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ON WEIGHTED HILBERT SPACES AND INTEGRATION OF
FUNCTIONS OF INFINITELY MANY VARIABLES

MICHAEL GNEWUCH, SEBASTIAN MAYER, AND KLAUS RITTER

ABSTRACT. We study aspects of the analytic foundations of integration and closely
related problems for functions of infinite many variables x1,zo,... € D. The setting is
based on a reproducing kernel k for functions on D, a family of non-negative weights
Yu, Where u varies over all finite subsets of N, and a probability measure p on D. We
consider the weighted superposition K = ) 7.k, of finite tensor products k, of k.
Under mild assumptions we show that K is a reproducing kernel on a properly chosen
domain in the sequence space DV, and that the reproducing kernel Hilbert space H(K)
is the orthogonal sum of the spaces H(v,k,). Integration on H(K) can be defined in
two ways, via a canonical representer or with respect to the product measure p" on DV,
We relate both approaches and provide sufficient conditions for the two approaches to

coincide.
Dedicated to J. F. Traub and G. W. Wasilkowsk:
on the occasion of their 80th and 60th birthdays
1. INTRODUCTION
For functions of infinitely many variables z1, x5, ... € D with D denoting a non-empty

set, the study of quadrature problems and their complexity was initiated in [10], and it has
intensively been studied recently, see [2, [7) [8 9L [15], [16] (17, 20] and the preprints [3, 4. [6].
In the same setting function approximation is studied in [24], 25| 26], linear tensor product
problems are studied in [22], and a non-linear problem associated with elliptic PDEs with
random coefficients is studied in [14] 13]. See [23] for a survey.

The present paper is devoted to some aspects of the analytic foundations of computa-
tional problems of this kind.

Let us outline the setting in the references mentioned above together with a discussion
of our results. At first we consider the underlying function spaces, and then we turn to
the integration functional, which is to be approximated.

The construction of spaces of functions with an infinite number of variables is based
on a reproducing kernel k for functions of a single variable x € D and on a family of
weights 7, > 0, which indicate the importance of the group (z;);e, of variables for finite
sets u C N. Formally, this leads to

K= Z 'yukua
u

where u varies over all finite subsets of N and where £, is the |u|-fold tensor product of
k such that the functions in the associated reproducing kernel Hilbert space H (k,) only
depend on () jeqy-
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2 GNEWUCH, MAYER, AND RITTER

In this paper we study a domain X C DY such that K is actually a reproducing kernel
on X x X and that the spaces H(7,k,) form an orthogonal decomposition of H(K') under
mild assumptions. The latter fact has been used in [9, [10], e.g., without providing a
rigorous proof. Moreover, we show that the space H(K) is isometrically isomorphic in
a natural way to the quasi-reproducing kernel Hilbert space introduced and studied in
[15], 20, 25| 26] for integration and function approximation.

Two different ways are used to define the integration functional for f € H(K). Both of
these constructions are based on a probability measure p on D such that H(k) C Ly(p),
which implies

/ngp = (9, )

for every g € H(k) with a representer h € H (k).

Either, one studies the Lebesgue integral with respect to the product measure = p™ on
DN, Taking into account that u(X) € {0, 1}, the functions f € H(K) have to be properly
extended from X to DV, in particular if u(X) = 0. At this point we are free to think of
the kernels k, as being defined on X x X or D" x D". This distinction is indeed only of a
technical nature, which will become clear when we introduce the kernels rigorously. The
extension T'f is given as the L;-limit of the orthogonal projections of f onto the spaces
H(Y ucq,. s Yuku), and it leads to the integral

= [ Trde
Clearly

L(f) z/xfdu

if w(X)=1. Cf. [2, 3, 4, [7, 18, 6], @, 10, [17].
Alternatively, one studies the bounded linear functional

IQ(f) = <.fa Z Vuhu>K

on H(K), where
ha(x) = [ b(z;). x € X.
j€u

Here, as previously, u varies over all finite subsets of N. We are free to think of A, as being
defined on X or D", so that this function is the representer of integration with respect to
the product measure p* on D*. Cf. [15], 20].

We provide necessary and sufficient conditions for I; and Is to be well-defined and for
I; = I, to hold true. In particular, we show that

L =1
if
27u||Ju||2 < 00,

where J, denotes the embedding from H(k,) to Li(p").

The paper is organized as follows. In Section [2] we present the basic assumptions on the
kernel k& and the weights 7,, and we introduce the domain X for functions of infinitely
many variables. The associated spaces of functions of finitely many and infinitely many
variables are studied in Section [3, with Proposition Pl being the main result. In Section 4l



WEIGHTED HILBERT SPACES AND INTEGRATION 3

we present further assumptions on k£ and p, which are then used to study the associated
finite and infinite dimensional integration problems. Here the main result is Proposition [l
An appendix contains some basic results on reproducing kernel Hilbert spaces.

2. PRELIMINARIES

Throughout this paper we use the following notation. For x = (z;)jey € DY and
0 #u C N we put x, = () jeq € D", and u® denotes the complement of any set u C N.
Unless stated otherwise we use u, v, and w to denote finite subsets of N in the sequel. For
s € N we let 1: s denote the set {1,...,s}.

We use basic results from [I] about reproducing kernels and the corresponding Hilbert
spaces frequently without giving further references.

2.1. Assumptions. We assume that

(A1) k # 0 is a reproducing kernel on D x D with D # (),
which satisfies

(A2) H(k)yn H(1) = {0}.
With

m = inf k(z,x)
zeD
we furthermore assume that

(A3) (V) is a family of non-negative weights such that

Z Yo mI < 0.
u

Put
Dy ={x € D :k(x,x)=0}.
If Dy # () then any point in Dy is called an anchor for the kernel k. Accordingly, we often
distinguish between the anchored case Dy # () and the unanchored case Dy = ().

Remark 1. Assumption ([A3) trivially holds in the anchored case and, more generally, if
m = 0. In the sequel, let m > 0. For product weights

Yu = nyj

JEU
with any sequence of real numbers v; > 0, which were introduced in [2I], assumption
(A3)) is equivalent to

) S, < oc.
j=1
For product and order dependent (POD) weights of the form

Y = lul!- [T

JEuU

see [14], condition (Il is a necessary condition for (A3]), while sufficient conditions are,

e.g.,
Z v < 1/m,
j=1
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see [14, Lemma 6.2], or
>
j=1

for some € > 0, see |4, Cor. 1]. For finite order weights, i.e., v, = 0 if |u| > r for some
constant r, see [5], we have ([A3)) if and only if

D < o0
2.2. The Domain. In the present setting
X={xe DY . Z%Hk(:cj,xj) <00}

u JjEu

turns out to be the natural domain for functions of infinitely many variables.

Lemma 1. Given (All), the assumption (A3]) is equivalent to X # 0. Moreover, if there
exists a minimizing sequence (xj)jen for k such that k(xj,x;) > m, then X contains
elements with pairwise different components.

Proof. Obviously X # () implies (A3]). To prove the reverse implication choose €; > 0 such

that 3% &; < 00. In the case m > 0 we may take z; € D such that k(z;, z;) < (1+¢;)m
to obtam
o0
Z%Hk’xj,xj <Z% Hl—i-gj)
u Jj€Eu J=1

from (A3). In the case m = 0 we choose z; € D such that k(z;,z;) < 1 and

2j71 +IMaX 7Yy, - k(l’j,l’j) < €j.
uCl:j

This yields [],c, k(we, 2¢) < k(x;,2;) with any j € u as well as

Z%Hk T, ;) <ZQJ ! -max "y, - k(x;,z;) < co.

uCl:j
u#) JEu
The second statement of the lemma is obv1ous now. O
For s € N put
= ({xeD™" : Y yuw [ Fj,2)) < 00}
uCl:s wC(1:s)° JjEW

and

X, = D' x R,
as well as

= U{XEDNix]’EDo}.

j€lis
Lemma 2. For every s € N we have
X=X
in the unanchored case, and
D" x D" Ccx, CxCx, UM,

in the anchored case. In particular, X, # () in both cases.



WEIGHTED HILBERT SPACES AND INTEGRATION 5

Proof. The lemma follows easily from

;%Hk’(ﬂﬁjal’j) = > (H’f(l‘j?%‘)' > %UwHk(l’j?xj))

jEuU uClis “jEu wC(1:s)¢ jEW
and the fact that X # (), see Lemma [Tl U

Example 1. Let D = {0,1}, and let k(1,1) = 1, while k(x,y) = 0 otherwise. Moreover,
let v, = 1if 1 € wor u = (, while vy, = 0 otherwise. Then x € D" belongs to X if and only
if 1 = 0 or z; = 1 for at most finitely many j € N. In particular, X is not a Cartesian
product Ey x E, with any sets £y C DY and F, C DU for any s € N. See, however,
Lemma [§] below.

3. THE FUNCTION SPACE

In this section we study the superposition of weighted tensor products of the kernel k
and the associated reproducing kernel Hilbert space.

3.1. Functions of Finitely Many Variables. At first we consider the reproducing
kernels

ky(X,y) = Hk(xj,yj), x,y € X,
j€u
as well as the associated reproducing kernel Hilbert spaces H(k,). By definition, kg = 1
so that H(ky) consists of all constant functions on X.
The following fact is an immediate consequence of the reproducing property, and it
shows in particular that the functions in H(k,) only depend on finitely many variables.

Lemma 3. Forx,y € X and f € H(k,) we have
Xe =Yyu = [f(x)=f(y)
In a second step we define for any v the weighted sums
Ky(x,y) =Y vuku(x,y), x,y € &,
uCv
of reproducing kernels k,. Clearly K, is a reproducing kernel, too, and
HI) = { Y fut fu € Hwk)) |-
uCo

If 7, > 0 then H(y,k,) = H(k,) and

1 fullren = 722 1 fulli f e H(ky).

The tensor product form of the kernels &, allows to deduce that H(k,) N H(k,) = {0}
if u # v. Inductively, it follows that ) ~, .. f. = 0 with f, € H(k,) implies f, = 0 for all
u C1:s. See, e.g., [9, p. 233] for a proof in the case D C R, which literally carries over
to the case of arbitrary sets D. We refer to Lemma [[1] for further equivalent formulations.
In particular, this yields the following well-known fact.

Proposition 1. The spaces H (k) with u C 1 : s are pairwise orthogonal in H(Kj.s).
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Remark 2. In general, Proposition [Il does not hold for arbitrary kernels k, such that
H(k,)NH(k,) = {0} for u # v and that f, € H(k,) only depends on the variables z; with
j € u, cf. Lemma[3l As a counterexample, let v, = 1 for every u, and consider D = R as
well as

ko(x,y) =1,
k’{l}(X,Y) =1 Y1,
kiy(x,y) = 22 - yo,
ko (x,y) = (o1 + 22) - (y1 + y2).

Then H(kp) = span{l}, H(kqy) = span{zi}, H(k{sy) = span{z,}, and H(kp o) =
span{z; + x5 }.

For the sake of completeness we show that every function f € H(K.s) may indeed be
identified with a function on D'* or DN, and K., may be identified with a kernel on

DY x D% or DN x DN, as well. It will be an immediate consequence of Proposition [
Lemma [3] and Lemma [ below. Put

lu(X7Y):Hk(xj7yj)7 X,YEDua
JE€U
which formally differs from k,, since the underlying domain is D" instead of X. For
f € H(l,) we define the mapping ¢, f : X — R by

Yo f(x) = f(xu), xcX.
Lemma 4. The mapping v, defines an isometric isomorphism between H(l,) and H(k,).

Proof. Let a') € R and y® € D" for i = 1,...,n. Due to Lemma B there exist x® € X
such that x\) = y®. Put

f= Za(i) lu(-,y(i))
i=1
to obtain
wuf = Z a(l) ku(a X(i))a
i=1

which in particular yields || f|l;, = ||¥uf]lx.- We conclude that 1, defines a linear isometry
between span{l,(-,x) : x € D"} and H(k,) with a dense range. Use the reproducing
property to complete the proof. O

Clearly, we have 1, ! f(y) = f(x) for every f € H(k,) and all y € D" and x € X with
X, =Y.

3.2. Functions of Infinitely Many Variables. Finally, we consider the limit
K(X7y) = nyuku(x,y), X,y € %7

of the sequence of kernels K;.;. Note that X is the set of points x € D" such that Ki.5(x,x%)
converges as s tends to infinity. Hence ) 7,|ku(x,y)| < oo for all x,y € X, and K is
a reproducing kernel on X x X. Since K — K, is a reproducing kernel, too, we have
H(K,) C H(K) and ||f|lx, > || fllx for all f € H(K,). As a consequence of Proposition
[ and Proposition [2 below we actually have equality of the norms.
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Counsider the direct sum

= {(fu)u Ju € H '7u u Z ||fU||'yuk:u < OO}

of the spaces H(7,k,), equipped with the scalar product

u

For (f.). € H and x € X we have
DA S D M ullak, - (ki) 206, %) < 1 (fudull - K2 (x,%) < oo

Hence the mapping
¢:H—=RY (fu)u— ) fur

where we have absolute convergence of the series at every point in X, is well-defined.

Proposition 2. The direct sum H is isometrically isomorphic to H(K) via ¢. This means
that the spaces H (v k) with finite sets u C N are pairwise orthogonal in H(K).

Note that Proposition [II is a particular case of Proposition 2 namely, if v, = 0 for
uZ 1:s,see Lemma[IIl Proposition [2is used in [9, [10] in the anchored and unanchored
case without providing a rigorous proof.

To cover the unanchored case in the proof of Proposition 2, we need some additional
lemmas. Hence we restrict considerations temporarily to the unanchored case Dy = (). For
se€ Nand u C1:s we consider the reproducing kernel

J(S (X Y) - k X y Z ’YUUw Z VuUw uJw X y)
wC(1:s)° wC(1:s)°
on X x X, which is well-defined due to Lemma [2l Clearly

(2) K=Y J

uCl:s
and H (y,k,) C H(Jff)).

Lemma 5. In the unanchored case the spaces H(Jq(f)) with w C 1 : s are pairwise or-
thogonal in H(K) for every s € N.

Proof. Apply Proposition [[lwith equal weights ~, = 1 and for the domain D** to conclude
that the spaces H(k,) with u C 1 : s are pairwise orthogonal in the Hilbert space with
reproducing kernel » . k,. By Lemma [3 and () the same property holds for the

spaces H(JV) in H(K). O

Lemma 6. Consider the unanchored case. For every u there exists a constant ¢, > 1
such that
for every f € H(vyuky).
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Proof. If ~, = 0 then H(v,k,) = {0}, and we choose ¢, = 1. In the sequel we assume
that v, > 0. Put s = max(u U {1}), which yields u C 1 : s. Moreover, put F; = D* and
E; = R,. We have X = F; x E, according to Lemma 2l Note that Jl(f) = L ® M with
reproducing kernels

L(x,y) = lu(Xu, Yu), X,y € Ei,
and
= ) Yuow bo(Xu, Yu), X,y € Es.
wC(1:s)e
Let f € H(k,). For the section
9(x) = f(X,Tss1,--.), x € Ey,

with any (z541,...) € Ey we have g € H(L) and ||g||. = || f|x., see, e.g., [9 Lemma 16]
and its proof. Note that 1 € H(M), since v, > 0. Put ey = 1/||1||ar and extend this element
to an orthonormal base (e,,), of H(M). Furthermore, let (d;), be an orthonormal base
of H(L). For

h = Z(g, de)r, - de ® e
7

we have h € H(JS) and

h(x) =g(x1,...,24) - eg = f(X) - e, x € X,

due to Lemma [3l Furthermore, we have [|g[| = [|A[| ;i = [|h[|x, where the last identity
is due to Lemma [5l Consequently,

1Ak, = e IFNR = gl =t - IRl = i - 111

with
cu =0/ =1/ (13 1) -
Since M — =, is a reproducing kernel, we get [|1|[» < ||1||,, = Y 2 which implies
cy > 1. Ol

Proof of Proposition[d. We commence by showing that ¢ is injective.
First we consider the unanchored case. Let Hj be the subspace of H that consists of
all sequences (f,), such that f, = 0 for all but finitely many u. Then the mapping

X:HO%H(K)J (fu)uHZCufua

where the constants ¢, are as in Lemma [0 is well-defined. Moreover, if s € N and f, =0
for all w € 1: s, then

IX(fdallie = X llewfullie = D Mullur, = 10l

uCl:s uCl:s

see LemmalfBland [6l Thus y can be uniquely extended to a linear isometry x : H — H(K).
Notice that for (f,). € H we have necessarily X(fu)u = lims oo D,y fu, Where the
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sequence converges in H(K) and therefore also pointwise. Fix x € X and consider the
special choice f, = v,k (-, x) for all u. Then

Zcu’Yu |X(fu)u(x)| < ||X(fu)u||K ’ Kl/z(X7X)
= Il K30 = 3 vk

Since k,(x,x) > 0 and ¢, > 1, it follows that ¢, = 1 for each u with 7, > 0. This means
= ¢ so that, in particular, ¢ is injective.
Let us now consider the anchored case. Assume that ¢(f,), = 0 for some (f,), € H.
For x € X and a given u we define y € DN by y; = z; if j € u and y; = a for j & u, where
a € Dy. Note that y € X due to Lemma 2], and f,(y) = (fo, ko (-, ¥))r, = 0 if v € w. Thus

0= va(Y> = va(y) = va(x)
v vCu vCu
see Lemma [3l Via induction over the cardinality of u we obtain (f,), = 0, so that ¢ is
injective.
In both cases we consider the Hilbert space ¢(H ), endowed with the scalar product

(f,9)e = (0 (f), 0" (9)), f.g € o(H).

Choosing f, = v.ku(-,x) for all u, we see that ¢(f,), = K(-,x) € ¢(H) for every x € X.
For (g,)., € H we get

<¢((gu)U)a K('7X>>¢ = Z<gu>7u w 'yuku Zgu Gu u( )

u

Hence ¢(H) = H(K) and ¢ is an isometric isomorphism between H and H(K). O

Remark 3. The direct sum H, which is a completion of H = span U, H (vuky), is studied

n [15 20 24], 25, 26], and it is called a quasi-reproducing kernel Hilbert space. In the
sense of Proposition 2, H actually is a reproducing kernel Hilbert space. However, while
the elements in H may be considered as functions on DY this is no longer true, in general,
for the elements in H in the sense that

V(fu)u € H: Y |, fulyw)] < o0

does not necessarily hold for every y € DV, see, e.g., Example 2 below. This is avoided,
if X is considered as the underlying domain instead of D,

Remark 4. Let us impose (ATl and ([A2]) only. Furthermore, we denote by G the direct
sum of the spaces H(7,l,). Now condition ([A3) is equivalent to the following: There
exists a point y € D such that the series Y, |g.(yu)| converges for every (g,), € G and
(Guw)u — Y, Gu(yu) yields a bounded linear functional on G. For the proof observe that
for the latter functional the representer is then given by (v,ly(+, ¥4))u, and therefore

> ulu(Yur Yu) < 0.

u

Consequently, we have X # (), and Lemma [l yields (A3]). See Proposition 2 for the reverse
implication.
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4. THE INTEGRATION PROBLEM

In this section we study the integration problem for the functions from H(K), when a
probability measure p on D with H(k) C Ly(p) is given. We analyze and compare two
different approaches, namely integration with respect to the product measure p" on DY
and the definition of an integration functional by means of a representer h* € H(K).

4.1. Assumptions. Let D be equipped with a o-algebra, and let Cartesian products of
D be equipped with the respective product o-algebras.
In addition to ([AIl)—(A3]) we assume that

(A4) p is a probability measure on D,
(A5) k is measurable and p(Dy) = 0,
and
(A6) H(k) C Li(p).
Notice that p(Dy) = 0 holds if and only if there does not exist a measurable subset of D
with positive measure such that all functions in H (k) vanish on this subset. Furthermore,
by (A3), the sets X, X,, M, and R,, which are introduced in Section [Z2] are measurable

subsets of DN or D)% respectively.
A sufficient condition to ensure ([A€) is

3) AWW%QWM<mn
(4) ZJ%@MM@SHM@LkW@JWM@% g€ Hk).

The closed graph theorem implies that if a reproducing kernel Hilbert space is contained
in an L;-space, then the respective embedding is continuous, see, e.g., [12, p. 126]. Thus,
(AG]) already yields the continuity of the embedding

J: H(k) — Li(p),
so that there exists a function h € H(k) with

Lg@=@mn, g€ Hk).

Clearly h(x) = (h,k(-,z))r = [}, k(y,x) dp(y) for every x € D, and therefore

MM=AAMLWM@@@.

We stress that the right-hand side is well defined as an iterated integral, while we do not
claim that k is integrable with respect to p ® p, in general. We refer to [18, NR 23.4.2] for
further discussion of assumption (AG).

4.2. Finite-Dimensional Integration. For every set ) # u C N, not necessarily finite,
we let p" denote the corresponding product of p on D*. Put

ha(x) = Hh(xj), x € D"

Clearly h, € H(l,) and
(5) Iull, = 1A
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On the other hand, I,,(-,x) € L(p*) and

/ LX) dp = B ()

We conclude that f € Ly(p*) and

(6) fdp* = (f, hu),

Du

for every f € span{l,(-,x) : x € D"}. We are not aware of an elementary proof of the
following result, which only employs the assumptions (Adl)-(A6).

Lemma 7. Suppose that uw # 0. Then H(l,) C Li(p“), and the norm of the respective
embedding J, satisfies

AR < (17l < (Vrf2- LTI,

Furthermore,

fdpu = <fa hu>lu7 f € H<lu)

Du

Proof. We use some argument from [I2]. Due to the Little Grothendieck Theorem, see,
e.g., [19, 22.4.2], the dual operator J' : Lo (p) — H(k) of J is 2-summable with 2-summing
norm

mo(J') < /w2 |l J].

This implies that there exists a probability density ¢ : D — |0, oo[ with respect to p such
that H(k) C Lo(1/¢dp) and the norm of the embedding

A: H(k)— Ly(1/@dp)
satisfies
[A[ < 2 ().
See [12], p. 129]. Take tensor products to obtain
[ Au]| < (o)

for the embedding
A, H(l,) = Ly(®jeu(1/@dp)).

Due to the Cauchy Schwarz inequality Lo(®jeu(1/¢ dp)) is embedded into Ly (p*) with
norm one. Consequently, H(l,) C L;(p*) with an embedding of norm at most (my(J))M.

This shows in particular that integration with respect to p* defines a bounded linear
functional on H(l,), and by (6) the function h, necessarily is the representer of this
functional. Together with () this yields the lower bound for ||.J,|| as claimed. O

Remark 5. Let us discuss the estimate for the norm of J, from Lemma [7 for different
types of kernels k.

For ANOVA-type kernels k, i.e., if h = 0, the lower bound is sharp only in the trivial
case that all functions from H (k) vanish p-a.e.

If k£ is non-negative then

]l = 1)1 = ||,
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We present a short proof of this fact, see [I1]. For the dual operator J/, : Loo(p") — H(l,)
of J, and for g € Loo(p") and x € D" we have

Tg) = (g0, = [ e y)oly) (),

Since [, (x,y) > 0 for all x,y € D", we obtain

1 Jul]? = S 17,9117, = ” supl/ / (x,¥)9(x)g(y) dp"(x) dp"(y)
g =1 Glloo= w w
|ul
/ / (%, y) dp*(x) dp*(y (// z,y) dp(z) dply )) — [|h) .
The equality ||J,.|| = ||/||™ may also hold for kernels with a change of sign. For instance,

if k is of product form k(z,y) = k(x)k(y) with x : D — R, then H(k) = span{x} and
|||z = 1. It follows that

7) sz(ALW@wmmmmﬁuzwww

If ([B]) is satisfied then
|
®) HMK(/HW%@@@)7
D

which is verified analogously to (), provides an alternative to the upper bound from
Lemma, [7.

4.3. Infinite-Dimensional Integration. In the sequel we study integration with re-
spect to the probability measure

p=p
on DN,

Lemma 8. For every s € N we have
1(X) = p(xs) € {0,1}.

Proof. From (Af) we get p(M,) = 0, so that Lemma 2l implies p(X) = pu(X;).

We apply Kolmogorov’s 0-1 law to derive pu(X) € {0,1}. To this end we put Yj(x) =
k(z;,z;) for j € N to obtain an independent sequence of random variables on DY, equipped
with the probability measure p. Let A be the terminal o-algebra associated to (Y});en,
ie., Ao = NsenAs with Ay = o({Y; : j > s}).

In the unanchored case we have X = X, € A, for every s € N due to Lemma 2l Hence
X € A, and therefore pu(X) € {0,1}. To deal with the anchored case, we show that
(Xs)sen is decreasing, which is also true in the unanchored case. In fact, for s < ¢, x € X,
and v’ C 1: s we obtain

Z Y Uw’ H k x];x]) Z Hk l’l,l’z Z 7 ’Uv)UwHk xjax] 00,
w/C(1:s)¢ Jjew’ vC(1:s)eN(1:¢) L€V wC(1:t)e JEW

implying x € X;. For Xoo = NienX; it follows that Xoo = Ni>:X: € A, for every s € N,
Le., X € Aw, and therefore p(X) € {0,1}. It remains to observe that

(Xoo) = lim pu(Xy) = p(X).



WEIGHTED HILBERT SPACES AND INTEGRATION 13

Let us introduce the conditions

(C1) Z%nhn?'“'

(C2) Y vl ull? < oo,

(C3) Xu:% ( /D k(z,x) dp(x))lu < 0.

Note that (C2) implies (CI)) according to Lemma [0, and (C3) implies (C2)), see (). Both
implications are strict. For the first implication one may take a non-trivial ANOVA-type
kernel and suitable weights, see Remark [ and for the second implication we refer to
Example 2

Lemma 9. If (C3) is satisfied, then u(X) = 1.

Proof. Put Y, (x) = vuku(x, %) for all u to obtain a family of non-negative random variables
on DY, equipped with the probability measure p. Thus

E(;n) Z%/ (%, X) dp(x Z%(/ xx)dp(x))w-

Hence Y Y, is finite p-almost surely, i.e., u(X) = 1, if (C3)) is satisfied. O

To define the integral of f € H(K) with respect to u we need a proper extension
of f from X to DY in the case u(X) = 0. This extension is based on partial sums of the
orthogonal decomposition f = )" f, with f, € H(y,k,), see Proposition 2], and obviously
it works as well in the case u(X) = 1. Recall the definition and properties of the mapping
1, from Section Bl For s € N we define ) : DY — R by

= Z w;lfu(yu)a yEDN'
uCl:s
For every y € DY there exists a point x € X such that X;., = yi.,, see Lemma 2] and for
any such x we have
=2 fu)

uCl:s
Clearly
lim ¥ (x) = f(x), x € X.

§—00

Moreover, f) € Ly (), which follows from Lemma @ Lemma [7 and the fact that p* is
the image of p under x — x,.
We are interested in the following property:

(E) For every f € H(K) the sequence (f*)), converges in L; (1), and
Tf = lim f©

5—00

defines a bounded linear mapping

T: H(K) — Li(p).
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Lemma 10. Suppose that u(X) = 1 and that the sequence (f©)), converges in Li(u) for
every f € H(K). Then property (E) holds true and H(K) C Ly(p|x), where pu|x denotes
the restriction of p to measurable subsets of X.

Proof. It remains to show the continuity of 7. Let f, f, € H(K) and g € Li(u) such
that lim, o || fn — fllx = 0 as well as lim, o [|T'fr, — gl/2,(») = 0. Moreover, let f and
f,, denote the extensions of f and f,, by zero to the domain DV. Since w(X) =1, we get
Tf=fand Tf,=f, p-a.s. Apply the closed graph theorem. U

Proposition 3. We have
@@ = E = (D

If (C1)) is satisfied, then
R =Y quthuh, € H(K)

and

=3 [ vithde
for every f=>", fu€ H(K) with f, € H(v,ky,). If (E) holds true, then

Gty = [ Tty

for every f € H(K).
Proof. Recall that H(l,,) C Ly(p*) and h, is the representer for integration with respect
to p* on H(l,), if u # 0, see Lemma [7l In the sequel, let f = > f, € H(K) with

fu € H(vuky)-
Assume that (C1) is satisfied. Then ), v,¥uh, € H(K), see Lemma@ and (5), and we
obtain

<fa h*>K = Z(fuawuhu>ku = Z/Du w;lfu dpu7

see Proposition 2] and Lemma [l
Assume that (E) holds true. Then there exists a function h* € H(K) such that

()= [ Trdu
DN
for every f € H(K). In particular,
<fu7h*>K = %_lfu dpu = <fu77u¢uhu>Ka
DU

see Proposition 2l and Lemma @] so that h* =Y ~,1uh,. This implies (CTJ).
Note that

1/2
1 < D2 103 Full gy < (Z mw) £l

uCl:s uCl:s

for every s € N, which follows from Proposition2land Lemmal[fl Therefore (C2)) guarantees
(E) to hold true. d
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Roughly speaking, Proposition B shows the following. If (CI)) is satisfied, then the
integral of f € H(K) may be understood as a series of finite dimensional integrals of its
components f, with respect to the product measures p*, and the associated representer
is the function h*. If (E) holds true, then all functions in H(K), properly extended from
X to DY if u(X) = 0, are integrable with respect to p, and h* is the representer of the
integration functional.

Example 2. Consider the uniform distribution p on D = [0, 1], and let & = min. More-
over, fix a > 0, and let

Yu = &
if u=1:sfor any s € N, while v, = 0 otherwise. See [20, Exmp. 1]. In this case the
assumptions (Ad)-(AG) are satisfied, and h(z) = = - (1 — 2/2) so that ||h]|2 = 1/3.

Observe that
@ < E < ) & a<s,
see Remark [§l and Proposition B
We claim that
uX)=1 < a<exp(l).
To verify this fact we put Y;(x) = —In(z;) for x € DY with z; > 0 to obtain an
independent sequence of random variables on DY, equipped with the probability measure

p. Note that Y; is exponentially distributed with parameter one, so that E(Y;) = 1 and
Var(Y;) = 1. The Strong Law of Large Numbers yields

o1
fi 2 Y=
j€l:s
almost surely. Furthermore,

Ders Y= 8
liminf =97~ — /2
s=oo  4/s-lnlns

holds almost surely due to the Law of the Iterated Logarithm. Since

SN CERAES S C i |
u JjEU s=1 Jj€l:s
the statement follows.
Moreover,
C3) < a<2,
while X = DN is equivalent to a < 1. For a € [2,3[ and y = (1,...) € X we have
(YuYuhu)u € H, but

> Yulhu(ya)| = oo

cf. Remark Bl
In particular, for o € [exp(1), 3[, property (E) holds true, but u(X) = 0.

Example 3. Consider the uniform distribution p on D = [—1,1], and let k(z,y) = x - v.
Moreover, let 7, be given as in Example 2l In this case the assumptions (AIl)-(A6) are
satisfied, and h = 0.

Hence (CI)) trivially holds for every o > 0. We claim that

a<d & A2 = (E) = a<4d
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For a proof note that ||.J,| = 27/ due to (7). In view of Proposition [Bit remains to show
that (E) implies o < 4. To this let f(y) = [[;¢y.,9; for y € D" Use ||f[;,, = 1 and

TY1.sf(y) = f(y1s) for y € DN to derive
[ roadian= [ 101a =2 = raf i (a4
DN Dl:s

Continuity of T' therefore implies o < 4.
Furthermore, we claim that

wx)=1 < «a<exp(2).
To verify this fact we put Yj(x) = —In(z?) for x € DV with z; # 0, so that E(Y;) = 2
with respect to the probability measure 1 on DY. It remains to apply the argument from
the previous example.
Finally
3 < «a<3,
and X = DY is equivalent to a < 1.

In particular, for « € 4, exp(2)], condition (CI) is satisfied and u(X) = 1, but property
(E) does not hold true.

It is open to us whether the implication (C2) = (E) is strict.

APPENDIX A. Basic FacTs
Let E # (0, and let K, ..., K, denote reproducing kernelson Ex E. Put K =Y " | K;.

Lemma 11. The following properties are equivalent:
(i) Each f € H(K) has a unique representation f =", f; with f; € H(K;).
(ii) The spaces H(K,),...,H(K,) are pairwise orthogonal in H(K).
(iii) For all f; € H(K;) with > | f; =0 we have f; =--- = f, = 0.
(iv) For all f =371, fi with fi € H(K;) we have || f|[5 = 320 || fi
(v)

2
v) For all orthonormal bases (d; ;)jes of the spaces H(K;) the family (d; ;)ie1m jeJ;
is an orthonormal base of H(K).
(vi) There exist orthonormal bases (d; ;)jes, of the spaces H(K;) such that (d; ;)ic1:n,jes;
is an orthonormal base of H(K).

Proof. The implication (v) = (vi) is trivial, and (i) obviously implies (iii) as well as (ii)
obviously implies (v). Let f € H(K) and g;, h; € H(K;) such that f =30 g, = > 1 hi.
Then it is easy to see that (ii)—(vi) each imply g; = h,;. Hence (i) follows.

For (i) = (iv) = (ii) recall that by definition of H(K) we have

115 = min{> [Ifillk, : f=_ fiand f; € H(K;)}
=1 =1

for f € H(K). But then (iv) follows immediately. In particular, || f|lx = ||f|
H(K;). Let h € H(K;) and g € H(K;) with ¢ # j. Now we obtain (ii) from

(iv)
Il +llgll%, = (h+g,h+ g = [Pl +2(h. g)i + gl

(iv)
= 7]

K; for f S
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Suppose that £ = F; x E, with E;, Fy # (. Let L be a reproducing kernel on E; x E,
and let M and M’ be reproducing kernels on Fy X Ej.
Lemma 12. If H(M) C H(M’) then
H(L®M)C H(L® M.

Proof. By assumption, ¢ M’ — M is non-negative definite for some ¢ > 0. Furthermore,
cLOM —LOM=L® (cM — M). O

Let L; and M; be reproducing kernels on E; x F; and E, x FEs, respectively, for i =
1,...,n. Consider the kernels L =3""  Lyon By x By and K =)'  L;® M; on E X E.

Lemma 13. Pairwise orthogonality of the spaces H(L;) in H(L) implies the same property
for the spaces H(L; @ M;) in H(K).

Proof. At first we assume that M; = --- = M,, which implies K = L ® M;. Take

orthonormal bases (d;);es, of H(L;) and (e;);c s of H(My). Without loss of generality we

assume that J;, ..., J, are pairwise disjoint. Put J® = Ui, Ji as well as J = JI x J@),
Let x € Fy, y € FEs, and « € l5(J). Since

L(x,x) = Z djl(X)2 and Mi(y,y) = Z ejz(y>27
1eJM jo€J (@)

we have for all x € E; and y € F, that
(5, ()) om0 € (ID) and (e, ()00 € (D).

Hence
Ola) = a;-dj, D,

jer
vields a linear mapping ® : ¢5(J) — RF. Note that

2
Z |O‘j17j2 ’ ejz(Y)| < Z 0532‘1@ ) Ml(y7Y>

J2€J@ joeJ(2)
and that (dj,);,e;0) is an orthonormal basis of H (L), which follows from Lemma 1l Thus
®(a) = 0 implies
Z Q42 6]’2(}’) =0, J1 € J(l)yy € Es,
jo€J @)

and hereby a = 0.
Consider the Hilbert space H = ®(¢5(.J)), equipped with the scalar product

<f7g> = <(I)71(f>7q)71<g)>€2(J)7 f?gEH'
Choose oy, j, = d;, (x) - €j,(y) to obtain K (-, (x,y)) € H, and for 3 € l5(J) we get
<CI)(5)7 K(7 <X7 y>>> = ZBJ ’ djl (X) ’ ej2(y> = (I)(ﬁ)(xa y)
jeJ
Therefore H = H(K), and (dj, ® ej,)jes is an orthonormal basis of this space. By the

same arguments, formally with n =1, (d;, ® e;,); ¢, j,es is an orthonormal basis of the
space H(L; ® My). Apply Lemma [T1]
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We turn to the general case. Assume that » ., f;, = 0 for f; € H(L; ® M;). Put
K;=L;® M with M = """ | M;. Use Lemma [I2 to conclude that f; € H(K;). The first
part of the proof, together with Lemma [[1] yields f; =--- = f, =0. U
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