + ko < T'},
i.e. a simplex. The point set associated to this particular index set is given on the right-hand
side.
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Figure 7.2: Optimal index set with associated N = 116 points for integration in the Hardy
space H? ,-. The colors encode the magnitude of ||Ag]|.
7.5.2 Taylor space generated by the di-logarithm

The d-fold tensor product of the Taylor space Ty, is denoted by ’7}%2 and contains functions on

[—1,1]¢ whose mixed partial derivatives of order one are in Hy = ®?:1 Hy, i.e.

Hlul
Hjeu 8563'

The performance of the OMP greedy method in univariate 7y, has been studied in Section 6.3.

f(x) e Hy for all |u|e < 1.

From Figure 6.9 in combination with (7.32) we obtain the bound
1Ak]l 7, =< exp(=2.8VE).

This is inserted for a; into () with p =1/2 and plotted as dashed lines in Figure 7.3. Clearly,
the observed worst-case errors of @4, where A is constructed automatically by Algorithm 7
based on the univariate OMP greedy point set for 7r;,, match the predicted rate.

Moreover, we get for the Clenshaw-Curtis method in the univariate 71;, the algebraic conver-
gence rate n~® with s = 5/2 from Figure 6.9. Inserting this into the standard sparse grid error
bound N~*log(N)@=D(+1/2) ¢f [140], yields the observed rate of the Clenshaw Curtis sparse
grid. The sub-exponential rate obtained by the optimal cubature rule offers a clear advantage
over the algebraic rate of the conventional Clenshaw-Curtis sparse grid.

Moreover, in Figure 7.4 an index set generated by Algorithm 7 for the bivariate Taylor space
732 is depicted. It has approximately the expected structure {k%/ 24 k;/ 2 < T}, ie. a ball
with respect to the ¢; /5 quasi norm. The associated point set is given on the right-hand side.
It appears that the points get denser around the boundary of [—1, 1] than it is the case for the

Hardy example from before.
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d-fold tensor product of 7Ty;, with d =2 d-fold tensor product of Ty,
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Figure 7.3: Worst-case error in the Taylor space Tr;, generated by the di-logarithm.
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Figure 7.4: Optimal index set with associated N = 180 points for integration in the bivariate
Taylor space ’TLQiZ.
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Figure 7.5: Worst-case errors in the Hermite space M3 4.

7.5.3 Hermite space

The d-fold tensor product of the Hermite space M, is denoted by M% and contains functions
on R? whose Hermite coefficients

° 1 d 2Ta
fk = (27r)d/2 /]Rd f(w) jrzllHkJ($j) ez de

are summable with respect to the weight induced by 7 = (r1,...,74) € (0,1)%, i.e.

d
> Rl

keNg  J=1

The performance of the OMP greedy method in the univariate M, has been studied in Section
6.4.

From Figure 6.10 in combination with (7.32) we obtain for the asymptotics of the univariate
quadrature rules the estimate

[ Akllrg .. = exp(—0.39k).

This is inserted for a; into (1) with p = 1 and plotted as dashed lines in 7.5. Clearly, the observed
worst-case errors of ()4, where A is constructed automatically by Algorithm 7 based on the
univariate OMP greedy point set for My 75, match the predicted rate of a sparse grid method
with quasi-optimal index set in Mg ,5. Moreover, we compare the optimally weighted tensor
product method with classical sparse grids based on Gauss-Hermite quadrature, which is not
nested. Even though the Gauss-Hermite based sparse grid exhibits super algebraic convergence
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Figure 7.6: Optimal index set with associated N = 97 points for integration in the bivariate
Hermite space M3 /4~ The colors encode the magnitude of | Akl

it is clearly dominated by the approach that is specifically tailored to the Hermite space by
using optimal weights and the OMP greedy points.

As the dimension d gets larger the isotropic problem gets considerably harder, as it can be
observed on the right-hand side plot of Figure 7.5. Here, the worst-case errors of the optimally
weighted tensor product rules are given for dimensionalities d = 2, ..., 6. Clearly, for both, d = 2
and d = 6, our predicted convergence rate matches the one that is computed by Algorithm 7.
Finally, in Figure 7.6 an automatically generated index set and the associated point set are
given. Here, similarly to the Hardy example, the index set has the expected structure of a
regular simplex, i.e. {k; + ko <T}. The points are distributed regularly within the region
where the Gaussian measure exhibits its biggest mass, i.e. they are centered around zero and
get less dense in regions with large distance from the origin.

7.5.4 An anisotropic example

Finally, we will deal with an anisotropic example, i.e. tensor products of different function
spaces. Here, we consider
H'®@Hy25 ® - @ Hy.os,

(d—1) times

i.e. the tensor product of a Sobolev space with the (d — 1)-fold tensor product of analytic Hardy
spaces.

In Figure 7.7, the worst-case errors associated to this setting are plotted. We considered di-
mensions d = 1,...,6. For d = 1, the Hardy space is not present at all and we observe the rate
N~!, which can be expected for the univariate Sobolev space. Now, when the dimension d is
increased, the convergence rate basically stays the same and the dimensionality of the Hardy
space only influences the preasymptotic regime. For the setting of linear information, this kind
of behaviour was predicted e.g. in [42].
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Figure 7.7: Left: Worst-case error in mixed-Sobolev-Hardy space. Right: An index set typical
for this constellation.

On the right-hand side of Figure 7.7, an index set for the bivariate case H'! ® Hj o5 is depicted.
Clearly, the greedy approach from Algorithm 7 correctly identifies the structure of this space and
pays more emphasis in the directions associated to the Sobolev space. This is not surprising
because substantially more points are required in the Sobolev direction than in the Hardy
directions in order to balance all the error contributions.
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8 Applications

This chapter is concerned with the application of this thesis’ results to practical integration
problems. To this end, we first deal with some simple test functions that fit into the different
settings considered so far.

Then, we deal with an integration problem from econometrics, where researchers often face
smooth and moderate-dimensional integrals, which are ideal to be treated with sparse grid
techniques [87]. Here, we consider discrete choice models which aim at explaining and predicting
the behaviour of individuals that are facing the choice between two or more discrete alternatives.
Examples are the decision which car to buy or whether to invest savings into risky or more
conservative asset classes. We concentrate on the multivariate probit model whose estimation
requires the computation of multivariate normal probabilities. To this end, we use the so-called
Genz algorithm [66] in combination with optimal tensor products of the quadrature rules for
the Taylor space generated by the di-logarithm, i.e. Tr,.

Our second application is related to differential equations which often depend on parameters
that are not always known precisely. Therefore, practitioners are interested in the uncertainty of
the solution, given the uncertainty of the input. Here, we concentrate on an elliptic differential
equation whose diffusion coefficient is parameterized on d patches of the spatial domain. The
computation of the mean of the solution as well as the mean of other quantities of interest
derived from particular solutions requires the solution of high-dimensional integrals as well.

In both, the econometric model problem and also the parametric differential equation, we
identify scenarios where the approach developed in this thesis offers a substantial reduction
of computational cost over conventional methods. However, there are also settings where our
approach is not better, but not worse either.

8.1 Synthetic test functions

To validate our construction we start with simple test functions that have a certain multiplica-
tive structure. We compare dimension-adaptive sparse grids, cf. Section 2.4.3, that are based
on our new optimally weighted and nested quadrature rules with other state-of-the-art cubature
algorithms. Here, we consider dimension-adaptive sparse grids based on Clenshaw-Curtis and
Leja points as well as plain Monte Carlo and quasi-Monte Carlo based on the Sobol sequence.

Our first test function is

d — Xj X j 7/
fd(m) _ H 1+ ((1 J)(; + ])) 87 (81)
j=1

which is bounded in [—1, 1] but has a singular first derivative. Therefore, it fits into the setting
of TLi,, i.e. the Taylor space of bounded analytic function with derivative in the Hardy space
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Figure 8.1: Test function (8.1) associated to Ti,.

H;. Since this space is generated by the di-logarithm Lis, we use the sparse grid that is based
on the OMP greedy quadrature rule obtained by Algorithm 6 with weight v(z) = v1 — z2. It
is denoted by SG(DiLog). Moreover, we consider SG(CC) and SG(Leja) which are dimension-
adaptive sparse grids based on Clenshaw-Curtis and Leja quadrature, respectively.

The results for dimension d = 2 and d = 8 are given in Figure 8.1. The new approach clearly
offers an advantage over the conventional methods, which only converge algebraically. However,
the SG(DiLog) approach exhibits a super-algebraic rate as it is predicted by the results in
Chapter 7.

The next example is related to the Hardy space H, with » > 1. Since we are on a bounded
domain and all derivatives of functions in H, are bounded in [—1, 1], we can use the unweighted
OMP greedy quadrature obtained by Algorithm 4 as building block for the dimension-adaptive
sparse grid denoted by SG (Hardy).

We consider the test function

d 1

fa(@) :jH1 (H 27(1.02 —a;j)(1.02+a;j)>’ (82)

which clearly fulfills f; € Hy go.

The results are given in Figure 8.2 for dimensions d = 2 and d = 8. Even though the Leja-based
sparse grid is pre-asymptotically inferior to all the other considered methods, in the long run
it achieves the same asymptotic convergence rate as the sparse grid that is specifically tailored
to the Hardy space Hj g2. However, in d = 8 the preasymptotic problems of the Leja approach
gets so bad that it converges even worse than Monte Carlo, at least in the regime up to 10°
points. However, SG (Hardy) reaches a relative error of 1076 with less than 3 x 10* function
values, whereas the Clenshaw-Curtis based adaptive sparse grid SG (CC) needs more than 105
points for the same accuracy.
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Figure 8.2: Test function (8.2) for the Hardy space setting.

Our final example is related to the Hermite space and deals with integration on R with respect
to the Gaussian probability density function, i.e.

2

/_ @) S (8.3)

The test function is J
2
=1

where we choose ¢ = 0.9 to fit into the Mg g setting.

We compare the performance of the dimension-adaptive sparse grids based on the optimal
quadrature rule obtained by Algorithm 6 with v(x) = \/exp(—22/2), i.e. SG (optimal). We
compare this with Monte Carlo that is based on random function values drawn according to
the standard normal distribution on R%. Moreover, we consider sparse grids based on the Leja
sequence from Section 2.3.4, which is suited for the integration problem (8.3). Finally, we
consider sparse grids based on Gauss-Hermite, which, however, are not nested.

In Figure 8.3, the relative integration errors for d = 2 and d = 6 are given. For small dimen-
sionalities the polynomial based approaches SG (Leja) and SG (Hermite) achieve exponential
convergence, albeit at a slower rate than the optimally weighted sparse grid SG (optimal).
However, as the dimension increases the polynomial based approaches get difficulties because
on their first level they are exact for constant functions. The function in (8.4), however, is far
away from being constant. Instead, for large dimensions it behaves like a Dirac function which
is difficult to approximate with polynomials.
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Figure 8.3: Test function Hermite space given in (8.4).

8.2 Computing multivariate normal probabilities in econometrics

Econometrics is a discipline from economics that is concerned with the extraction of economic
phenomena from real-world data based on the concurrent development of theory and observa-
tion. Many models that aim to explain real world phenomena involve variables or parameters
that cannot be directly observed. An example are so-called discrete choice models which aim
to explain, and predict choices between two or more discrete alternatives. Here, the choice of a
certain alternative depends on the utility it provides for an individual, which of course chooses
the alternative with highest utility. However, the utility is usually not observable and has to be
estimated by means of other quantities that are observable and linked to utility by an economic
model.

8.2.1 Discrete choice models

The utility of alternative j = 1,...,J for individual m = 1,..., M, say Uy, j, is not observable.
Instead, a large class of econometric models [152] assumes that there holds a relationship of the
form

q _ '
Un,;j = Zﬂlzl(m’j) +éemj = BTzm3) 4 €m.j (8.5)
1=1
where the vector z("J) = (ng,j ), e ,zém’j )) € RY contains observable properties of the alter-

natives and the individuals. The error terms €, = (€n1,...,€m,7),m = 1,..., M represent
unobserved characteristics of the alternatives and the individuals that are modelled by inde-
pendent and identically distributed random variables. After a distribution for €,, has been
fixed, the unknown parameters 8 = (51, ..., ;) can be estimated from observed data, i.e. each
individual m = 1,..., M chooses an alternative j(m) € {1,..., J} if his utility U,, j(», for j(m)
is larger than the utility of the alternatives U, x, k # j(m).
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The conditional probability of this observed choice is

P (B) = P[Up, 5 m)>Umkfor all k=1,..., ]|z, D)
P[ﬁTz +€mj >,5'T mk)—i—emkfor allk‘—l, ..,J’z(m’l),_,,7z(va)]
:P[Gmk €m,j(m) <ﬁT( m,j(m)) _z(mk’)> for allk:1,...,J\z(mvl),_.,7z(m7=7)]
=: Plz < 5™ (3)],
(8.6)
where @ = (21,...,2-1) is distributed like the (J —1) nontrivial differences of the error

terms €, . — € j(m) and by, (B) € R’ is given by by (8) = BT (2(m(m) — 2(m:k)y for k =£ j(m).
Assume that the distribution of @ is absolutely continuous with respect to the Lebesgue measure,
i.e. there exists a probability density function ¢ such that Plz € A] = [z xa(x) ¢(x) dz. Each
conditional choice probability P,,(8),m = 1,..., M then can be written as

™) (8) ™ (8)
Pu(B) = Plz < bp(B)] = / / o(@) dz. (8.7)

—00 —00

For now assume that (8.7) is known and can be evaluated. Then, the likelihood of the observed

choices equals
M
11 2 (8). (8.8)
m=1

Maximizing (8.8) with respect to the unknown parameters 3 is the so-called mazimum likelihood
estimator. We denote 3% = argmin £(3) as the set of parameters that explains the observed
data best. Moreover, maximizing (8.8) is equivalent to maximizing the log-likelihood function

1 a 1 &
[:(16) = Mlog <H Pm(ﬁ)) - M Z long(B). (8'9)
m=1 m=1

This is usually done by standard approaches from numerical optimization, e.g. Newton-Raphson
type algorithms [114]. However, if the integral in (8.7) does not have a closed-form solution,
the log-likelihood function has to be approximated by numerical cubature methods. Here, each
summand in (8.9) requires the solution of a multivariate integral.

To this end, assume that Py, (8) ~ P, (8), m = 1,..., M are approximations to (8.7) obtained
by numerical cubature. The approximated log-likelihood function then reads

~ M ~
L(B) = log(Pn(B))

The error of this approximation in a monotone norm || - || can then be bounded by

600 - )] = L | 32 0a(Pu) ~ 0n(Pu)|
m=1
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L
~ il s () |

M D —
_ %H leog <1 N Pm(ﬁ])jzn BI)Dm(B)) H

1 ] Pu(B) = Pn(B)
<32 stz B

where the last inequality follows from log(1 + x) < = and the triangle inequality.

Therefore, the approximation error of the log-likelihood function basically depends on the rel-
ative integration error of (8.7).

8.2.2 Multinomial probit and Genz algorithm

The multinomial probit model [152] assumes that the error terms in (8.5) are jointly normal
distributed. The (J — 1) differences of the error terms are therefore also jointly normal dis-
tributed. Denote the covariance matrix of this joint distribution by ¥ € RUZ=Dx(/=1)  For
every evaluation of £(3) there have to be computed M integrals of the form

1 /bi"”(ﬂ) /b§;”>1(ﬁ)
VAt Je T e

There are several approaches to tackle this problem, e.g. using spherical coordinate transfor-
mations [47], locally adaptive schemes [137| or the partially analytic simulator [146].

Po(B) exp <—;mTZ_1m> de.  (8.10)

However, the most efficient approach turned out to be the GHK simulator which is equivalent
to the Genz-Algorithm, which relies on a sequence of variable transformations to obtain an
integration problem that is defined on the open unit cube. This approach was independently
developed by Genz [66], Geweke and Hajivassiliou [24, 71] and Keane [97]. In statistics, this
method is often referred to as Genz-algorithm, while in econometrics it is called GHK-simulator.
In this setting, regular sparse grids based on the Gauss-Legendre quadrature were firstly utilized
in [86]. In the following, we will demonstrate that the sparse grid approach can benefit from
our new univariate quadrature formulas. We remark that this approach can also be applied to
the computation of other probabilities, e.g. the ¢-distribution [67].

8.3 Application to the Genz algorithm

The Genz algorithm consists in a reformulation of the (J — 1)-dimensional integral (8.10) on an
unbounded domain as a (J — 2)-dimensional integral on the unit cube (0,1)”~2. For the sake
of a consistent notation we now set d := J — 2 and recall that the evaluation of the likelihood
function for multinomial probit models boils down to the computation of

F(b) :

otz [ [ ()

de, (8.11)
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where ¥ € R(A+Dx(d+1) i 5 covariance matrix which depends on the joint probability distribu-
tion of the differences of the error terms in (8.6). F'(b) has to be evaluated for many different
b € R4 already for a single evaluation of (8.9).

The Genz-algorithm [66] consists of several transformations and finally leads to the integral

d+1

F(b) = 131/ [0z, 1) dw, (8.12)
(0,1 525
where the b; are recursively defined by
~ Z_l ~
bi(xl,...,a:i_l) = C;Zl : bi—ZCi’jWI)_l(:Cj -bj(xl,...,a:j_l) . (8.13)
j=1

Here, the matrix C € R@+Dx(@+1) denotes a Cholesky factor! of the covariance-matrix, i.e.
CCT =%, and ® : R — (0,1) is the cumulative Gaussian distribution function.

The main advantage of the Genz-algorithm in a dimension-adaptive sparse grid setting, cf.
[79], stems from the fact that it enforces a priority ordering onto the variables xi,...,z4_1,
where x; contributes the most and x4 contributes the fewest to the value of F(b). This is
because x4 appears in only one factor of (8.12), while x; appears in all of them. Furthermore,
the dimensionality of the original integration problem is reduced by one from d + 1 to d. A
disadvantage is of course the increased cost for the evaluation of the transformed integrand in
formula (8.12). Moreover, while the original integrand was analytic in the whole complex plane,
the new integrand is only analytic within the open disc {z € C: |z — %] < %} This is due to
the inverse cumulative distribution function ®~! that introduces a singularity at the origin and
in some dimensions a fast growth of the integrand for arguments close to one.

Taking a close look at (8.12), we note that each factor of the integrand (8.13) is [0, 1]-valued.
In particular, it is bounded. Computing the partial derivatives of (8.13) explicitly for d > 2 is a
complicated task because of the recursive nature of b;. However, for d = 1 a simple application
of the chain rule reveals that the first derivative can be singular because of the boundary
singularities of &~

This motivates using our multivariate cubature rules that are constructed for integration in
the Taylor space Tr;, which contains functions that are bounded on the unit disc and have
derivatives in the Hardy space H;. Since H;j contains singular analytic functions like e.g.
x—x P pe(0,1/2) or x — log(z)?, g € N, we believe that this is a sensible choice.

In our numerical experiments we compare the dimension-adaptive sparse grid approach, cf.
Section 2.4.3, based on the symmetric OMP greedy points tailored to the space Tr,;,, denoted
by SG (DiLog) with dimension-adaptive sparse grids based on Clenshaw Curtis quadrature,
denoted by SG (CC) and Sobol QMC' as well as plain Monte Carlo. Note that Leja-based
sparse grids are not applicable here because the Genz integrand cannot be evaluated at +1.
This is due to the singularity of the inverse cumulative distribution function ®~1.

We consider a special covariance structure for which the integral in (8.11) has a closed form
solution [53, 66]. Namely, we assume that the covariance matrix ¥ has constant variance ¥; ; = 1

!Cholesky factorization is here only unique modulo row and column permutation.

147



148

8 Applications

Genz integrand,

po = 0.1, bj = 0.5 with d = 2

7

=
o
|

Integration error (relative)

=
=}
|
S,

=
o
|

I

Integration error (relative)

Genz integrand, po = 0.1, b; = 0.5 with d = 4

1079 || —@— SG (DiLog) 1079 || —@— SG (DiLog) s
—A— SG (CC) —A— SG (CC)
Sobol QMC Sobol QMC
107t - —+— Monte Carlo w0~ - —+— Monte Carlo 1
| Lol Lol Lol L Y Y 1 B A Y1 T -
109 1 2 103 10° o0t 102 103 10%
Number of function evaluations N Number of function evaluations N
Genz integrand, pg = 0.1, b; = 0.5 with d = 8 Genz integrand, pg = 0.1, b; = 0.5 with d = 16
107 P T 100 T T T T

10~3

1073

1077

Integration error (relative)

—
(=}
|

@

—
o
|

o

Integration error (relative)

1079 [-| —@— SG (DiLog) 10-9 |-| —@— SG (DiLog) N
—a— SG (CO) —A— SG (CC)
Sobol QMC Sobol QMC
10~ - —+— Monte Carlo —+— Monte Carlo
Y T A S A Y 10— 12 /A Y T S O Y1 O B R N 1 B

109 o! 102 103
Number of function evaluations N

104

109 10! 102 103
Number of function evaluations N

104

Figure 8.4: Computing multivariate normal probabilities with constant boundary vector b.

and covariance ¥; j = v; - vj for ¢ # j, where v; € (—1,1),i =1,...,d 4+ 1. We remark that the
normalization of the variance to one is not a restriction because it is always possible to shift

the variance via a diagonal transformation to the boundaries of integration by, ..., bg+1.

In our first example, we choose a constant correlation ;, = po = 0.1 and all b; = %

Figure 8.4, it can be observed that the dimension-adaptive sparse grid approach is superior to
(Q)MC for small values of d. Especially if it is based on the new generalized optimally weighted
nested quadrature rules tailored to the 7r;,-space, it performs very well and super-algebraic
convergence is clearly visible. As the dimensionality increases, the integration problem gets
harder, but the relatively low correlation of this example leads to a fast decay of the importance
of higher order interactions between the dimensions. The dimension-adaptive sparse grids
correctly detect which directions are important and exploits the low effective dimensionality.
Therefore, the convergence rate for the d = 16 dimensional problem is not much worse than for
the 8-dimensional one.

In
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Figure 8.5: Computing multivariate normal probabilities with varying boundary vector b.

In our second example, we use different values for the boundaries, namely b; = —1 + 1% and a
bigger correlation X, = po = 0.25. The convergence behaviour is similar to the first example,
as can be seen from Figure 8.5. This demonstrates that our new approach indeed allows to deal
with varying boundary values as it is needed in practical applications.

8.4 Parametric PDEs with analytic regularity

The rapid growth in compute power as well as the development of advanced numerical simulation
techniques allows to use computer simulations to produce reliable and accurate results when the
input data is known exactly. However, in many applications there is a relatively large amount
of uncertainty in the input data such as model coefficients, forcing terms, boundary conditions
and geometry [6]. This can be due to measurement errors, but some quantities cannot even be
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observed at all and are only given as probabilistic description. Then it is desirable to quantify
the uncertainty of the simulation’s output, given the uncertainty of the input data which usually
propagates through the model. Therefore, also the quantities derived from the simulation are
random variables, whose expectation and (co-)variance are of great interest.

In this thesis, we consider a well-established model problem [6, 41, 83, 110, 112] for uncertainty
quantification of PDEs, namely a parameterized elliptic diffusion problem. Assume that D is a
convex Lipschitz domain and (2, F, 1) a complete probability space on a domain §2 C R? with o-
algebra F C 2 of events and probability measure p : F — [0, 1]. We assume that p is absolutely
continuous with respect to the Lebesgue measure which implies that du(z) = w(x)dz, for a
probability density function w : Q@ — R.

The random elliptic diffusion problem consists in finding a solution v : D x 2 — R which
p-almost surely satisfies

—divy (a(y, z)Vyu(y, x)) =g(y) forally € D and « € Q

(8.14)
u(y,x) =0 for all y € 9D and x € Q.

Here, divy and V, act on the spatial variable y € D C R*,s € {1,2,3} only. The loading
g € La(D) is assumed to be deterministic. But the diffusion coefficient a(y, «) depends, beside
on y, also on the parametric variable € Q € R? d € N. Therefore, the solution u of (8.14)
depends on the parametric variable x as well.

In order to guarantee the existence of a solution for almost all x € 2, we assume, cf. [6, 40],
the uniform ellipticity of the problem, i.e. there exists 0 < amin < Gmax < 00 such that

amin S a(yaw) é amax fOl“ au (y’w) 6 D X Q

Defining V := H}(D) and its dual V* = H~1(D), cf. [26], the Lax-Milgram Lemma then
implies the existence of a weak solution u(-, ) to (8.14), i.e. for almost all € Q it holds

/ a(y,z)Vyu(y,z) - Vo(y) dy = / Vfily) -Vu(y)dy forallveV. (8.15)
D D

This solution satisfies the estimate

[u(, )|y <

[ v
Gmin

Often, engineers are interested in a so-called quantity of interest (Qol) @ : V. — R that is
derived from the solution u(-, ). Since the solution depends on x also the Qol depends on x
and induces a mapping f : Q — R given by

f(@) = Q(u(-, z)).

Frequently, it is assumed that @ is a linear functional on V. Examples are the mean of u(-, x)
over some domain D C D, i.e.

f() = /D u(y, ) dy
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or the evaluation of u(-,x) or its gradient at a point 7 € D, i.e.
f(®) =u(r,®) or f(x)=Vyuy, )y

The Qol can either be reconstructed as a function, or its expectation and also higher order
moments, can be computed. Since we deal with multivariate integration, we will approximate
the expectation of f, i.e. we will aim for the computation of

/Q /(@) w(@) da.

Note that each evaluation of f now requires the solution of (8.14) with parameters € 2 and
the subsequent evaluation of the functional Q.

8.5 Application to affine linear diffusion coefficients

A special case of the parametric diffusion coefficient a(y, ) is of the form

d
a(y,x) = aly) + Y x0;(y),
k=1

which is referred to as affine linear diffusion coefficient, cf. |41, 153]. Now, assume that a(y, -)
can be continued holomorphically to C¢ and a(-, z) € L*°(D) for all z € C%. Defining the poly
disc
D, = {zE(Cd: | <7“j,j:1,...,d}
assume that there exists a positive § < amin, and 7 = (r1,...,r4) > 1 such that it holds for all
z €D, and all y € D that
Ra(y,z) > 0.

Then, we say that a : D x Q — R satisfies the (6, r)-polydisc uniform ellipticity assumption
DUE(S, 7).
By Theorem 1 in [153], the solution map

x — u(-,x)

can be continued holomorphically to D, if a satisfies the DUE(J, ), cf. also [41]|. This holds for
the QoI f(x) = Q(u(-,x)) as well [81]. This motivates using our optimally weighted cubature
rules that are tailored to the Hardy space

d
H, = @) H,,
j=1

of functions that are analytic in polydiscs D..

In order to avoid the discussion about the additional error that is introduced by the numerical
approximation of u(-, &) by e.g. finite element discretization, we consider a simple model prob-
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lem whose solution cannot be determined in closed-form, but can be computed exactly using
piecewise quadratic finite elements.

8.5.1 Model problem

As a model problem we consider Example 2.2 from [7], see also [41].
Let (Dj);l:1 be a partition of a bounded Lipschitz domain D C R®;s € {1,2,3}, i.e.

7j=1
and
d
aly, @) =14 z;(y), (8.16)
j=1
where

-1

J

For Q) = [—1,1]%, we note that the problem (8.14) is elliptic if 7; > 1,5 = 1,...,d and
therefore has a unique solution u(-,x) for all € [—1, 1]%. Moreover, (8.16) satisfies DUE(J, ),
which implies the analyticity in ID,. of the solution map.

is the characteristic function of D, scaled with the factor r

Now assume that the spatial dimension is one, i.e. s =1 in (8.14) and D = [0, 1]. The problem
(8.14) then reads

d d
—— | aly,x)—u(y,x) | = forally € D and « €
& (a0 . )) = o) y o e
u(0,z) =u(l,x) =0 for all € Qy).
This is equivalent to
—(1+% d—Qu( x)=g(y) foralyeD;andx e (8.18)
n ) qEt ) =9l y € D; (d)- :

Now, let G(y) be a second antiderivative of g, i.e. G”(y) = g(y). Then, the solution to (8.17)
is a piecewise function and on each D; it holds

u(+,@)|p, € span{xp,y)1, xp;(¥)y, xp,(¥)G(Y)},

which amounts to 3d degrees of freedom of the exact solution to the equation (8.18) for fixed
x. Because the solution u(-, ) has to be continuous on D and fulfill the boundary condition
u(0,z) = u(l,x) = 0, there are 3d — 2 — (d — 1) = 2d — 1 remaining degrees of freedom of the
exact solution to (8.17).
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Moreover, if we set g(y) = 1, the problem reads

z;\ d?
- (1 + T’j) TyQU(y,fB) =1 forallye€ D;and x € Qy (8.19)

and for every y € (g, the solution u(-,y) can now be computed exactly by piecewise quadratic
finite elements on [0, 1] because now G(y) = 3y°. Assuming that each patch Dj is of the form

-1
b=
the basis functions are chosen to be the quadratic Lagrange polynomials on each D; defined by
their values at (j—1)/d, %;1 and %. The weak formulation (8.15) then leads to a sparse system
of linear equations, whose solution yields the values uy = u(yx, ) of u(-,x) at y, = k/(2d),
k=1,...,2d—1.

8.5.2 Numerical results

In this section, we will compare the performance of dimension-adaptive sparse grids based on
the optimally weighted nested quadrature rules computed by Algorithm 4 to the performance of
classical integration methods like plain Monte Carlo or Sobol quasi-Monte Carlo, which in the
following plots is denoted by Sobol QMC. Moreover, we use the dimension-adaptive approach
based on Clenshaw-Curtis, which is denoted by SG (CC) and Leja points as discussed in Section
2.3.4, denoted by SG (Leja). These represents the current state-of-the-art for the integration of
smooth multivariate functions [13, 37, 108, 111, 112, 153]. Since the integrands are analytic in
a region strictly larger than the domain of integration [—1,1]%, the sparse grids based on Leja
points, as well as on Clenshaw-Curtis, and the respective optimal quadrature rules are expected
to yield super-algebraic convergence rates.

To this end, we first consider an isotropic example with relatively large radius of analyticity in
every dimension. The quantity of interest ) is chosen to be the area below the solution u(-, x),
i.e. the integral with respect to the spatial variable y over D = [0, 1]

f(@) = Qul-x)) = /[ ) dy (.20)

where u(-, ) is a solution to (8.19).

In Figure 8.6 the relative integration errors are given as log-log-plot for dimension d € {2,4, 6, 8}.
As the experiments in Section 6.2 suggest, there is not much of a difference in using classical
polynomial based methods compared to the optimal approach in Hardy spaces H, with large
radius of analyticity r. We can see that for small point numbers N the Leja points perform
worse than Clenshaw-Curtis quadrature. We believe that this is because on the first level the
Leja sequence uses the point 1, while the Clenshaw-Curtis method and also the Sobol method
have their first point equal to 0. Asymptotically the Leja based sparse grid can benefit from
its finer granularity, i.e. the points do not increase exponentially on each level. However, the
effect that is already visible in d = 2 becomes even more prominent in d = 6 and d = 8, where
it takes about 10° points for the SG (Leja) method to overtake SG (CC). Still, both methods
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Figure 8.6: Isotropic example with large domain of analyticity with Qol given by (8.20).

exhibit a convergence rate that decays faster than any algebraic rate N~° which is due to the
analyticity of the integrand.

Moreover, we note that the dimension-adaptive sparse grid based on the optimally weighted
nested quadrature rules for the Hardy space with radius r = 4 outperforms all the other
methods. However, in d = 2 the benefit over Leja points is rather small.

The picture changes when decreasing the radius of analyticity. To this end, in Figure 8.7 we
consider the same setup as in Figure 8.6 albeit with » = 1.1, which is substantially smaller than
before. Now, the bad preasymptotic behaviour of the Leja based adaptive sparse grid is even
more prominent, especially when the dimension gets large. For d = 8, it is even less effective
than the plain Monte Carlo approach.

However, the sparse grid based on the nested optimally weighted quadrature for the Hardy space
H, with » = 1.1 is the method of choice for all the considered dimensionalities d = 2,4, 6, 8. For
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Figure 8.7: Isotropic example with moderate radius of analyticity with Qol given by (8.20).

the eight-dimensional example it achieves a relative error of 10~° with about N = 10* points,
while the Sobol quasi-Monte Carlo method needs about N = 3-10° points. Therefore, using the
approach proposed in this thesis saves more than 95% of the compute power over conventional
approaches.

In Figure 8.8 the results for » = 1.01 are given. The effects that became visible in Figure 8.7 are
now even more prominent. The Leja points suffer substantially from their bad pre-asymptotic
behaviour that even leads to an increasing error for N < 20 in d = 2. For d = 8, convergence
is not even visible at all. Therefore, it seems sensible to start the Leja sequence at the point 0
and not at 1. This is plausible because functions in Hj g1 contain functions with much faster
growth close to the boundary than functions in H; ; or Hy.

The picture for the other considered cubature rules basically remains the same as before.
Clenshaw-Curtis based adaptive sparse grids still exhibit super-algebraic convergence, yet it is
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Figure 8.8: Isotropic example for small radius of analyticity with Qol given by (8.20).

not competitive with the sparse grid approach based on the nested optimally weighted quadra-
ture rules tailored to Hl,. with r = 1.01.

Up to now all the considered examples dealt with a setup where all the r;, 7 = 1,...,d coincide.
Next, we consider an anisotropic example. To this end, we assume that r; =1+ %, i.e. the
radii of the polydiscs increase with the dimensionality. In Figure 8.9 the relative integration
errors are given as log-log-plots for dimensions d € {2,4,8,16}. Since we start with rather small
radii, it is not surprising that already in d = 2 the optimally weighted adaptive sparse grids
yield a substantial improvement over the other considered approaches, saving more than 90%
of the evaluations. As the dimensionality increases, the integration problem becomes harder
and more evaluations are needed to achieve a high accuracy for the relative integration error.
However, from d = 8 to d = 16 the picture basically does not change. This is because the higher
dimensions are so smooth that they hardly contribute to the integral at all. For d = 32, which
is not depicted here, there is also no difference visible.
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Figure 8.9: Anisotropic example for dimensions d € {2,4,8,16} with Qol given by (8.20).

We observe a substantial benefit when employing the optimally weighted quadrature rules
for the Hardy space within the dimension-adaptive sparse grids. However, we respected the
anisotropy of the problem in the construction of the optimally weighted quadrature rules. This
means that for each coordinate direction a different quadrature rule was used, each tailored to
the regularity of the respective dimension. This was not the case for the other methods, which,
besides of the dimension-adaptive construction of the sparse grid, used the same underlying
univariate quadrature rule for all the coordinate directions.

The next example has an anisotropic structure as well, albeit now the radii are given by
rj =1+0.08 - 27, In Figure 8.10, it can be seen that the difference between the sparse grid
based on optimally weighted quadrature rules and the conventional sparse grids is now less
prominent. This is explained by the fact that for larger radii the performance of optimal and
polynomial quadrature rules in Hardy spaces basically is the same, cf. Section 6.2. Again, the
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Figure 8.10: Anisotropic example for dimensions d € {2,4, 8,16} with Qol given by (8.20).

picture does not change much from d = 8 to d = 16, which is due to the exponentially increasing
radii of analyticity.

Until now we concentrated on the functional (8.20) that represents the spatial expectation of
the solution as quantity of interest. Finally, we consider a different Qol, namely the functional

Q(u(-,x) = dy2(u(-, z)) = u(0.5, ), (8.21)

which represents the evaluation of the solution in the middle of its domain, i.e. at y = 0.5

We observe in Figure 8.11 that the choice of the functional does not influence the performance of
the different algorithms. As before, for small dimensionality, e.g. d = 4, the new approach based
on optimally weighted quadrature rules that are tailored to the respective Hardy space leads
to a reasonable advantage over the conventional schemes. In larger dimensions, the difference
becomes even more prominent. For example, in d = 16 dimensions, the Clenshaw-Curtis based
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Figure 8.11: Anisotropic examples with the Qol defined in (8.21).

sparse grid needs about 100 times more evaluations of the integrand than the new approach
Given that each evaluation requires the solution of a

to obtain a relative accuracy of 1077,

differential equation, this factor needs to be multiplied with the cost of the finite element or

finite differences approximation of this solution.

Therefore, choosing an appropriate cubature rule for the problem at hand can make the differ-

ence between a computation that can be done on a laptop or an expensive parallel cluster.
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9 Conclusion

In this final chapter we summarize the results of this thesis, discuss questions that have been
left unanswered and give an outlook on future research.

9.1 Summary

This thesis dealt with the construction of algorithms for numerical integration of multivariate
functions. We considered functions from tensor products of reproducing kernel Hilbert spaces
(RKHS) and concentrated on algorithms that use optimal weights with respect to the worst-case
error.

After giving a brief overview on numerical integration and its relationship to information-based
complexity in Chapter 2, we recalled the theory of RKHS in Chapter 3. Here, we derived the
well-known worst-case error formula in a general setting as well as some results on algorithms
with optimal weights. This was the functional theoretic foundation for the remainder of this
thesis. Finally, we gave several examples for RKHS that are important in numerical analysis
and scientific computing. Here, we also discussed the Taylor space 7Tri, which is generated by
the di-logarithm and contains bounded analytic functions with derivatives in the Hardy space
H;. To our best knowledge, this space has not appeared anywhere in the literature before,
although it proved to be very useful for certain applications from econometrics.

The first main contribution of this thesis was Chapter 4, where we investigated to which extent
optimal weights can improve the performance of Monte Carlo and Halton cubature in func-
tion spaces with dominating mixed smoothness H; . . Conventional Monte Carlo and Halton
cubature only achieve convergence rates of N~1/2 and N~ ¢ > 0, respectively, which is
independent of the smoothness parameter s > 1. Here, we observed that both methods can
achieve a worst-case error of N™57¢ ¢ > 0 if optimal weights are employed. The second goal of
Chapter 4 was the development of a theoretical framework that can predict the aforementioned
numerical results. Here, we used a recently developed oversampling approach [39, 106] to con-
struct stable auxiliary cubature rules whose properties imply the convergence of the optimal

worst-case error with the asymptotical rate N—5t1/2 log(N)d—1/2,

However, this approach is not suited for spaces of analytic functions. Moreover, the complexity
of constructing optimal cubature weights for unstructured point sets is O(N?3), which is prob-
lematic for practical applications that often require large point numbers N. Therefore, point
sets are desirable, which have a structure that can be exploited to compute optimal cubature
weights at reduced cost complexity. Here, we used the sparse grid technique which relies on
combinations of well-chosen tensor products of univariate quadrature rules. Moreover, if the
univariate quadrature rule uses optimal weights, the associated sparse grid cubature is also
optimally weighted and can be assembled at cost O(N?).
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Therefore, we studied optimally weighted univariate quadrature rules in Chapters 5 and 6. Here,
we first dealt with the problem of choosing optimal quadrature points, whose associated optimal
weights are all positive. Even though the computation of optimal points is an ill-conditioned
problem, it turned out that in one dimension it can be reformulated as a certain nonlinear
system of equations which is stable and can be solved by Newton’s method. This approach
was validated in a number of relevant kernel Hilbert spaces and proved to be superior to all
the other considered state-of-the-art approaches like Gaussian quadrature, Clenshaw-Curtis or
Leja points. Moreover, we discussed the construction of optimally weighted nested quadrature
rules. To this end, we proposed a weighted variant of orthogonal matching pursuit (OMP)
to construct maximally nested quadrature points with a greedy procedure. Compared to their
optimal counter parts, these points achieve almost the same convergence rate. In certain settings
they perform even better than the non-nested Gaussian quadrature rules. Moreover, it turned
out that the resulting quadrature weights are stable in the sense that their ¢1-norm is uniformly
bounded. This is analogous to Leja points, which share this stability property, even though
there is no theoretical explanation for it yet. Another interesting property is that in certain
settings the empirical distribution of the OMP greedy points converges to the distribution of the
optimal point sets. This is another similarity to Leja points, which distribute asymptotically
like Gauss-Legendre points on [—1, 1].

Chapter 7 was built onto the aforementioned results for the univariate setting, since a sparse
grid that is based on optimally weighted nested quadrature rules is also optimal with respect to
the weights. This property implied a simplified worst-case error representation that allowed to
construct quasi—optimal index sets with a well-established greedy approach known as dimension-
adaptivity. In combination with the greedy construction of the univariate nested quadrature
rules, we thus have constructed a true black-box approach to numerical integration in RKHS,
which only requires the univariate kernels as input.

The second part of Chapter 7 was devoted to a priori error bounds for quasi-optimal sparse grids
that use (sub-)exponentially convergent quadrature rules. Here, we extended the results from
[80] and improved on [13, 153|. These theoretical results, as well as our greedy construction of
quasi-optimal index sets, were validated in several function spaces.

Finally, in Chapter 8 we demonstrated the practical relevance of cubature rules that are tailored
to specific RKHS. First, we considered the computation of multivariate normal probabilities by
the Genz-algorithm, which is the main bottleneck in the estimation of probit models. The
most common approach leads here to integrands that are bounded and analytic but have sin-
gular derivatives. Therefore, classical quadrature rules with polynomial degree of exactness
deteriorate to an algebraic rate of convergence. Our new approach, however, converges super-
algebraically, even in higher dimensions.

Moreover, we dealt with parametric differential equations. It was proven in [41, 81, 153] that
for affine linear diffusion coefficients the parametric solution belongs to certain tensor products
of Hardy spaces. Here, we could demonstrate that an optimally weighted sparse grid technique
which respects the structure of the multivariate Hardy space can substantially outperform
classical approaches based on Leja points or Clenshaw-Curtis.
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9.2 Outlook

There are several directions in which this thesis could be expanded or complemented. We will
comment on some of them in the following.

First of all, it would be desirable to prove an upper bound for optimally weighted Monte Carlo
cubature in Sobolev spaces with mixed smoothness H?. that has the observed N™* main rate.
We are convinced that the approach from Section 4.2 is able to close the currently existing gap
in the main rate, if it is properly refined, cf. Remark 4.6. Besides, we also observed that classical
quasi—-Monte Carlo points, like the Halton sequence, can benefit from using optimal weights.
An adaption of the proof for random points to the QMC setting is already work in progress.
Moreover, instead of aiming for weights with minimal ¢o-norm, one could go for the £;-norm.

The induced sparsity of the solution could improve the powers of the log-terms, cf. Remark 4.7.

Regarding optimal quadrature points, we observed that in the Hardy space H,,r > 1 exponential
convergence rates beyond the theoretical predicted r~2" are possible, especially when r is close
to one. Here, one could try to extend the results in [3], where matching upper and lower bounds
for optimal quadrature points in the case r = 1 were proven.

Moreover, it is remarkable that the OMP greedy construction yields the optimal convergence
rate in Sobolev spaces and half of the optimal convergence rate in analytic function spaces.
This behaviour resembles the relationship between Kolmogorov width and the error of empirical
interpolation, cf. [50]. However, a direct transfer of the proof technique was not possible so far.

In Chapter 6 we obtained evidence that the OMP greedy points have the same empirical dis-
tribution as the associated optimal points. This property is shared by Leja and Gaussian
points, which also distribute in the same way. This is proven using logarithmic potential the-
ory [108, 132]. An alteration of this technique that is applicable to kernel functions instead of
polynomials, would certainly be an interesting, yet very challenging problem.

Instead of applying the OMP greedy approach to the univariate quadrature problem and using
tensor products for multivariate problems, a direct application in the multivariate setting is
also possible. But then we recur to the setting of O(N?) complexity for the construction of
the optimal weights. However, if the kernel has certain symmetry properties, the approach
from Section 5.2.4 can be extended to the multivariate case es well, allowing to reduce the
computation of certain symmetric point sets with 2¢N points to the case of N points. The
total reduction in complexity could therefore amount to a factor of (29)% = 87.

This approach could also lead to interesting applications in machine learning, where numerical
integration schemes were recently utilized to construct low dimensional feature spaces, called
random Fourier features [35, 127].

Finally, we remark that we only considered affine linear diffusion coefficients for the parametric
differential equation in Section 8.4. The case of log-normal distributed random fields is also im-
portant. However, a suitable RKHS that contains the parametric solution has to be determined
first.
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