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ROBUST NORM EQUIVALENCIES AND OPTIMAL
PRECONDITIONERS FOR DIFFUSION PROBLEMS

MICHAEL GRIEBEL, KARL SCHERER, AND MARC ALEXANDER SCHWEITZER

ABSTRACT. Additive multilevel methods offer an efficient way for the fast so-
lution of large sparse linear systems which arise from a finite element dis-
cretization of an elliptic boundary value problem. These solution methods are
based on norm equivalencies for the associated bilinear form using a suitable
subspace decomposition. From these, efficient preconditioners for the stiffness
matrix can be derived. For the robustness of the resulting iteration schemes, it
is crucial that the constants in the norm equivalence do not depend or depend
only weakly on the ellipticity constants of the problem. Here we address this
question for the model problem —VwVwu = f with a scalar weight w.

We prove an upper bound completely independent of the weight w, whereas
our lower bound involves some information about the local variation the coef-
ficient function. The condition on the coefficient is related to the A2 and A
Muckenhoupt classes from approximation theory. It is sufficient to require
w € Az C Aso, however, the results even hold for a slightly larger class of
functions.

1. INTRODUCTION

The solution of large sparse linear systems arising from the discretization of a
partial differential equation (PDE) is an essential ingredient in many scientific com-
putations. The ever growing demand for efficient solvers led to the development of
multigrid methods in the 1970s [4, 5, 13, 14] and multilevel preconditioning tech-
niques in the 1980s [22]. Much research work was devoted to the question of optimal
complexity; i.e., to show that the number of operations necessary to obtain the so-
lution up to a prescribed accuracy is proportional to the number of unknowns of the
linear system. However, the convergence behavior of these classical schemes is still
strongly dependent on the coefficients of the considered PDE. This is the so-called
robustness problem of multilevel solvers. It is one major reason which somewhat
limits the applicability of classical multigrid methods and multilevel precondition-
ers to real world problems. Several extensions of these methods e.g. via the use
of more complicated smoothing schemes or through the use of operator-dependent
or matrix-dependent transfer operators [1, 10, 24, 25] in the so-called black-box
multigrid method have been proposed over the years to overcome the robustness
problem. Currently the most successful approach is the algebraic multigrid (AMG)
method [6, 7, 8,9, 12, 16, 19] which further generalizes the black-box multigrid idea.
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However, the design and implementation of an AMG method is rather involved and
there is no satisfying theoretical foundation which proves the robustness of AMG.
Hence, the development of a provably robust multilevel solver or preconditioner for
general second order PDEs remains an open problem even today.

In this paper we focus on the robustness issue for diffusion problems in two space
dimensions involving a scalar diffusion coefficient w : R2 — R; i.e., we consider the
model problem

—VwVu = f in Q c R

We discretize our model problem using linear finite elements on a sequence of uni-
formly refined triangulations. Furthermore, we only require the weight w to be in
the Muckenhoupt class Ay C A; in fact, the results hold even for a slightly larger
class of functions.

The main ingredients of our analysis are the use of certain weighted projection
operators and auxiliary level-dependent elliptic projection operators. The tools
employed in the proof are the Hardy-inequality, a hybrid Bernstein-type inequality
and a generalized duality technique. We limit ourselves to the two-dimensional
case using linear finite elements only, however, we believe that the results can be
extended to three space dimensions and multi-linear elements.

In this paper we establish the equivalence

J
a(u,u) < C Y 27w, < C alu,u)
j=0

for a certain weighted norm where the constants C' and C depend on the initial
triangulation and in general involve some information about the local variation
of the coefficient function w. For the standard test case of a piecewise constant
coefficient function with maximal jump of height e~!, we obtain an optimal norm
equivalence with €' ~ In(e~%/2). Note that the location of the jumps, their number
or their frequency is not restricted. Hence, unlike other articles concerned with the
development of robust solvers [11, 15, 20] we do not require that the jumps must
be resolved on any particular level.

The remainder of the paper is organized as follows: First, we introduce the
notation and the employed projection operators in §2. Then, we present the main
result of the paper in §3. Here, we establish two robust norm equivalencies for the
considered model problem using a linear finite element discretization on a sequence
of uniformly refined triangulations. We begin with the derivation of an optimal and
robust upper bound for the bilinear form using a hybrid Bernstein-type estimate
and a Hardy-inequality. Then, we establish a lower bound for the bilinear form
under a weak assumption on the coefficient function w using a duality technique
and a Hardy-inequality. Finally, we discuss the conditions imposed on the coefficient
functions and show that all weights w in the Muckenhoupt class As C A fulfill the
requirements. In §4 we present the construction of a preconditioner of BPX-type
based on our robust and optimal norm equivalence before we conclude with some
remarks in §5.
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2. PREREQUISITES

Let us introduce some notation which we will use throughout this paper. We
will consider a sequence of uniformly refined triangulations

(2.1) ThcThCc---CTy

and the associated sequence of piecewise linear finite element spaces
(2.2) VoCViC---CVy.

Let N denote the set of all vertices of the triangulation 7; and define
(2.3) Ro =N, R;:=N;\N,_1, and N =N.

Our main interest is the development of robust multilevel solvers for diffusion prob-
lems

(2.4) ~VAVu = f in Q C R?,

with A := (aaB), @as € Loo(f2) and associated bilinear form

d d
(2.5) a(u,v) = /Q(AVU,VU) :/QZZaagﬁguaav.

a=1p=1
Let || - || denote the energy norm with respect to the bilinear form a(,-), i.e.,
llulla == Va(u,u).

The fundamental prerequisite stated in Assumption 1 for our proof is related to the
discretization of (2.5) on the finest level J.

Assumption 1. The finest triangulation T; consists of triangles T for which the
bilinear form (2.5) satisfies the local ellipticity condition

2

2 2
(26)  wry Z £ < Z a0p(r)éaés < Wr,; Z £, forall xe€TeT;
a=1 a,B=1 a=1

with weights wr ;, wr,; independent of x € T € 7.
Since we employ a linear finite element space V;, the derivatives of v € V; are

constant on any element T' € 77, i.e., Vv = const, and Assumption 1 yields the
equivalence

(2.7) > wrp(D)|[Vo[F < alv,0) < Y @ p(T)[|Vol7

TET; TeT;
for any v € V where u(T) denotes the area of T and || - || the Euclidean norm on
T C R

For any coarser element 1" € T; with j < J let us now introduce average weights
w; and Wy based on the weights wy ; and Wy ; from (2.6) which are assigned to
the elements T" € 7; on the finest level J; i.e., we define

Wy 1= L w an Wh 1= L w
(2.8) Wpi= e ;J w(T)wr, s d O TZ;J wT)wy, ;-

TCT TCT
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Note that for elements T € 7; on the finest level J we have wy = wr ; and
Wwr = wr,;. Let us further introduce associated weighted norms on all levels j

@9 ola= Do (b o= Y e [

TeT; TET;

Now the fact that Vv is constant on 7' € 7; implies that (2.7) is equivalent to
(2.10) Vo3, < a(v,v) < |[Vv[3 4, for j=0,1,...,J.

In later sections we will work only with weights wr ; = Wr g = Wr,J for the ease
of notation. Hence, we are essentially dealing with the weighted norms || - ||;. =
I lliz =l - ljw from (2.9). Throughout the paper we also use the short hand

notation
@11 o= wr /T w,  ullo = vVimwy = fullsw

TETJ

for the weighted norm on the finest level J.
Note that the considered wr ; = wp y = Wr,y case corresponds to the bilinear
form a(-,-) with coefficient functions ans = wdag , i.€.

(2.12) a(u,v) ::/Qw(Vu,Vv),

and a piecewise constant approximation

),
wr, g = w
w(T) Jr

of the scalar coefficient w with respect to the finest triangulation 77; i.e., we consider
the bilinear form

aj(u,v) = Z wT/T(Vu,Vv)

TeTy
on the finest level J.

Remark 2.1. For the development of a preconditioner it is essential to employ
identical operators and norms for both bounds, the lower and the upper bound.
Therefore, it is necessary to consider the case wr,j = wy ; = Wr,s. Note, however,
that respective upper and lower bounds can be obtained in terms of the weights w
and wr respectively.

For the weighted norm ||| s, = ||| there holds a local Bernstein-type inequality
under a rather weak additional condition on the weights wr, s, see [17] for details.

Lemma 2.2. Consider subsets EE C T; of elements on the finest level J which are
contained in an element T on a coarser level j, i.e. E C T € T;, such that

1u(T E
wp ApD) g ME)
wor = 2 u(B) u(T)
hold for some constant vy independent of E and T where the weight wg is defined
according to (2.8). Then there holds the local Bernstein-type inequality

(2.14) Vol 7 < 4972 C3(diam(T) = |jv]

(2.13)

2
w,T
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for all v € V;. Here || - ||lo,v denotes the restriction of the norm || - ||, to T € T,
and the constant Cy is only dependent on the initial triangulation 7y, i.e.,

Co = max diam(T)| HZ"||

TeTy
where Hp denotes the mapping from T to the reference triangle Tref.
Proof. Here, we only give a sketch of the proof, see [17] for details. Let Hr denote

the mapping from T to the reference triangle T}or with vertices (0,0), (0,1), (1,0).
For any v € V; we have the representation

v(x)=q(§) =(g9,8)+e forallz € T,Hr(x) =& € Tyt
and by definition
=Y wpuD)(gng) +el> and Vo) < CF(diam(T))?|g]>

TeT,
TCcT

for all x € T', where 7 denotes the reference point in T}e¢ for which Hr(yz) = 04
for suitable y; € T. Hence, it suffices to prove the inequality

(9, €2)I?
(2.15) Twr = ZwT,u <cZwT,u hﬂ .
TeT, TeT, 9
TcT TCT
We first consider the case e = 0 and set b := Z:. Then we can find a sub-region

gl
Sref,s C Trer for any ¢ € (0,1) such that

Sret,s C Sfef,é = {€ € Ther 1 |(b,€)| > 0}

holds for all b with ||b|| = 1. For the set Eref := Tyer \ Sref,s one can then show that
W(Erer) S 1(Trer). It is clear that the most significant contribution to the validity
of (2.15) is due to the points 74 which are located in Syef,5. With this in mind and
the estimate

~ ~ 1% E wE
S w20 Y wp(l) =6 3 wp () (1 HEE)
- h : w(T)wr
€Ty TeT; TeT;
TcT 14 €Sref, s TcT
we see that we can choose E' C T such that for all n; € Srer,s we have s € E and
pw(E) < 40 u(T). Hence, with a choice of 6 = 7 we obtain the asserted inequality
(2.15) for e = 0 with ¢ = 55. The case e # 0 then follows from this, see [17] for
details. 0

Remark 2.3. Note that condition (2.13) is equivalent to the following requirement
on the coefficient function w
F(v) := sup sup fE —0

TeT; ECT, M(E)<’YM(T) fT

when v — 0. In fact, the proof of Lemma 2.2 (see [17]) shows that it is sufficient to
require F'() € (0,1). However, in this modified form condition (2.13) is equivalent
to the property A in the theory of weighted inequalities for singular integrals (see
(18], p.196). It comprises the properties A,,1 < p < oo, which give necessary and
sufficient conditions in order that weighted L,-inequalities hold for a general class
of singular integrals.
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With the help of Lemma 2.2 we obtain the equivalence of the weighted norms
I |ljw and || - || for v € V; for all levels j.

Theorem 2.4. Under the condition (2.13) of Lemma 2.2 there holds for v € V;

_ _ 3
(2.16) 1+ 2971 Co) ™ olljwr < Nollor < (1+ \/ 5C0) lvllje,r-

with the constant Cy only depending on the initial triangulation Ty.
Proof. See [17]. O

This lemma is essential for our further considerations, since not all steps of the
proof can be completed for both norms directly. In fact, some intermediate results
can only be obtained directly either for the || - ||, norm or the || - || ;. norms. Hence,
the complete proof of the overall norm equivalencies makes significant use of this
lemma.

Remark 2.5. The proof of Theorem 2.4 makes use of the fact that we are in two
space dimension and employ linear finite elements. The extension of the result to
higher dimensions and multi-linear elements is not obvious, however, we believe
that a similar estimate holds true.

Finally, let us introduce the short hand notation A < B for two-sided inequalities
cA < B<CA, and A = B, A < B for one-sided inequalities A > CB, A < ¢B
with generic constants ¢ and C' which do not depend on the arguments of A and B.

3. RoBUST NORM EQUIVALENCIES

The aim of this section is to establish two robust norm equivalencies which in
turn can be used to derive robust multilevel preconditioners for our model problem
(2.12). Namely, we are interested in the equivalence

J
a(u,u) =Y 2% |3, + a(uo, uo)
j=1
and the equivalence
J
a(u,u) < ZQQjHujHi + a(ug, ug)
j=1

where the decomposition u; := Pju — P;_ju is based on appropriate bounded and
surjective projection operators P; : Vy — V;.

3.1. Upper Bounds for the Bilinear form. We begin with the derivation of
an upper bound for the bilinearform a(u,u). A straightforward computation us-
ing (2.10) shows that we have the following Bernstein-type inequality relating the
bilinear form (2.5) to the weighted norms from (2.9).
Lemma 3.1. For uniformly refined triangulations T; there holds the estimate

3 .
(3.1) alo,0) < 5 €3 9% ol

for all v € V;, if the bilinear form satisfies the local ellipticity condition stated in
Assumption 1.

Proof. See [17], where the result is obtained for the more general weight . O
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With the help of this lemma and a strengthened Cauchy—Schwarz inequality we
can derive the following sub-optimal but robust upper bound, see [17, 23] for details.

Theorem 3.2. Let the bilinear form a(-,-) fulfill Assumption 1 and consider a
sequence of uniformly refined triangulations T; and the respective sequence of nested
spaces V; of linear finite elements. Then, the estimate

J
(32) a(u,u) <3 CF JY 2% (P — Pioa)ul3,, + 2 a(ug, uo)
J=1

holds true for any choice of bounded and surjective projections Pj: V =V — V;.

Now we will improve this sub-optimal upper estimate of a(u,u). Our improve-
ment gives a robust and optimal estimate, i.e., it does not involve the factor J. It
is achieved in three steps: First, we introduce weighted projection operators )7
based on (-, -),. Furthermore, we need to consider a second sequence of projection
operators Qf based on auxiliary bilinear forms a;(-,-) which are defined in a level-
dependent fashion. With the help of the two projections Q7 and Qf, we establish
a hybrid Bernstein-type inequality involving both projections. Finally, we derive
a robust and optimal upper bound of a(-,-) using only the projections Q7 via a
Hardy inequality in Theorem 3.5.

To find appropriate projections for the bilinear form a(u,v), we introduce the
weighted projections Q% :Vy — V; by the relation

(33) (Q;’u, U>w = <uv U>w

for all v € Vy and v € V;. Furthermore, we need to consider auziliary projection
operators QF : V; — V; defined by

(3.4) a;j(Qfu, v) = a;j(u,v)

for all u € V; and v € V; to obtain an optimal estimate of a(u, u) by the Q¥. Here,
the bilinear forms a;(u,v) are defined in a level-dependent way, i.e.,

(3.5) a;(u,v) == wr [ (Vu, Vo)

using the average weights (2.8) for all u € V; and v € V;. Due to the definition of
wr and the use of linear finite elements, it follows that

ar(u,v) = Z wU/U(Vu, Vu) = Z Z w(U) wy (Vu, Vo)|r

UeTy TeT; UeT,, UCT
= Z wT/(Vu,Vv) =a,;(u,v)
TET; T

for u, v € V; with j < k. This holds true, since Vu is constant on any T € 7}, with
k > j for v € V;. With the definition

(3.6) v; = v;(u) == Qju — Qf_u,

we obtain

a(vj,vg) = ap(v;, Qgu — Qi _1u) = ax(vj,u) — ag(vj,u) =0
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. . J .
for j < k, and since u = Q%u = ijo vj, where vy := Qfu, we get the equivalence

J J J
(3.7) a(u,u) = Y a(vj,v) =Y _alvj,v) = > |lv;l2
=0 =0

4, k=0

for any u € V;. Furthermore, we introduce the sequence

(3.8) ug = ug(u) == QFu — QF_ju

based on the projections QY.

With the definitions (3.6) and (3.8) we can now obtain an upper bound for ||v||,
in terms of |lug|k, for k > j; i.e., we establish a hybrid Bernstein-type estimate of
a(vj,v;) in terms of ||vj|q|luk| ke for k> j.

Lemma 3.3. Let v; € V; and u, € Vi, for k > j be defined as in (3.6) and (3.8),
respectively. Then there holds the estimate

J
a(vj,v;) < 6 Callvjlla D 2% F|fuglkw,
k=j
villa < 6 C2
k=j
with a constant

diam (T
(3.9) Cy := max diam(7)
TeTo \/u(T)

which depends on the initial triangulation Ty only.

Proof. Since v; = Qfu — Qf_ u, we have a(vj,w) = 0 for all w € V;_;. Hence,
with the choice w = Q%_,u we obtain

j-1
a(v,vj) = a;(vj,05) = a;(vj,u) = aj(vj,u = QF_yu)
= Z wT/ Vv, V(u — Q%_qu)).
TeT;
Using the identity u — Zk —; Qfu—Qf_ju= Zi:j uy we establish the

equivalence

a(vj,v;) = wTE /VUJ,Vu;~C
TeT;

and integration by parts for each T' € 7; yields

a(vj,vj) Z ZwT/ uk(Vu,, nor).

TE'Tk =j
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Now consider a fixed T' € 7; and U € 7}, with U C T'. Then we obtain

|wr /aT ur(Vvj, nar)| \M(T)—l Z w(Uwy /aU ug(Vo;, nou)|

UeTy,
ucT
< T M(U)\/WU/ uk| [Vj]o0,rvwr
UeT, ou
ucT
dlam
< 6 Z wy |uk|2 wy |Vv]|2.
UveT,

ucr

Here, in the last line, the inequality
/6 lu| < diam(U)[ws + ws +ws] < 6 diam(U) p(U)~} (/ i)
was use(li] which results from the well-known formula :
/U lv]? = %[wf + w3 4 w3 + (wy 4+ wa + w3)?]

for linear functions v on U with vertices w1, ws, and ws. Since we consider uniformly
refined triangulations in two dimensions, we have u(T') = 22(*=7) 4(U) and therefore
diam(U) < Cy 220~k 2k (T) with Cy given in (3.9) depending on the initial
triangulation 7y only. Hence, we end up with the assertion

J
a(vj,v;) < 6Co> 27> flugllkwr

k=j TeT;

J
< 60y 2 Ffluflkw ol
k=j

O

Note that this lemma is a strengthened version of the following Bernstein-type
inequality of broken order for certain weighted trace norms

lully g o= (3 wr / ul?)

TeT;

which employs only a single projection.
Lemma 3.4. For elements v € V; there holds
lolla < V/3C2Cy 23 [0l ;s

where the constants C1 = maxper, diam(T), and Cz from (3.9) depend on the
iniatial triangulation Ty only.

Proof. Keeping in mind that Vv is constant on 1" € 7}, integration by parts yields

a(v,v) = Z wT/ (Vu, Vv) Z wT/ v(Vu, nar)

TeT; TeT;

ZwT/ o) ZwT/ I7011?)

TeT; TeT;

IN
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Here, the first sum represents the semi-norm ||y whereas each term in the

w,J?
second sum can be bounded using the local Bernstein-type inequality

/ IVol? < 3 diam(T) [Vo|? < 3Cs u(T)? [Vo|* < 3CoCy 27 / Vo).
oT T

Hence, after multiplication with wr and summation with respect to T' € 7;, we
obtain the overall estimate

a(v,v) = Z wT/(Vv,VU) < \/3C5C; 2% vl ;0 Valv,v)
T

TeT;
and the assertion follows after division by \/a(v,v). O

Finally, we are in the position to prove the main result of this section, a robust
and optimal upper bound for the bilinear form a(u,u).

Theorem 3.5. Let the bilinear form a(-,-) fulfill Assumption 1 and consider a
sequence of uniformly refined triangulations T; and the respective sequence of nested
spaces V; of linear finite elements. Then, there holds the upper bound

J
32 ;
(3.10) a(u,u) < 3 sz 2% Yyl
j=0

for uy from (3.8) and the norm || - ||jw from (2.9). The constant Co given in (3.9)
depends only on the initial triangulation 1.

Proof. With (3.7) and Lemma 3.3 we obtain
J k

J
a(ww) = Dllil2 £ 6> 2 urllew Y 27 ol
j=0 k=0 j=0
J 1 J k N
. 2 _ . 2
(3.11) < (X0 2 ulizn)” (30 167F (X 2 vlla)?)
k=0 k=0 j=0

after interchanging the sums. Using the Hardy inequality

(3.12) (; bk si)% < 1_1\/5 (Jz:; b a?)%,

where
k J
Sy = Z aj, s—1:=0, and ¢ := Zbl, cjy1 =0,
=0 =k
we obtain
J k 9 1 4 J 1
_ . 2 2
(3 167 (3 22 il)®) " < 5(3C i)
k=0 3=0 =0
with the choice a; := 2%7||v,||;, and b = 1/16. Plugging this estimate into (3.11),
we establish the asserted optimal and robust upper bound (3.10). O
We obtain the respective upper bound for the weighted norm || - ||, on the finest

level using Theorem 2.4.
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Theorem 3.6. Let the bilinear form a(-,-) fulfill Assumption 1 and consider a
sequence of uniformly refined triangulations T; and the respective sequence of nested
spaces V; of linear finite elements. Then, there holds the upper bound

J
239 .
(3.13) alww) < (14 2970 Co) 50 Y 2Y uyll2
3=0

for u; given in (3.8) and the norm || - ||, from (2.11).

3.2. Lower Bounds for the Bilinear form. The next step in our search for
robust norm equivalencies is the derivation of optimal and robust lower bounds for
the bilinear form a(-, -) in terms of the norms || - ||, and [ - [|o; i.e., we are looking
for a Jackson-type inequality for |u;l|;. and for ||u;|.

J J
D229y + aluo,uo) < afuu)  and 372 |2+ aluo, uo) X afu,u).
j=1 j=1
Unlike in the Bernstein case, the constants will involve some information about the
coefficient w, yet in a very weak norm. The main reason for this slight dependence
is due to the problem that we cannot obtain an optimal lower bound directly for
the || - ||~ norms. Here, we rather need to work with the | - ||, norm to obtain an
optimal estimate. Then, we can exploit the result of Theorem 2.4 to get a similar
bound for || - ||j. Yet, it is this detour in our proof, which forces us to introduce
some information about the weight w in the estimate.

In a first step, we bound the u;-decomposition in terms of the v;-decomposition

with respect to the || - ||, norm in the following lemma. The respective estimate for
the || - || norms then follows with Theorem 2.4.

Lemma 3.7. The decompositions defined in (3.6) and (3.8) allow for the estimates
J J

D2V ullZ <4 2ol

Jj=0 J=0

and

J J
4 B 3 .
D 2%l 12, <41+ 2971 Co)*(1 + 4/ 500)2 > 255 -

=0 =0

Proof. Observe that due to (3.3) we have

lugll = 1Qu— Q7 yully (Qu — QF_1u, Q5 u)e

- <Q;}U - Q;‘jflua u>w = <Q(Juu - Q;‘Lluﬂ u—= Q?71u>w
for all j so that we obtain

J J

J J
Z22j||uj||3 < Z22j\\u - Qf qull2 < ZQQj Z [ok]|2,
J=0  k=j

=0 =0

where v; is defined in (3.6) and u; is defined in (3.8). Then using Hardy’s inequality
again, we obtain

J ) J .
D 2% ugl|2 <4 2% vy 2.
=0 =0
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Now we pass back from the ||-||,, norm to the ||-||; ., norms with the help of Theorem
2.4 and end up with the estimates

J J
. 3 ,
(3.14) D2 luglls <401+ 500)2 > 27||u; s
j=0 j=0

and
J 3 I
> 27 uslf <A+ 297 Co) (14 5C0)* Y 2%l 7
§=0 §=0
O
Remark 3.8. Note that it is necessary for the proof to switch to the || - ||, norm,

since the terms in the Hardy inequality must employ the same norm on all levels
j.

Now, we need to deal with the projection operators )f and the respective se-
quence v; only. Here, we can prove a local estimate for the | - || ;. norms using
a modified version of the duality technique due to Aubin and Nitsche, see also
[2], and a certain regularity result for the Neumann problem. However, we are
able to obtain this local estimate on a particular level j only under the additional
assumption

w,
(3.15) 1>C max 5
S’,S€T; wgr
s!,Seu

diam(U)

where C' denotes an absolute constant, and U = Ug refers to the union of the
supports of all nodal basis functions v, j_; which intersect the considered element
T € 7;_1 (compare (3.16)). Note that this condition essentially intertwines the
necessary refinement level j with the “smoothness” of the coefficient function w.

Theorem 3.9. Consider the neighborhood
(3.16) U:=Up= U T

X TeT;_;
T Csupp(¥y 1)

supp (¥ j1)NT#0

of T € T,_1 and let condition (3.15) be fulfilled. Then there holds the estimate

ws \ ..
(3.17) 0]l < C (Smsfg% ”u@) diam(U) [|Vv,]

s’,scu

Jw,U-

Essential for the proof of (3.17) is the regularity result stated in the following
lemma.

Lemma 3.10. Consider the domain U with a smooth boundary U such that U D
U, all vertices & € U are also & € AU, and diam(U) < 2 diam(U) with U defined
in (3.16). Let 0; denote the continuous and piecewise linear extension of v; from
U to U which fulfills

(3.18) 105llo,2,6 < 2llvjllo2,u-
Then, the solution py to the inhomogeneous Neumann problem
' .
—Apy =05 in U, ﬂ:g on U

ov



ROBUST NORM EQUIVALENCIES FOR DIFFUSION PROBLEMS 13

is in H*(U) and allows for the estimate
(3.19) lpvleou < Cllvjllozu-

Here, the boundary data for the Neumann problem are g := ah with a piecewise
linear h € L2(9U) such that h > 0 on the boundary OU and h(§) = 0 for all vertices
£ €dUNIU. Furthermore, a € R is such that the compatibility condition

(3.20) /Uﬁj:—/wg

is fulfilled.
Proof. Consider the scaled domain € := RU and the spaces
V(Q) = {peW2(Q): / ¢ dx =0} and

W@ = (g€ La(@ x W00 [ ot [ gas=o)
a0
and the mapping T : o € V — T ¢ € W defined by
_I= 080 € L),
T Y = _ 1/2 N
g= O0p/O0v € W, " (00).
This mapping is linear and continuous; i.e., there exists a constant Mg such that
1T ellw =1 fllp2a+ H9||1/2,2,a§z < Mallells o0

holds. Furthermore, T is also bijective from V onto W, see [21], p. 336-339. Hence
by the open mapping theorem its inverse 7= : (f, g) — ¢ is also continuous and
satisfies

lelv = loloza < La(IAloza + I96/0v 2000), ¢ € W),

with a constant Lg. However, it is still necessary to determine the dependence

of Lg on the size of Q) = RU, ie., on the scaling R, since by definition (3.16)
U = Ur depends on the level j. To this end, let us consider the scaling R such that
R™!:=diam(U) < 2 diam(U) so that

(321)  WWlloag < O (180lhan+109/0], j5000). € W),

with C* depending only on the shape of U but not on the size. Hence, C* depends
only on the initial triangulation 7y. The connection between ¢ and % is given by
Y(t) = ¢(t/R) := ¢(z). Therefore, there hold the equivalencies

[Wloge =R lleloss:  [haa=Ilehop and [lysq=R"" ¢y,
Using the explicit form of the trace norm || -[[; ;5 5 54 given by (see e.g. [21], p. 94)

”w”1/2269 = Z||wl||02652+z|wl 1/2,2,00

Pi(t
(3.22) i} 5000 = /m/m| ‘ti )|d do,

where 1) = )", 1; is a partition of ¢» with respect to the representation by charts of
the curve 99 with curve element do, we conclude

|‘6¢/8VH1/2,2,6Q =R7/? ||8‘P/8VH0,2,6[7 +R |8‘P/81’|1/2,2,30-
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Consequently, by (3.21) we obtain the estimate

|§0U|1,2,U + diam(U) |<PU|2,2,U < C*diam(U) (HﬁjHO,Z,U_'_
(323) ”9“0,2,60

1911 /20,00 + m)
for the data of the Neumann problem above, i.e., o = ¢y € W;(ﬁ), —Apy =0; in
U and Op/O0v = g on dU. Now we use the fact that g is piecewise linear on dU by
construction. Therefore,

(3.24) |9|1/2,2,80 C(diam(U))‘l ||9||0,1,8(7
(3.25) lglosos < C (diam(U))~? g

IN

A

|o,17ar}

holds with a constant C' independent of U and g. For completeness, we give the
proof of the inequalities (3.24) and (3.25) here. To this end, let dU; be one of the
two pieces of the segment of AU between two vertices of T;_1. Here g is a linear
function. Then by (3.22) with ¢; = ¢

1/2
g(t) —g(s)|? . -
|g|1/2,2,aﬁi = </8[7 /af] %CM da) < C diam(9U;) |V9|00,80i

follows. Furthermore, we can replace g by g := g — g where g := min . lg|. Then
§ has a zero on AU; and we have the equivalence

[ gl do = (@iamn(00))? (991, 5,
GUI‘
with constants independent of U; and g. Since

/~mws/mmw+cmmmmgsc/ gl do = Cllg|

oU; ouU, oU;

0,1,80;>

the comparison with the previous inequality yields (3.24). The second inequality
(3.25) follows from

[ rar < o ([ 1P do+ [ gk o)
. ~ 2
< C (diam(00:))* [Vgl2, 5 + C(diam(20:) " ( / 9] do)
U aU;
<

C(diam(87;)) 1 (/aU 9] dU)Q.

This completes the proof of (3.24) and (3.25), since we can choose U such that
diam(U) = diam(8U).

Inserting (3.24) and (3.25) into inequality (3.23) and taking (3.18) and (3.20)
into account, the desired inequality (3.19) directly follows:

pubou < € (Iilloas + (diam@) " liglo00)

C(5llo,0 + (diam(@) izl 1.5) < C llesllonor

With this lemma, we are in the position to prove Theorem 3.9.
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Proof (Theorem 3.9). At first we note that we can assume v;(z) > 0 in U since
otherwise v; changes sign in U and we can obtain the desired inequality (3.17)
directly. Therefore we need to consider in the following only U which do not
intersect boundary elements T' € 7;_;.

With the help of (2.9) and Lemma 3.10 we obtain, after integration by parts on
each S C U,
(3.26)

||Uj||?,w,U = _/UUJ Apy = Z ws / V;, Vou) Z ws / v;(Veu, nas).

ScU ScU
Concerning the first sum, observe that by definition of v;, see (3.6),
0=a(vj,w Zws/ (Vu;, Vw)
SeT;

holds for all w € V;_1. Now, we choose w to be the function in V;_; which
interpolates ¢r at the nodes in 7' and has support in U = Ur. Then, we can
estimate the first sum via the Bramble-Hilbert Lemma on U

Zws/ V@U,VUJ = ‘Zws/ (pr —w V”a)

ScU ScU
1/2
< (Xus [1960 - 0P) IVl
ScU
(3.27) < Cdiam(U)|50U|2,2,U(I§1CaI3J< ws)IIlelj,w,w

where the constant C' depends only on the shape of U, i.e., by assumption only on
the initial triangulation 7.
The second sum in (3.26) can be estimated by

S [ oiVeumas) < X wslivlwas [ Vool = B)
ScU ScuU 08

Note that due to the choice of g in Lemma 3.10, the normal derivative oy /0ve = g
vanishes at each vertex £ € 9U. And since any normal vector ng of an arbitrary
edge K C U can be represented as a linear combination of three such normal vectors
at &,1=1,2,3, we can bound the normal derivative at x € K by

12@2*5;5 o)

- [SalGe- Ge)

|(Vou,n)(z)]

IA

¢
S 161 [ |2 e+ o 6.0
i=1 0 v
with Z?:1 |3;|* = 1. Hence after integration over K we obtain

/ (Veu, ni)(@)|dz < C diam(U) / ID%ppldz < C (diam(U))%|oulaz.
K
|| =2
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Altogether, we can now establish the estimate
LU) < C Y wslvjllsos (diam(U))?|eyl22v
ScU

(3.28) C |lv;

A

j,w,U(Iglgg wS) diam(U) |ov|2,2,v,

due to Y gy vws diam(U) [|vjlleo,as < C |[vj]ljw,v. Now the assertion (3.17)
follows easily with the aid of (3.19): Insert (3.19) into (3.27) and (3.28) and obtain

lojllfwr < NU)+ L)
¢ diam(@) (J[vsllj0 + V03]

IN

) (e y35) [l o2

o2 < (maXs',SCU \/ws/ws') villjw,s

With the estimate (maxgcy /ws) [|v;
this yields the inequality

. ws
o0 < € diom(@) ( gmase /<5 (ol +[1905ll5.00)

after division by ||v;]|,.w,v. Hence, we end up with

. ws . wg
(1—0 diam(U) (Smsaé(U E))HUJ'HJMU < C diam(U) (SmsaécU 1/ w—g/) Vv ||w,0-

Thus, the assertion follows with assumption (3.15)

C diam(U) (maXS/,SCU ‘”5)

Wgr

1—C diam(U) (maXS',SCU \/E )

V51

vjllj.0.0 < jyw,U-

A direct consequence of Theorem 3.9 is the following lower bound.

Theorem 3.11. Let the bilinear form a(-,-) fulfill Assumption 1 and consider a
sequence of uniformly refined triangulations T; and the respective sequence of nested
spaces V; of linear finite elements. Consider the setsU = Ur and S, S’ € T; defined
in Theorem 3.9 for every T € T;_1. Now define

3.29 C;,:= max max and C := max C;
( ) J,w TeT,1 s'5¢1; wgr J,max,w 0<jog I
s’ SeUr

and let w be such that we can find a minimal refinement level jo < J so that

(3.30) 27 > C \/CJmaxw

holds for all j > jo and Theorem 3.9 is applicable for all j > jo. Then there holds
the estimate

J
(3.31) Z 2% |Ju||> <4 (1+ \/gco)zc Crmax.w a(t, )
J=Jo

for u; defined in (3.8).
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Proof. Using Lemma 3.7, compare (3.14), we establish the estimate

J J
. 3 .
Sl < 4 (144500 D 2 il

J=Jo J=jo

J
/3
4 (1+ 500)2 C Crmaxw Y a(vj,v;)

J=Jjo

A

IA

after squaring (3.17) and summation with respect to Ur, i.e., over all T € T;_4,
where the constant Cy depends on the shape of the triangles of the initial triangu-
lation only. Then, with (3.7) the assertion (3.31) follows. O

Note that this estimate employs the minimal conditions on the coefficient func-
tion w in the sense, that assuming a fixed a refinement level J we may find such a jg
for a rather large set of functions w. However, from a more practical point of view
it is rather important to ensure the existence of jo independent of J involving only
information obtainable from w directly. Hence, let us now focus on the formulation
of conditions on the coefficient function w such that the results of Theorem 3.11
still hold, but for j, independent of J.

In essence, we are looking for coefficient functions w such that

ws .
(3.32) Cjw = max max < diam®(Ur),
’ TeT;—1 S'.5€T; Wg’
s!,seurp

starting from a certain level jo. Hence, if we consider a non-negative function w
such that for all z and y with [z — y|| <27° and w(z) > w(y) the estimate

w(z) < 2% w(y)

holds, then condition (3.32) is fulfilled for all j > jg. A trivial sufficient condition
is of course

Ciw <C, <00 forallj.

Also, it is obvious that continuous weights w are admissible. Another simple con-
dition which suffices is

E; ., = max max

H w(r)—w
TeT; x,yeT w

W) (y)H — 0 for j — oo,

since

ws _ Jswp(s) _ Jsatm pls) - A+ Ejw) [s1u(S) _ (L+Bjw)

ws Jown(S)  fo oty m(S) T (1 Ejw) [o 1 u(S)  (1—Ejw)

Furthermore, any piecewise constant coefficient function allows for the determina-
tion of jy independent of the number of jumps, their frequency and their location.
Note that the estimate does mot rely on any specific knowledge about the “resolu-
tion” of the jumps on a particular level or grid. Only the height of the maximal
jump is relevant for jg. Let e~ ! denote the height of the maximal jump, then
choosing jo such that In(e~1/2) < 7, is sufficient.

Let us now consider w € A, since we already required w to be in the Muck-
enhoupt class in Lemma 2.2 to establish the norm equivalence between || - ||, and
Il |l in Theorem 2.4.
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A function w is in A (Q) if and only if

ﬁ/demexp(ﬁ/Bln(%)dx) <A<

holds for all balls B C €. Another characterization is given by: A weight w is in
A if and only if for all balls B and all F' C B with u(F) > a u(B) there exists a
constant 3 € (0,1) such that

(3.33) /szﬁ/Bw

holds. Using this property, we obtain that any such weight fulfills our limited
growth condition automatically. Consider S, S’ C U, since we employ uniformly
refined triangulations, we have p(S’) ~ u(S) > u(U)/16. Now, let B denote the
smallest ball which completely contains U, i.e. U C B, then the estimate

1(S") ~ pu(S) > Coo u(B)

with Co, depends on the initial triangulation 7y only. Hence, with the characteri-
zation (3.33) given above we obtain

/S/wzﬁ/Bw

ws _ Jpw (s G

ws = B fpop(S) T BT T

ws

Therefore, all quotients oo are bounded independent of the level j by Cs ., for
w € A and the results of Theorem 3.9 hold.

and therefore

(3.34)

Remark 3.12. Note that there is a close connection between the Muckenhoupt class
A, with the space BMO via the implications

weA,CAs = In(w) € BMO

and
f € BMO = f=chw with w € A.

Let us summarize our results in the following theorem.

Theorem 3.13. Let the bilinear form a(-,-) fulfill Assumption 1 and consider a
sequence of uniformly refined triangulations T; and the respective sequence of nested
spaces V; of linear finite elements. Furthermore, let us consider w € Ao. Then
Cjw < Csow holds for all j. Hence, there exists a minimal refinement level jo
independent of J such that the limited growth condition

(3.35) 27> C \/Coo

is fulfilled for all j > jo. Therefore, the equivalencies

Jo—1 J
(3.36) a(u,u) < Y a(vj,v;) +Cs Y 2% |uyll3, < Cy alu, u)
j=0 Jj=Jo
and
Jo—1 J
(3.37) a(u,u) < Y a(vy,v;) +Cs Y 2% ||uy||2 < Coalu,u)

Jj=0 J=Jjo
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hold with the constants

(338) 03 = 3—32027 04 = 03 4 (1 + 2’7_100)2(1 + \/ 300)20 Coo,w
and
(3.39) Cs :=Cs (14577 1C)?, Cp := C5 C Coo )

where Cy, C1, and Co depend on the initial triangulation Ty only and 7y is a constant
determined by the Ao property of the coefficient function w.

Let us now consider the remainder terms for the coarser levels j = 0,...,jp —
1. Since jo is independent of J it is sufficient to establish an equivalence which
explicitly involves jo (compare Theorem 3.2). Hence, we can employ a similar
approach as in [23]. To this end, let us introduce the averaging operators M,
similar to [23]. However, our averaging operators M; are based on the weighted
scalar product (-, -),, namely we use

(3.40) M=y 2ty

= LYl
where wf denotes the piecewise linear finite element basis function at vertex i on
level j and n; = #N; denotes the number of vertices in the triangulation 7.
Similarly as in the proof of Lemma 3.7 we obtain
(3.41) sl < [lu— M50l

Omitting the level superscript j for the basis functions, we have on each triangle
T € 7; the equivalence

3
U % T z/)
‘ Z (1, Vi(r,))w Viczw)

where (7, v) indicates the respective vertex of T. For the ease of notation we use
by, for ;7. in the following. With this local formulation we directly obtain the
estimate

v=1

||szu||2 < (23:|<U,%>w| ||w || ) 23: ‘QkuHwT
J w, T = —~ <1,wu>w vilw, T Z V>
With (1(x))? < 4(x) for all basis functions 1 we obtain

Wy fpe@@Pde
T - ; < w@)[i (2)] dao
W% (Lo (@) t(2)] d2) Foms )

Hence, we have the local boundedness of the averaging operators M} with the
estimate

ool = | [ @) dif
supp () )
| (u(@) Ve, (@) V(@) (@) da

supp ()

/ w(z)p () de / () Pl () da
supp(¥) supp (¢, )

IN
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Lemma 3.14. For anyT € T; let U = Ui:1 supp(t),,) be the union of the supports
of the three nodal basis functions v, = i,y with T C supp(¢,). Then the
estimate

M2 0 < 3 Z /

@Pu e <3 [ wlo)lu(e)ds
upp(¢v) U
holds for any uw € V so that
(3.42) 1Ml < 3 [lullf v
Since M’ preserves constants we obtain the estimate
(3.43) [|Mfu—ullyr < |M (u—ar)||wr+|lu—ar|lr < (1+V3) (u—ar)|lwu

with the help of this lemma. Now we use the Sobolev inequality in R?, i.e., the
Taylor-remainder formula in integral form, which reads

uw) = [ ety + Buw) = [ c@umay + 3 [ Koy
|a]=1

where ¢ is a smooth function with support in a ball B C U and [ ¢p(z)dz = 1, and
the kernels K, are given by

Ko(z,y) = (x —y)© /0 s3p(x+ s (y —x))ds.

One can show that the estimate

/ Koz, y)ul® (y)dy
U

(diam(

< C—/w) (@ = )% |z — 2|~2d=

holds, with Cx = C (dm:;#))"‘ depending only on the initial triangulation 7, where
C is an absolute constant independent of w, and ¢ is the radius of the ball B. Thus,
choosing ar = [, ¢(y)u(y)dy we obtain the estimate

Z/|uo‘) )Nz — 2|~ 2dz

lee]=1

lu(z) — ar|)?y < Cx(diam(U) /

Now we introduce the kernel G(z) := | |~2 and rewrite the right-hand side as a
singular integral with the notation (u(® %y G)(z) = fU ) (2)G(x — 2) dz

|lu(z) — aT||w v < Ck(diam(U Z / ul® xy G)(a?)‘de.
la|=1

Then, using a result from harmonic analysis [18] for weights w € Ay (a sub-class of
the Muckenhoupt class A.,) we obtain

/ w(m)‘(u(a) *U G)(ac)‘Qdac < Cg,w/ w(@)|u® Pde

U U

with Cs,, depending on w only. Hence, with o = 1 and (3.43) we end up with
(344) [ MPullor < (14 V3) [[(u— ar)lloy < Cow Ok (diam(U))?|Vull2, 1
Finally, we choose v = M#u in (3.41) and we obtain

lujlf o < 4 1M5u = ull§, < Cow 27 a(u,u)

Jw =
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where we have used ||Vu|? = a(u,u) after summation with respect to U, i.e.
TeT;.
Recall that we can determine jg for w € A, due to the limited growth condition

29 > C \/Coo

for all j > jo and we obtain

Jo :=1In(C /Coow)-

Altogether, we can now establish our robust and optimal norm equivalencies in the
following theorem.

Theorem 3.15. Let the bilinear form a(-,-) fulfill Assumption 1 and consider a
sequence of uniformly refined triangulations T; and the respective sequence of nested
spaces V; of linear finite elements. Furthermore, let us consider w € Ay C Aso.
Then the equivalence

J
(3.45) a(u,u) < Cs ZQQjHujHQ < C7 a(u,u)

jw =
=0

where

C7 = C3 (In(C /Coow)C2w +4 (14277 1Cp)*(1 + \/ 200)2 C Coow)

v, Ca,w and Cso, depend on w only, Cy and Cs depend on the initial triangulation

To only. With respect to the || - ||, norm we have the equivalence
J
(3.46) a(u,u) < Cy (1+2y71Cp)? Z 2% |lu;||2 < Cg alu,u)
j=0
where

/3
Cs:=C3 (14277 1C)*(In(C /Coo.)Ca.(1 + 500)2 4+ C Coo)-

4. ROBUST AND OPTIMAL PRECONDITIONERS

Let us now focus on the design of appropriate preconditioners based on the es-
tablished norm equivalencies. Here, however, we can derive a simple preconditioner
based on the || - ||, norm only. The following standard construction for BPX-type
preconditioners B [3, 22] does not work for the level-dependent norms || - ||; .

Let us define the preconditioner B via

J
(4.1) (u, Bu)o, = a(Q5u, Qgu) +_ 2% uyll2.

=1

Using the orthogonality property (u;, ;). = d;, for u; = (Qf — Q%_;)u we obtain
the operator formulation

J
B = AoQ5 + ) 27(Q7 - Q5

Jj=1
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Similarly, we obtain the inverse operator

Bl = 1Q0+22—2] Qw_ w )
j=1

Note that we can rewrite the sum of the differences of the projections also as a
simple sum of the Q% i.e.

J—1 J—1
Z 27(QF — Q) = 27VQy-277Q0 + Z 27HQy - 27y
j=1
= 27VQ5-27%Q5 + Z 275Qy.
With this we obtain the alternative representation of the operator B!
J—1
B~ = (A" —270)Q5 + > _(1-27)27%Qy + 272/ Qy.
Therefore, it is clear that the equivalent operator B-1

J
BTl =A'Qs + ) 27VQy
j=1
can also be used as a preconditioner. However, the orthogonal projections ()Y
are rather expensive to compute. Instead we will employ the spectrally equivalent
averaging operators (3.40)

nj

(u, 9w
MYy = Wl
J Z< w]>
where n; = #N; denotes the number of vertices of the triangulation 7;. The
operators M3 satisfy
(4.2) Yo (u, Mju), < (u,Q5u)w <1 (u, M7u), uniformly in j.

Finally, we obtain the substantially less expensive preconditioner B with
I o
sgag ey bl
T (LY
It remains to show the spectral equivalence (4.2) which we obtain from the following
lemma.

Lemma 4.1. Let the weight w but such that (2.13) is fulfilled. Then the piecewise

linear finite element functions wl(j) form a Riesz-basis for the spaces V; in the
weighted norm || - ||, arising from the weighted scalar product (2.11); i.e., there
holds the estimate

(4.3) AZ Yolal? < ||Zaw§”\|ws BZ DY o ?

with constants A and B zndependent of the level j.
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Proof. The inequality on the right-hand side follows from

’I’Lj 2
1S a2 < = > Jalv)
=1

w lGNj
With the help of Theorem 2.4 we obtain

nj
1> a2
=1

nj

(Z |Ofl|2¢l(j)) v

=1

g
(1+247 Co) 1 a2,

=1

3
= (1+2~710Cy Z wT/T‘ZOéu,Tiﬁu,T
v=1

TET;

\%

’ 2

for the inequality on the left-hand side, where the v, r denote the three nodal
functions of level j with supp(¢,,r) D T. By the well-known stability properties of

the 1/1l(j ) there holds (cf. [23])

3 2 3
/ ’Z au,T@[],(/J’%‘ Z Z |aV,T|2<17¢V,T>T‘
T =1 v=1

Since the support of each wl(j ) consists only of a finite number of triangles it follows
further that

nj 3
a2 > 142971 Co) Y wr Y w1 )T
(44) =1 TE'Tj v=1
’I’Lj )
> C1+2971Co) Y el (L),
=1

with an absolute constant C. Now, with the Li-counterpart of Theorem 2.4 we
obtain the estimate

1" a2 > 03 a2 (1,97
=1 =1
O

Note that this equivalence involves the same constants as Theorem 2.4, i.e.,
involves some information on the coefficient function w and holds for w € A.
With the help of this lemma we obtain (4.2) by the following consideration, see

[23]. With Q§u = alwl(j ) we have the equivalence
(u, QFu)e = (QFu, Qfu)w = (@, GjA)rm
where G; = ((1/Jl(j),w,(gj))w)l’k denotes the Gram matrix. Now observe that with
Dj; = diag((l,wl(j)>w) and @ := Q4u, we also have
(G;a, Dj_ldo'>an = (4, M} 1), = (QFu, M7 QFu)w = (QFu, Mju)y, = (u, M u),.

since @7 is an orthogonal projection. Finally, with the notation 5 = G;d and
Lemma 4.1 we obtain

(@, Gja)gn = <G;157 Byani = (8B, D;lﬁ’)an = (G;@,D; ' G;@) g

which is only the discrete form of (4.2). This completes the construction of our
preconditioner based on the || - ||, norm.
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Remark 4.2. Note, however, that this preconditioner still involves the weights wr

with T € 7, for all levels j. Hence, the evaluation of the <1,¢l(j )>w terms is not
trivial.

The development of a preconditioner based on the level-dependent norms || - || ;..
which should give a superior performance, i.e., should lead to a smaller condition
number, is an open problem. Already the definition of a simple linear operator B
similar to (4.1) is not trivial since the terms on the right-hand side now involve the
level-dependent norms || - ||, and the orthogonality property holds for the norm
I - |l on the finest level only. The derivation of such a preconditioner is subject of
current research and will be addressed in a forthcoming paper.

5. CONCLUDING REMARKS

We presented two optimal and (almost) robust norm equivalencies based on
certain weighted norms for diffusion problems —VwVu = f in two space dimensions
with a scalar diffusion coefficient w. We only require w to be in the Muckenhoupt
class Ay C Ay to obtain our optimal bounds which involve some information on
the boundesness of the local variation of the coefficient function w. This covers all
piecewise constant functions independent of the location of jumps, their number or
their frequency. This is in contrast to previous results, which require the resolution
of the jumps on a particular level, i.e. the coarsest level.

Based on the weighted norm || - ||, which involves the evaluation of the piecewise
constant approximation of the weights wr with respect to the finest triangula-
tion 77 we have furthermore presented a simple and (nearly) robust BPX-type
preconditioner. The design of a preconditioner based on the more sophisticated
level-dependent norms || - || ;. is more involved and subject of current research.
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