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Abstract We introduce the concept of a ¢-convex subset of a Hadamard manifold.
Then we prove that for a ¢-convex subset S of a Hadamard manifold M there exists
an open set U containing S such that the metric projection is a single valued locally
Lipschitz mapping on U.
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1 Introduction

The concepts of convexity and generalized convexity for sets and functions play a
central role in many areas of mathematics. An important generalization of convexity
is g-convexity. A gp-convex set satisfies an external sphere condition with locally
uniform radius. Such sets under the name of “sets with positive reach” were studied
in finite dimensional linear spaces by Federer in [9], where apparently this concept
was started for the first time. The notion of ¢-convexity in linear spaces (as titled
p-convexity) was introduced in a slightly different manner in [8] and framed in the

The third author was partially supported by the Center of Excellence for Mathematics, University of
Shahrekord, Iran.

A. Barani
Department of Mathematics, Lorestan University, P.O. Box 465, Khoramabad, Iran
e-mail: barani.a@lu.ac.ir

S. Hosseini - M.R. Pouryayevali ()
Department of Mathematics, University of Isfahan, P.O. Box 81745-163, Isfahan, Iran
e-mail: pourya@math.ui.ac.ir

S. Hosseini
e-mail: Hoseini@math.ui.ac.ir

Published online: 03 November 2011 4\ Springer


mailto:barani.a@lu.ac.ir
mailto:pourya@math.ui.ac.ir
mailto:Hoseini@math.ui.ac.ir

A. Barani et al.

concept of ¢-convex functions. Canino in [4] introduced several important properties
of p-convex sets in infinite dimensional Hilbert spaces and then in [5] the existence of
closed geodesics on p-convex sets in linear spaces was studied. In a Hilbert space ¢-
convexity implies that all normal cones coincide (see [6, 7]). It turns out that certain
properties which hold globally for convex sets are still valid locally for ¢-convex sets.
For example it is well known that a closed subset of a Hilbert space is convex if and
only if its corresponding metric projection is globally nonempty and single valued.
On the other hand, it was proved in [4] that the metric projection into a ¢-convex
subset S of a Hilbert space H is locally nonempty unique and Lipschitz continuous.
Moreover, as a consequence it was shown that dg is of class C'* in a neighborhood
of S.

Unlike a Hilbert space, a manifold in general does not have a linear structure and
therefore new techniques are needed for dealing with the concepts of the metric pro-
jection and distance function from sets in manifolds. Moreover, these notions are not
of local type and can not be studied by local techniques. A number of results re-
garding the metric projection and distance function corresponding to the convex sets
in Riemannian manifolds have been obtained. In [17] differentiability of the metric
projection for a closed locally convex subset S of a finite dimensional Riemannian
manifold M was shown. Moreover, the author proved that the distance function from
S, near and outside of S is of class C1.

In 1981, Greene and Shiohama proved that for a closed totally convex subset S of
a finite dimensional Riemannian manifold M, there exists an open set W containing
S such that the metric projection is locally Lipschitz on W; see [11]. It was shown
in [12] for a closed convex subset S of a finite dimensional Hadamard manifold M,
the metric projection is single valued and Lipschitz on M. We do not know if there is
any result regarding the metric projection onto convex subsets of infinite dimensional
Riemannian manifolds.

Our aim is to extend the results regarding the metric projection of ¢-convex sub-
sets of Hilbert spaces to infinite dimensional Hadamard manifolds.

The paper is organized as follows. Section 2 is concerned with the concept of lim-
iting subdifferential and some results related to nonsmooth analysis on Riemannian
manifolds. In Section 3, the notion of ¢-convex subsets of Hadamard manifolds is
introduced. Then some properties of metric projection onto these subsets are studied.

2 Limiting subdifferential and limiting normal cone

In this paper, we use the standard notations and known results of Riemannian mani-
folds; see [14]. In what follows M is a C*° smooth manifold modelled on a Hilbert
space H, either finite dimensional or infinite dimensional, endowed with a Rieman-
nian metric (., .), on the tangent space Ty M = H. In the case when y is a minimizing
geodesic and y (tp) = x, y (t;) =y, the parallel transport from 7, M to Ty M along
the curve y is denoted by Ly. Recall that the set § in a Riemannian manifold M is
called to be convex if every two points x1, x2 € S can be joined by a unique geodesic
whose image belongs to S. Also, f defined on a Riemannian manifold M is called
to be convex provided f oy : I C R — R is convex for every geodesic y : I - M
(parameterized by arc length).
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Metric projection onto g-convex subsets of manifolds

For a nonempty set S of a Riemannian manifold M, the set of metric projection of
the point g € M to the set S denoted by Ps(q) is defined as follows,

Pst@)={pe5:dig.p)=infd(g.2) = ds(q)].

Let us start with some definitions of nonsmooth analysis on Riemannian mani-
folds; for more details see [1, 2].

Let M be a Riemannian manifold, and let f : M — (—00, +00] be a lower semi-
continous function. The proximal subdifferential of f at a point x € dom(f) = {x €
M : f(x) < oo} denoted by dp f(x) consists of all ¢ € Ty M such that

FO) = f) + (¢ expr (), —od(x, y)?, 2.1)

for each y in a neighborhood of x.
The Fréchet subdifferential of f at a point x € dom(f) denoted by o f(x) is
defined as follows,

or f(x) = {dgo(x) | e CI(M), f — @ attains a local minimum at x}.

Now using the Fréchet subdifferential, we can define the limiting subdifferential of a
lower semicontinous function defined on a Riemannian manifold; see [15, 16].

Definition 2.1 Let M be a Riemannian manifold, and let f : M — (—o0, +00] be a
lower semicontinous function. We define the limiting subdifferential of f at a point
x € M denoted by df (x) as

Of (x) :=={w —1lim¢; : & € Ip f (xi), (xi, f(xi)) = (x, f(0))},

where w-lim signifies weak limit.

Note that a sequence (&;) with ¢; € T, M is said to converge weakly to { € T, M
provided x; converges to x in M and for every vector field V defined on an open
neighborhood of x;

(61, V@), — (6. V),

It is worthwhile to mention that

dp f(x) S O f(x) S Of (x). 2.2

Let S be a closed subset of a Riemannian manifold M. The Fréchet and proximal
normal cones of S at a point x € S are defined, respectively, by

NF(x,S) :=0rds(x),

and

Np(x,$) :=0pds(x),
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where §g is the indicator function of § defined by §s =0 if x € S and 65 = +o0 if
x & S. Itis easy to verify that £ € Np(x, S) if and only if there is o > 0 such that

(&, expy ' (1), <od(y,x)?, (2.3)

for every y in a neighborhood of x; see [13].
Similarly, we can define the limiting normal cone of S at x € S as follows,

N(x, S) 1= 88 (x).

Proposition 2.1 Let M be a Riemannian manifold and f : M — (—o00, +00] be a
lower semicontinous function.

@) If f is locally Lipschitz, then of (x) # ¢ for every x € dom(f).
(ii) For every x € dom(f),

af (x) ={w —lim¢ : & € 0p f(xi), (xi, f(x1)) = (x, F ()} 2.4

Proof (i) Fix x € dom(f). By [2, Theorem 3.2], there exist sequences {x,} and {¢,}
with &, € dp f(x,) such that (x,, f(x,)) = (x, f(x)). Suppose that f is Lipschitz
of rank L in a neighborhood of x. Then [2, Proposition 3.1] implies ||, ||x, < L forn
large enough. We extract a subsequence of {Ly, x(&,)} which converges to an element
¢ € Ty M in weak topology. Hence, (without relabeling) for every C°°-vector field V
on a neighborhood of x € M we obtain

(é‘n, V(xn)>x,, = <Lx,1x (&n), Ly, x (V(xn))>x - <§1 V(x)>x»

which means ¢, converges to .

(i) Set A = {w — lim¢; : & € dp f(xi), (xi, f(x)) = (x, f(x)}. Let ¢ €
df (x). Hence, there exist sequences {x,} and {¢,} with ¢, € dF f(x,) such that
(xn, f(xn)) = (x, f(x)) and &, — ¢. By [2, Proposition 3.10] there exist y, €
B(xy, 3) and ¥, € 3p f (yn) such that | f (y,) — f (x| < 5 and 15, = Ly, x, ¥a) |1,
< % It is easy to see that (y,, f(y,)) — (x, f(x)) and ¥, — ¢. Therefore, ¢ € A
and (2.2) completes the proof. g

We recall that a simply connected complete Riemannian manifold of nonpositive
sectional curvature is called a Hadamard manifold.

Proposition 2.2 Let M be a Hadamard manifold and S be a closed convex subset of
M, then ¢ € Np (s, S) if and only if (¢, exp; ' (s"))s < 0 for every s’ € S.

Proof Let ¢ € Np(s,S). By [1, Theorem 4.3] there exists ¢ € CY(M) such that
¢ =dg(s) and 85 — ¢ attains a global minimum at 5. Hence ¢(s) < ¢(s) for every
s’ € S. Fix an arbitrary s’ € S. Since § is convex, the unique geodesic y : [0, 1] > M
joining the points s, s, defined by y (¢) := exp, (¢ exps_1 (")), belongs entirely to S.
Therefore, g o y(t) < ¢ o y(0) for r € [0, 1]. So we can deduce that

0= (poy)'(0) = (¢, exp; ! (s)),-

By (2.2) and (2.3) one can obtain the reverse implication. O
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The following lemma has an essential role in the next section.

Lemma 2.1 Let M be a Hadamard manifold, S be a closed subset of M and yo ¢ S.
Suppose that there exists xo € S such that xo € Ps(yy). Then exp;o1 (yo) € Nr(xo, S).

Proof Since the function g(s) = d(s, yo)? attains a minimum at xo on S and is CZ on
M, it follows from [2, Proposition 3.1] that

ad
0 € 2d(xq, yo)a(XO, Y0) + dpds(xo).

Hence, [1, Lemma 6.5] implies
1 od
2expy, (yo) = —2d(xo, yo)g(Xo, y0) € Np(xo, S).

Now using (2.2) for the indicator function corresponding to S completes the proof. [

3 Maetric projection onto ¢-convex subsets

In this section we establish our main results. First we introduce the notion of ¢-
convexity for subsets of Hadamard manifolds. This class of sets is of particular im-
portance, since it includes convex sets. Moreover, some results regarding the exis-
tence and properties of the metric projection of convex sets are extended to ¢-convex
sets of Hadamard manifolds.

Definition 3.1 Let M be a Hadamard manifold, and S be a closed subset of M. We
say that S is ¢-convex if there exists a continuous function ¢ : S — (0, 400) such
that

<§, exp;l(y))x < @) llxd(x, y)2, forevery x,y e Sand ¢ € Nr(x,S). (3.1)

Note that in Definition 3.1 when the function ¢ is a constant ¢y then we say that
S is go-convex.

Example 3.1 1If S is a closed convex subset of a Hadamard manifold M, then by
Proposition 2.2, S is 0-convex.

In the following example, it is demonstrated that a ¢p-convex subset of a
Hadamard manifold is not necessarily convex.

Example 3.2 Let M be a Hadamard manifold modelled on a separable Hilbert

space H. Fix x € M and suppose that {e,},cN is an orthonormal basis of T, M. Set

Xp:=(1+2"")e,, n € N and define y, :=exp, (xn), S := {¥n}nen. It is obvious that

I%m — Xn 12 = 1% |2 + x4 |> > 2. 1t follows from [14, Corollary 3.10, p. 252] that
d(Ym, Yn) = d(expx (Xm), EXP, (xn)) > lxm — Xnllx-
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Therefore
f||exp) o]y, 7||xm — Xnllx > 1. (3.2)

Now (3.2) implies that for ¢ € Ty, M,

Ym

_ _ 1
(¢.expyt ), <1y, Jexpy G, < Encnym |expy,) (yn>||

1 2
_||§||ymd(ym, yn) )

2

which means S is %-convex. Note that since § is countable, it is not convex.

Using [1, Lemma 6.5], Proposition 2.1 in [4] can be extended to Hadamard mani-
folds.

Proposition 3.1 Let S be a closed subset of a Hadamard manifold M and ¢ : S —
(0, +00) be a continuous function. Then S is ¢-convex if and only if for every x, y € S
and ¢ € 0pds(x), ¥ € dpds(y)

(¢ = Ly (), exp; '), < [eIE e + oMW lly]d (x, 3)2. (3.3)

The following theorem provides a sufficient condition for the uniqueness of the
closest point from a ¢-convex subset of a Hadamard manifold.

Theorem 3.1 Let S be a ¢-convex subset of a Hadamard manifold M and x € S.
Suppose that y € M is such that exp;l(y) € Nrp(x, S) and 2¢(x)d(x,y) < 1. Then
Ps(y) ={x}.

Proof Fix an arbitrary z € S. It follows from [14, p. 261] that
d(y,2)* > d(y,x)* +d(z,x)* = 2fexp; ' (). exp; ' (2), - (3.4)
Since S is ¢-convex it follows that
d(y,2)* = d(y,x)* +d(z,x)* = 20(x)d(x, y)d(x, )’
=d(y.x)” + (1 —2p(x)d(x, y))d(x, 2)*
>d(y,x)>.

Hence, d(y, z) > d(y, x). Since z is arbitrary, x is the unique element of S satisfying
d(y,x) =ds(y). O

Let S be a g-convex subset of a Hadamard manifold M and y € M. We define a
new distance between y and S as follows:

8p(y,S) = lim sup 20(x)d(x,y).
d(x,y)—>ds(y), xeS
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Moreover, we define a tabular set containing S denoted by S which consists of all
y € M with the following properties:

(i) 8y (v, S) < 1.

(i1) There exists a real number » > 0 such that SN {x e M : d(x,y) <r} is
nonempty.

In the following theorem employing Shapiro’s variational principle, we prove that
Ps:8— Sis single valued.

Let us recall Shapiro’s variational principle, see [18]. Consider the optimization
problems

min f(x), (3.5
xes
Ecréi;lg(x), (3.6)

where f,g: H — Rand S, T are subsets of a Hilbert space H. Let x(o be an optimal
solution of the problem (3.5) and let x be an e-optimal of (3.6), i.e., x € T and

g(x) < inf g(x) +e.
xeT

Suppose that there exist a positive constant « and a neighborhood W of x¢ such that
forallx e SNW,

f(x) = f(xo) +allx —xoll?.

Suppose further that f(x) and g(x) are Lipschitz continuous on W with Lipschitz
constants k1 and k», respectively, and that x € W. Then

1€ —xoll <o 'A+a V22 428 + a2 (k18 + kady)'/?,

where 61 = sup, craw dsnw (x) and 62 = drnw (xo), A is a Lipschitz constant of the
function 2(x) = g(x) — f(x) on W. Note that if S =T, then §; =, =0.

Theorem 3.2 Let S be a ¢-convex subset of a Hadamard manifold M. Then Ps :
S — S is single valued.

Proof Letx € S and r > 0 be such that S N {yeM:d(x,y) <r} is nonempty.

If ds(x) = r, then there exists y € § such that d(x,y) <r =ds(x) <d(x,y),
which implies the existence of a point y € S satisfying d(x, y) = ds(x). Now, from
Theorem 3.1 and Lemma 2.1 it follows that y is unique.

If ds(x) =0, then Pg(x) = {x} and the proof is complete.

If 0 < ds(x) < r, then by Corollary 3.6 in [2] there exist sequences x; in M and
y; € S such that lim; . o x; = x and d(x;, y;) = ds(x;). Therefore

lim d(x, y;) = lim d(x;, y;) =ds(x),
11— 00

1—> 00
and

limsup2¢(y;)d(x, y;) < 1. 3.7

i— 00
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Now, we claim that {y;} is convergent to a point y # x, hence

lim y; =, 20(y)d(x,y) <1 and d(x,y)=ds(x),
11— 00

and Lemma 2.1 implies that expy_1 (x) € Nr(y, S). Hence, by Theorem 3.1 the proof
is complete.

To prove the claim, by (3.7) there exists a subsequence, still denoted by {y;}, such
that limsup;_, ., ¢(y;) < 400, hence limsup;_, o, 2¢(y;)d (x;, y;) < 1.

Now since d(x;, y;) = ds(x;), by Lemma 2.1 we get exp\_,fl(x,-) € Nr(y;, S) and
from @-convexity property of S, for arbitrary z € S and i € N,

(expy,! (i), expy, (@), < @A (i, xi)d (i, 2)*. (3.8)

On the other hand, we consider the following optimization problems forn, m € N,

mind(x,,2)° = min  d(x,,exp, ()’ (3.9)
z€$ veexpy L (S)

. 2 . 2
mind (x,,,z)° = min  d(xn,exp,(v))". (3.10)
z€$ veexpy H(S)

By [14, p. 261] forevery z € S
2 2 -1 -1 2
d(x,,2)" —d(x,, yn)© > —2<3Xpyn (xn), CXPyn (Z)>}’n + d(Yns 2)°. (3.11)
Hence it follows from (3.11) and (3.8) that for every z € S
d(xn, 2)* = dns y0)? = (1= 20(3)d (Y, X0))d (Y, 2)°.

Now we define a new sequence in 7, M as follows, {w;} = {exp;1 (yi)}. Therefore, if
exp, (v) =z, [14, Corollary 3.10, p. 252] implies that

d(xn, 2)* — dGn, y0)* = (1= 20(n)d (Y, Xn))d (Wi, V).

By Shapiro’s variational principle,

2
d(wy, wy) < d(xn, Xm),
P 20 d (i, x) T

which means {w;} is Cauchy in complete space 7M. Therefore, there exists w €
T¢M such that w; — w. Since S is closed in M and exp, is continuous, y; =
exp, (w;) — exp,(w) =y € S, as required. O

Now we prove that Pg is locally Lipschitz on a neighborhood of a ¢-convex sub-
set S of a Hadamard manifold M. Hence it follows that Pg is almost everywhere

differentiable on a neighborhood of §.
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Theorem 3.3 Let S be a ¢-convex subset of a Hadamard manifold M. Then there
exists neighborhood U containing S such that Ps is locally Lipschitz on U .

Proof Let x be an arbitrary point of S and ¢(x) < My. Since ¢ is continuous, it
follows that there exists B(x, ry) such that ¢(y) < M, + 1 for every y in B(x, ry). Set
oy < min{%‘, m} and 4a, (1 + M) = Cy. Using [1, Theorem 2.3] there exists
B such that exp;l is Lipschitz of constant ﬁ on B(x, Byx). Set py < min{By, oy }.
One can deduce that dg(y) <d(x,y) < px, forevery y € B(x, p,). Hence

3 (¥, 8) <dp(1+ M) <Cy < 1.

For each x € § we choose number p, and set U = UXe s B(x, px). The open set U
contains S and by Theorem 3.2 for every y € U there exists one and only one x € S
such that d(x, y) = ds(y). We claim that Pg is Lipschitz on B(x, p,) forevery x € S.
Fix an arbitrary x € S and let x;, x be two arbitrary points in B(x, px). To prove
the theorem, we shall use Shapiro’s variational principle. Consider the optimization
problems

mind(x,2)> = min  d(x1,exp,(v)’, (3.12)
z€§ veexpy L(S)

and
mind(x,2)> =  min  d(x2, exp,(v)). (3.13)
ze§ veexps L(S)

Let Pg(x;) =x;, i =1,2. By [14, p. 261] forevery z € §
d(x1.2)° = d(x1.x])" 2 =2exp, (k). exp @) +d(x.2) . G4

From ¢-convexity property of S,

1
<exp;i] (x1), exp;i1 (Z)>xi < <p(x{)d(x{,x1)d(x{,z)2 < Ede(xg,z)z.

Hence it follows from (3.14) that
2

d(x1,2)> —d(x1,x)° = (1= Cod(x], 2)*.

Therefore, if exp, (w;) = xlf, i =1, 2 and exp,(v) = z, then [14, Corollary 3.10,
p- 252] implies that

d(x1,2)? —d(x1,x})° = (1 = Cod(wi, v)2.

Due to the choice of p, and employing Shapiro’s variational principle,

d(Ps(x1), Ps(x2)) =d(x,x5) < d(wy, wa) <

I 2
S A1, x).
I—C, Sa_c ™ o
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Definition 3.2 Let M be a Riemannian manifold. A mapping X : M — T M satisfy-
ing Xy € TyM for all y € M is said to be Lipschitz vector field of rank k near a given
point x € M, if for some ¢ > 0, we have

1Ly X(y) — X(@); <kd(y,z) forallz,ye B(x;e),

where B(x;¢) is convex, and L, is parallel transport along the unique geodesic
connecting z and y.

Note that if we consider the Riemannian metrics on M and T M, then above def-
inition is equivalent to the usual definition of locally Lipschitz functions on metric
spaces, see [3, p. 241]. Any two Riemannian metrics being each bounded locally
by a constant multiple of the other, give equivalent concepts of Lipschitz continuity
though not the same local Lipschitz constant.

Definition 3.3 The function f : M — R defined on a Riemannian manifold M is
said to be C'* if f is differentiable with the locally Lipschitz gradient vector field
grad(f): M - TM.

Theorem 3.4 Let S be a ¢p-convex subset of a Hadamard manifold M. Then there
exists a neighborhood U containing S such that d§ isC'tonU\S.

Proof We consider the neighborhood U as in Theorem 3.3. We claim that for every
x € S, there exists a number A, such that d§ + Acd(x, )% is convex on B(x, py). Let
X1, X2 be two arbitrary points in B(x, p,) and Ps(x;) = xl.’, i =1, 2. We may assume
that deg(xi), i =1, 2 is nonempty; see [2, Theorem 3.2]. Then [2, Theorem 3.3]
implies d§ is differentiable at x;, i = 1,2. Since d(., x)*: M — R is strongly mono-
tone; see [10],

expy; (), expy; (), + {expi! (), expy (en)),
> d(x1,x2)%. (3.15)

Theorem 3.3 implies

4
(m - 2)d(x1, x2)* = =2d(x1, x2)* +2d (x1, x2)d (x}, x3).
- x

On the other hand it follows from [14, p. 261] that
—d(x1, )c;)2 —d(x2, xé)2 —d(x1,x2)* —d(x1, x2)> + d(x1, x2)2 +d (x5, x1)2
> —Z(exp;ll (x1). exp;ll(xz))ﬂ - 2<exp;21 (x5). exp;z1 (x1)>x2' (3.16)

Therefore by [10, Proposition 3.4], (3.15) and (3.16) it can be deduced that dg +
2-(1-Cy)?
(1-Cy)?
implies that 8pd§ is nonempty valued on B(x, p,) which proves differentiability of

ds on B(x, py).

d(.,x)? is convex on B(x, Px). This shows our goal, and it also in turn
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It remains to show that vector field grad(dg) :U\ S — TM is locally Lipschitz.
Assume that X (z) = % (z, q) is the unite tangent to the unique minimizing geodesic
segment from z to Pg(z), where g, is on the unique geodesic connecting z and Ps(z)
and closed enough to z. Along the same lines as [11, Proposition 4.1] one can prove
that the vector field X is k, Lipschitz on B(x, px) \ S. Also [2, Theorem 3.3] implies
that for every x1 € B(x, py) with Ps(x1) = xi, grad(dg)(xl) =2d(x1, xi)%(xl ,q1)
where ¢ is on the unique geodesic connecting x| and x| and closed enough to x;.

Now, let x1, xp be two arbitrary points in B(x, py) and Pg(x;) = x{, i=1, 2.
Without loss of generality suppose that d (x2, x}) < d(x1, x{). So that

ad ad
Lxlxz <2d(-xls x;) a_x(xl i 4]1)) - Zd(x27 xé)a_x(x27 Q2)

X2

< 2d(x1.x]) +2]d(x1.57) - d(22. )|

X2

od ad
Ly, a(xl,lﬂ) —a(xz,qz)

< 2kyd(x1, x7)d (x1, x2) +2(d (x1, x5) — d(x2,x5))
< 2kyd(x1, x7)d(x1, x2) 4+ 2d (x1, x2) < 2pyky +2)d(x1, X2),

which completes the proof. |
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