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A (de-)motivating example

Consider the class Fy of infinitely differentiable functions
f:[0,19 - R
such that
IIf]| == sup||Df|loo < 1.
(03
Minimal deterministic worst-case error:

error(n, d) :=inf sup ||f — Apf||eo
An feF,

Ap: deterministic algorithm adaptively using n arbitrary linear
functionals (e.g. Fourier coefficients, line integrals, derivatives)

N)
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A (de-)motivating example

For any r > 0, we have
error(n,d) < G g n™".
Information complexity:

n(e,d) := min{n € IN : error(n, d) < €}.

Theorem ([Novak, Wozniakowski (2009)])
For all e € (0,1) and all d € N, we have

n(e, d) > 2L4/2],
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The curse of dimensionality despite of smoothness

Corollary

The Lo-approximation of infinitely differentiable functions from Fy4
suffers from

the curse of dimensionality.

Remarkable:

» Smoothness does not guarantee tractability in high
dimensions!

» Asymptotic decay rates give no indication for the
complexity!
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How to overcome the curse?

What additional a priori knowledge guarantees tractability?

> Sparsity? » Structured functions?

What determines the complexity?

asymptotic decay rates vs. preasymptotics



Notions of tractability

Weak tractability (WT):

im log n(e,d)
1/e+d—o0 1/€—|—d N

Uniform weak tractability
(UWT):

forall a, 6 >0

im log n(e, d)

——— = =0.
1/e+d—o0 1/€a +dP

Quasi-polynomial tractability

(QPT):

there exist constants C,p,q > 0
such that

nle.d) < C (1/e)P(1t+logd) 4a 6,3



Sobolev spaces of periodic functions

T = [0,27)9
The classical Sobolev space H™(T?) consists of all

periodic functions f € L(T¢)

such that

D'f € Lr(T9)  forall y € N§ : ||v]j1 < m.

What norm to equip H™(T¢9) with?



A family of equivalent norms on H™(T)

The classical norm:

112 =22 ID7FI5 =m > 1+Z\k|

Ivlli<m kezd i=1

™ F(R)P
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A family of equivalent norms on H™(T)

1/2
11l (e = (Z Wi p(k)? I?(k)lz)

kezd
d
Weights: Wm,p(k) = (1 + Z |ki|p)m/p
Wm,oo(K) 1= maX{l \kl - | kal "

17 NP LAY
LJ; An‘An.

p=2 p=1 p=20.5 p=0.1

p < 1: compressibility constraint on frequency vectors
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Approximation numbers

Sobolev space of fractional smoothness o > 0:

H*P = {f € Lo(T) : ||f| oop(ray < 00}
Fa = {f € Lao(T) : || fllpas(ray < 1}

Minimal non-adaptive worst-case error
(aka. approximation numbers):

error(n, d) = inf sup |f — Anfl|2
An ||l o,y <1

= appr(Id 1 HOP(T?) = Lo(T9))

Only non-adaptive algorithms!
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Historic perspective

In 1967, J. W. Jerome proved

Ca,d n—/d < error(n,d) < Co g n—/d

Result holds true for any of the norms || - || ya.p(14)-

Where is the compressibility information gone?
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All information is in the weights

(0n)nenv: non-increasing rearrangment of (1/wq p(k))xezo

Optimal algorithm:

» Order frequency vectors k € /i according to (o) nenN:

k), (2) k(3),...

) )

» Take

. 1S 3000 oik0x
j=

error(n,d) = sup |f — ALfll2 = ont1
”f”Ha,p(Td)Sl



Counting via entropy
Consider, for instance, p =1 '

N

1/2
11l e ey = (Z (1+ [|k[15)>7P If‘(k)lz) k‘

kezd ‘

Counting: #{k € 7.4 | kllp < m} —— ’ ... ‘

1/m-covering of B in (4,

Entropy numbers ¢,(B9, (2.):

p2 oo
minimal number of ¢ -balls of radius ¢ which cover Bg
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Characterization by entropy numbers

error(n, d) = inf sup If — Anf||2
An 11l o, e S

Theorem ([Kiihn, M., Ullrich (2015)])
For all o > 0 and all 0 < p < oo, we have

error(n,d) =< 5,,+1(Bg, 04,

(With constants independent of n and d)
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Characterization by entropy numbers
en(Bg,€9): behavior in n and d completely understood!

For p = co, we obtain

1 1<n<?2d
error(n, d) <q p { ==

n—a/d . n> od

— curse of dimensionality

For p < 0o, we obtain

1

,1<n<d
d) = log(1-4d/ log m) \ /P d
error(n, d) <qp T ,d<n<2
d—a/pn—a/d , n> d

— weak tractability iff « > p strong compressibility —
almost uniform weak tractability
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Relaxations of sparsity Sparsity

s \

Compressibility Hyperbolic cross

VAN
kT4

wa.p(k) = (1+ 2Ly [kilP)*/? wa.p(k) = [Ty (1 + |kif?)*/
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Sobolev spaces of dominating mixed smoothness

error(n,d) =inf  sup |f — Anfl|2
A il (pay<1

Theorem ([Kiihn, Sickel, Ullrich (2015)])
For1l < n< 49, we have

e2

TFiogd
) . —> quasi-polyomial tractability
n

error(n,d) < <

For n > 49, we have
error(n, d) =< n~*(log n)*(d—1)

(with constants decaying super-exponentially in d ).
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Sparsified Sobolev spaces
HY(T9, s) := {f € H¥>(T9) : f(k) = 0 if supp(k) > s}

Theorem ([Kiihn, M., Ullrich (2015)))

1 n<25(9,
dsn—/s n> 25(‘:).

error(n, d) =< {

— polynomial tractability

(this time the asymptotic decay is crucial!)
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Ridge functions

f: QCRYSR,

fx) =g(a-x) = g(Za,x,

a € RY: ridge direction,  g: univariate profile
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Ridge functions on the Euclidean unit ball

Fora>0and 0 < p <2, (p < 1: compressibility)

RP(B9) = {g(a): Bf = R, |lglLip(e) < 1. [lallp <1}

a=s+08, |lgllLip, = max{lglloc, lgMlloos- -, & oc: 1)}
Minimal deterministic worst-case sampling error
(aka. sampling numbers):

error(n,d) = inf sup ||f — Spflleo
Sn feRGP

Sh: deterministic algorithm adaptively using n function values



Lipschitz spaces

Consider general multivariate Lipschitz functions

f:By - R.

Then,

error(n,d) =inf sup ||f — Spflloo < {1 :n<2d

St | FllLip(er <1 n~e/d :p>2d
For univariate Lipschitz functions
g [-1L1] =R,
it is well-known that
@

error(n,d) =inf  sup |lg — Sngllco X N~

" ||gllLip(a)<1



Why should recovery of ridge functions be hard?
Concentration of measure phenomenon:

a - x will be small with high probability for large d!

Fooling profile:
In case a = 1, consider f(x) = g*(a- x).

-1 —1+47 ‘ 1—7 1

For n sampling points,

= ea(891 )2,
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Characterization by entropy numbers

Theorem ([M., Ullrich, Vybiral (2014)])
Forall« >0 and all0 < p <2
5,,(Sg_1,€g)2" <error(n,d) < sn/(d+s) (Bg, Eg,)“

(p': dual index of p)
log error(n, d)
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Tractability results (Euclidean ball)

Theorem ([M., Ullrich, Vybiral (2014)])

Loo-reconstruction of ridge functions from the class R5P(Bg) in
the deterministic setting

» suffers from the curse of dimensionality iff
p=2,

> s intractable if p < 2 and

< -
“=1p_1/2
> s weakly tractable if p < 2 and

1
“Z Umax (L, p} — 1/2'
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Ridge functions on the cube

Fora>0and 0 < p <1, (p < 1. compressibility)

’R’Z’é’p([_la l]d) = {g(a‘) : [_17 1]d - R, HgHLip(a) <1, HaHP < 1}

Probabilistc worst-case sampling error:

prob-error(n, d) :=

inf sup inf{e > 0:P(||f — Spfllcc <€) >1/2}
Sn fERG



Theorem ([Doerr, M., Rudolf])
Letao>1and0 < p<1.
1. Ford < n <exp(d/8)/2, we have

T
[1 < prob-error(n, d) <

log(n — d)

) a(1/p-1)
log(n)

2. Forn>29+ d, we have

n=® < prob-error(n, d) < 2%(n — d) .

26
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Tractability results (cube)

Theorem ([Doerr, M., Rudolf])

Loo-reconstruction of ridge functions from the class RyF([—1,1]9)
in the probabilistic setting

1. suffers from the curse of dimensionality iff
p=1,

2. is intractable iff0 < p < 1 and

<
=11

3. is weakly tractable iff0 < p < 1 and

1

a>1/p_1.
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Summary

Sobolev ridge(ball) ridge(cube)

CURSE p=o0 p=2 p=1

WT a>p a>(m_%)—l a>(%— )1
(almost)

UWT strong compressibility (p < 1)

QPT hyperbolic cross ?

PT sparsity lg'(0)| > & sparsity,

lg’(0)] >k, a>0
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Conclusions

For high-dimensional approximation problems:

» Asymptotic rates can have a very low significance
» Complexity is often determined by preasymptotics
» Smoothness can be enough

» Structure does not always help
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