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JAQTV�C*b � h < �_d L nFQTX ]TJAK�I?X { X?p?kAQTJAQTS�X=Q_^lkHzJTMvMv^ �(VfO���VAnvXWkTnvX=K�O_K�p?kTnvY�pqkTX=Q P [TX�� 

I?nvX=QR^�X=Q ORQ VAX=Q �T^�X?MvMvX=Q [ � < � 	 � � m�nv^ � d �!Y�^�X?^�Y � 
� � X?^lK�OgS_X=Q�JAQTV�kTnvX=K�m�nv^
VfOaY&�Tp?kTX=mWO�b 	 d 	 �_h�JAQTX=QTVAMvnvp?k�nvY�^=d �
K`O 
AkTnvY�pqk �_X=K�ORQTY�pqkAORJTMonvp?k_^ VAnoX?Y`X?Y8Z\nvMoX=m mWO
� � �TnvMvVfJAQTS 2 d � Q VAnoX?Y`X=K �
K�O 
AkTnF]-u8nFK�V}VAnvX$� 
AK�JAQTSgw JAQA]_^`no[TQ nFQ VAX=m �2X=K�X?nvp?k> � � @ � A�VfJAK�p?k VAnvXWkTnvX=K�O_K�p?kTnvY�p?kTX~��OgY`noY\O 
 
AK�[�TTnFm�nvX=K�^=d(Z\X=K�� 
AK�JAQTS VAX=K!� 
AK�JAQTS 

w JAQA]R^�nv[UQ�MvnvX?S_^ �AX?n�JAQTY�X=K�X=K�| ORkTM kTnvX=K �AX?n*nFQ�VAX=K � QR^�X=K�� OaMoMFm�nv^�^`X_d � Q VAX=K � X=QTnoSRX=Q
�T^`X?MoMvX���O_Q VAX=K � X?u X?nvMvY!VAX=K8Y�X=QA]TK�X?p?k_^`X �T^lK�nvp?k�X?nFQTS_X?I?X?nvp?kAQTX?^\noY`^ �fnvY�^ VAnoXWQ�zOgp?kTY�^�X
��OgY`noYNw JAQA]R^�nv[UQ�kTnFQTI=JTI=JRwlzJTS_X=Q�d�Z
O �AX?n�u8nFK�V X=K�Y�nvp?k_^�Mvnvp?k��fVfO��~VAX=K8|$X=KN^ �Am�nv^8VAX=m
� X?VAX ��OgY`noYNw JAQA]R^�nv[UQ�I=J S_X?u8nvp?k_^�X=Q nvY�^��AY�^�X?^�Y 8 � 
� b 8 a �Ch < � 
� �AX?^�K?zOgS_^=d
s nFmWm4^ mWORQ � X?n�VAnvX?Y�X=K4y)JAQA]R^�nv[UQ �AX?nvY 
TnvX?MvY�u�X?nvY�X VAnvX �%X?u8nvpqkR^lJAQTS�m�nv^�^�X?MvY\VAX=K
� 
 rts [UK�m [TVAX=K4VAX=K ���`rts [UK�m �_[UK���Y�[$K�X?VfJTI?nvX=K�^ Y�nvpqk VAX=K4y)O_]R^�[UK � 
� JAm VAnvX
MvX?�_X?Mvu�X?nvY�X ]RMoX?nFQTX=K�u�X=K�VAX=QTVAX=Q-s [UK�m�X=Q�VAX=K���OgY�nvY�w JAQA]R^�nv[UQTX=Q JAQTV mWO_Q X=K�k�zOgMv^
Y`[Um�nv^8X?nFQTX
X=QTVAMvnvpqkTX�Z
O_KNY�^�X?MvMFJAQTSWVAX=K�y)JAQA]R^�nv[UQ�dAZ\nvX��\X?u8nvp?k_^lJAQTSRX=Q VAX=K8��OgY�nvY 

w JAQA]R^�nv[UQTX=Q-nFQ$VAX=Q-s8[TK�m�X=Q � ^ �
_ Z JAQTV � ^ �
_ $ ]fz[TQAQTX=Q�wx[_MvS_Mvnvpqk OgMvY4X?nPQTX � K�^
ZWzORm 
Rw JAQTSRY�w OR]_^�[TK�VAX?Y kTnvX=K�O_K�p?kTnvY�pqkTX=Q z� � X=K�Y�p?kUJTY�Y`X?Y � OaMoY`[ VAX=m X=QR^�Y 
AK�X?p?kTX=Q�
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c−c

c−c

Level 0
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Level 2 Level 3

� � �TnvMvVfJAQTS 2 �A� 
AK�JAQTSaw JAQA]R^�nv[UQ I=JTYlO_m m�X=Q m~no^ VAX=m � Q_^`X=K 
A[_MFO_QR^�X=Q�O_JRw*YlJA]_I?X?Y 

Y`no�RX=Q���X?�_X?MvY �Cu�[ �AX?nRVAX=K kTnvX=K�O_KNpqkTnvY�p?kTX z� � X=K�Y�p?kUJ
��b � 	 z[UkTX�VAX?Y � X?u�X?nvMvY�mWO_K�]RnvX=K 

^`X=Q�Y�X=QA]TK�X?pqkR^�X=Q$�T^�K�nvpqkTYlh%VAX=K � X?u�X?noMvYWkTnFQTI=JTI=JRwlzJTSRX=QTVAX=Q ��OgY�nvY�w JAQA]_^`no[TQ�S_MvX?nvpqk�

�TMvX?n �AX=QTV noY`^

VAX=Q��\X?u8nvp?k_^�nFQWVAX=K j O�TUnFm�JAm�YlQT[TK�m �gnFQ_^`X=K 
AK�X?^�nvX=K�^�u�X=K�VAX=Q�d_Z\X=QAQT[Tp?kWY�nFQTV VAnvX
� 
 rAs8[UK`m�[UVAX=K!VAnvX�� � rts [UK�m ]gX?nFQ � MvMFkTX?nvMPm~no^`^�X?M � VAX=QAQ �2K�[ �TMvX=m�X �AX?n*VAX=K { X�


AKezOgY�X=QR^lOg^�nv[UQ X?nPQTX=K%S_X?S_X�� X=Q�y)JAQA]R^�nv[UQ�]fz[TQAQTX=Q �AX?n�X?nFQTX=K � X?MvnoX��TnvS_X=Q-|-O_kTM�VAX=K
s [UK�m ORJRw ^lKNX?^�X=Q��_u8nvX�wx[_MvS_X=QTVAX?Y8�2X?nvY 
TnvX?M�X?nFQTX=K&c | b ; h�y�JAQA]_^`no[TQ�I?X?nvS_^��TY�X?nfJ�b"TAh< Y�nFQ�b"TAhWJAQTV 9; < > 8�@�� A d*�T[ u�[UkTM!O_Q-VAX=Q � QR^�X=K�� OaMoMvSUKNX=QTI?X=Q OgMvY O_JTp?k nFQ VAX=K
� Q_^`X=K�� OgMvMFm�nv^�^�X�nvY�^0C*b [ h&noVAX=QR^�nvY�p?k 8 dTyf[_MvS_Mvnvpqk � X=K�X?pqkAQTX?^\Y`nop?k�VAX=K kTnoX=K`O_K�p?kTnoY`pqkTXP [TX�� I?nvX=QR^ X�� X=QRw OaMoMvYWI=J 8 JAQTV-X?nFQ OgVfO 
T^�nv�_X=K ��K�[RI?X �
��VAX=K4X?nFQTX?Y�VAX=K P KNno^`X=K�n 

X=Q nFQ b 	 d43A�=h2�_X=KNu X=QTVAX?^��AY�^�[ 
T^��fJAQAO �Ak�zO_QTS_nvS VfOC�_[UQ��Au�X?MvpqkTXWs [UK�m�nFQ b 	 dX3A�=h2nFQ
�2X?^lK`OgpqkR^�S_X?I?[_S_X=Q u nPKNV�d
Z
OaY ��KN[ �TMvX=m ��VfOgYWkTnvX=K��AX?[ �AOapqkR^�X?^�u8nFK�V��*nvY�^ � X=QTX?Y �HVfO�� wlzJAK � X?VAX?Y�y(X=kTMoX=K`]UK�n 

^`X=K�nFJAm0Y`^�X?^�Y�X?nFQTX y)JAQA]R^�nv[UQ ]g[TQTY�^lK�JTnvX=K�^�u�X=K�VAX=Q ]=ORQAQ��*wlzJAK4VAnvX�VfOgYWSRX?u
zO_kTMv^�X
y(X=kTMvX=K�]UKNno^`X=K�nFJAm �_X=K�Y�OgS_^=dA|}nvMvM�mWO_Q X?nFQ�OgVfO 
T^�nv�_X?Y\V*zJAQAQTX?Y��\nv^�^�X=K YlO_m4^ � QR^�X=K 


 [_MFO_QR^�X=Q wlzJAK&X?nPQTX�S_X?SRX��AX=QTX
y�JAQA]_^`no[TQ�]g[UQTY�^lK`JTnoX=KNX=Q��AVAnvX VfOaY P K�nv^�X=K�nFJAm b 	 d43 	 h
X=K wlzJTMvMv^ �2Y�[$X=K�u�X?nvY�^ Y�nvpqk � X?VA[Tpqk nFQ OaMoMvX=K { X?S_X?M!VAnvX � �`rts [UK�m OgMvY �RX=K�Q�zJAQRw ^`noSRX
|-O_kTMAwlzJAK �

� d�� Q X?nFQTX=m�Y�X?M �TY�^�OgVfO 
T^�nv�_X=Q � MvS_[UK�nv^lkAm�JTY �TVAX=K�O_JRw I=JT�_[TK �AX=KNX?pqkAQTX�

^`X L KNS_X��AQTnvY�Y�X8OgMvY L QR^�Y�p?kTX?nvVfJAQTS_Y�SUK�JAQTVAMFOgSRX�O_QTS_X?u8nvX?Y�X=Q4nvY�^ �g]=ORQAQ
X?nFQTX�OaVfO 
T^�nv�_X
��X=K w X?nFQTX=K�JAQTS�O_QAkAO_QTV VAX=K �
K?z[��gX=Q

	 ^ l}C�l ILK |
� � ^ 	 � � � ^ � b�� @ 	 h JAQTV

	 ^ l}C�l ILK �
� 	 � ^ 	 � � � ^ � b�� @ 	 h

VfJAKNpqkTS_X�wlzJAkAK�^8u�X=K�VAX=Q�d �xY�^!VfO �AX?nHVAX=K�kTnvX=K�O_KNpqkTnvY�p?kTX z� � X=K�Y�p?kUJ
� O_Q X?nFQTX=m P QT[ 

^`X=Q\]_MvX?nFQTX=K�OgMvY X?nFQTX?Y*VAX=K � X?nvVAX=Q P KNno^`X=K�nvX=Q b VfO �AX?n_u nPKNV
X?nFQTX?Y�VAX=K �AX?nvVAX=Q P KNno^`X=K�n 

X=Q wlzJAK�OgMvMvX �\nv^�^�X=K 
AJAQA]_^�X*wxX?Y�^ ORJTY�S_X?u
zO_kTMv^lhH]_MvX?nFQTX=K OaMoY*X?nFQTX��_[TK�S_X?S_X�� X=QTX �Tp?kAK�O_Q�

]aX����(Y�[�u8nFK�V$O_Q VAX=m P QT[_^�X=Q��_X=K w X?nFQTX=K�^=d�F �TnvS_X � X=K�m~X ]g[UmWm~X=Q��AX=KNX?no^`Y � X?n



 ��JH � �HD BHB=:<#�> �G@� G*G)>���:FB?B?>A@  [

VAX=Q � �TY�p?k�zOg^�I=JAQTS_X=Q VAX?Y�� QR^�X=K 
 [_MFOg^�nv[UQTY�wxX=kTMvX=K�Y
VAX?Y\Z zJAQAQTSRno^`^�X=K r�� Q_^�X=K 
A[_MFO_QR^�X=Q
nFQ ��X=mWmWO 	 d42��_[UKed s!JAm�X=K�nvY�p?kTX L K�S_X��AQTnvY�Y�X��	VAnoX �_X=K�m�z[RS_X�X?nFQTX?Y Y�X?M �TY�^�OgVfO 
�

^`no�RX=Q � MvS_[TK�nv^lkAm�JTY�S_X?u�[UQAQTX=Q}u�X=K�VAX=Q}]fz[TQAQTX=Q���VAX=K O_JRw�X?nPQTX=K S_X=K�nFQTSgwlzJTS_nvS_X=Q
j [TVAn � ]=Og^�nv[UQ-VAX=K4Y�[TX��AX=Q-SRX=QAO_QAQ_^`X=Q �4K?z[��gX=Q$ORJRw �AO_JT^�� � X � QTVAX=Q-Y�nvpqk-nFQ VAX=m
� �TY�p?kAQTnv^�^�5�b 	 s!JAm�X=K�nvY�p?kTX { X?YlJTMv^lOg^�X�
Th?dfZ\nvXW�2X?Y�p?kAK�X?n �AJAQTS VAX?Y
O_QTS_X?Y 
AK�[Up?kTX�

QTX=Q � MvS_[TK�nv^lkAm�JTYWI=JTYlO_mWm~X=Q m�nv^ VAX=m �_X=K�u�X=QTVAX?^�X=Q ��X=K wxX?nFQTX=K�JAQTS_Yl]TK�nv^�X=K�nFJAm
� X � QTVAX?^�Y`nop?k nFQ VAX=m � �TY�p?kAQTnv^�^ S�b 	 � QAm�X=K�]TJAQTS_X=Q I=JAK ��z[_YlJAQTS 
AORK�^�nvX?MvMoX=K&Z\niw 

wxX=K�X=QR^�nFOgMvS_MvX?nvpqkTJAQTS_X=Q�
Uh?d
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	"8+��8�
� Q-X?nFQTX=m ��z[RYlJAQTS_Y 
AK�[RI?X �
��VAX=KWO_JRw
OgVfO 
T^`no�RX=Q �\nv^�^�X=K�Q ORK �AX?nv^�X=Q ]=O_QAQ���^�K�X?^�X=Q
m~no^�JAQ_^�X=K	wx[_MvS_X=QTVAX �2K�[ �TMvX=m�X
O_JRw �Tu8nvMvM mWO_Q I?u�X?n)y�JAQA]_^`no[TQTX=Q m�nv^�X?nFQAO_QTVAX=K!OgV�

VAnvX=K�X=Q-[TVAX=KWm�JTMv^�n 
TMvnoI?nvX=K�X=Q���Y`[ u�X=K�VAX=Q VAnvX?Y�X?F 
 X=K�Og^�nv[UQTX=Q-nFm VAnvYl]TK�X?^�X=Q-y�OgMvM
nFm OaMoMvS_X=m~X?nPQTX=Q 
AJAQA]R^�u X?nvY�X�VfJAKNpqkTS_X�wlzJAkAK�^=d	|$X=K�VAX=Q-VAnvX � X?^�X?nvMonvS_^`X=Q y�JAQA]_^`no[ 

QTX=Q � X?VA[Tpqk m�nv^ JAQR^�X=K�Y�p?kTnvX?VAMonvp?kTX=Q OgVfO 
T^�nv�_X=Q �%nv^�^�X=K�Q4VfO_K�SRX?Y�^�X?MvMv^ �_Y�[�m�J
�\mWO_Q
nFm OgMvMvS_X=m�X?nFQTX=Q wlzJAK!VAnvX L K�SRX��AQTnoYNw JAQA]R^�nv[UQ�VAnvX � X=QTnoSRX=Q �\nv^�^�X=K 
AJAQA]R^�X=Q���VAnvX QTJAK
I=JAK	Z
O_K�Y�^`X?MoMFJAQTSWX?nFQTX=K2VAX=K �AX?^�X?nvMvnvS_^�X=Q y)JAQA]R^�nv[UQTX=Q�Q�z[_^�nvS
Y`nPQTV�� I=JAK�Z
O_K�Y`^�X?MvMPJAQTS
� X=K=zJTp?]_Y�nvp?k_^`noSRX=Q��fu�[ � X?n mWO_Q�QAOgp?k��2X?X=QTVAnvSUJAQTS�VAX=K F 
 X=K�Og^�nv[UQ S_X?S_X�� X=QTX=QRw OgMvMvY
X?nFQTX P [Um 
AK�X?Y`Y�nv[UQ�VfJAK�p?kRwlzJAkAKNX=Q JAQTV-Y�[Um�nv^4u8nvX?VAX=K\X?nFQTnvS_X��\nv^�^�X=K 
AJAQA]_^�X �TI?u
d
��OgY`noYNw JAQA]R^�nv[UQTX=Q �_X=K�QAOgp?kTMxzOgY�Y�nvS_X=Q-]=O_QAQ�d��\X=kR^ mWORQ VfO �AX?n�u8nvXWX��AX=Q �AX?Y`pqkAK�nvX�

� X=Q �_[UK���Y`[ Y�^`X?MoMvX=Q VAnvX ��JAQA]R^�X��2VAnvX I=JAK Z
O_K�Y`^�X?MvMPJAQTS VAX=K L K�S_X��AQTnvY�w JAQA]_^`no[TQ
Q�z[R^�nvS Y�nFQTV���u8nvX?VAX=K�JAm X?nFQ�V zJAQAQTX?Y �\nv^�^�X=K VfO_K?d(Z\nvX?Y�X?Y
X=QR^�Y�^`X=k_^�ORJTY\VAX=K ��X=K�X?n 

QTnvSUJAQTS VAX=K��\nv^�^�X=K 
AJAQA]R^�XWVAX=K%X?nFQTI?X?MPQTX=Q V zJAQAQTX=Q �%nv^�^�X=K���VAnvX I=JAK\Z
O_K�Y`^�X?MvMPJAQTS
VAX=K�F 
AX=K�O_QTVAX=Q�Q�z[_^`noS Y�nFQTV�d
L Y nvY�^�nFQR^lJTnv^�nv� ]RMFO_K��gVfO��!O_JTY*VAX=K ��X=K�X?nFQTnoSTJAQTS
I?u�X?nvX=K*V zJAQAQTX=K �\nv^�^`X=K b`zJ � X=K�VAX=m 

Y`X?M � X=Q �\X��TnvX?^ 9; h!u8nvX?VAX=K�JAm X?nFQ�V*zJAQAQTX?Y �%no^`^�X=K!X=Q_^`Y�^�X=kR^=dfZ\X=K �4K�JAQTV$kTnvX=K wlzJAK
MvnvX?S_^�nFQ VAX=m �!Q_^`X=K�K�O_JAm�Y`pqkTX=mWO �AX?SUKCzJAQTVAX?^ �WzJ �AX=K VAX=m6V zJAQAQTX �\nv^�^�X=K VAX � 

QTnvX=K�^�u�X=K�VAX=Q�dT|}nFK�V X?nFQ��!Q_^`X=K�K�O_JAm � � I=JAK�Z
O_K�Y�^`X?MoMFJAQTS�X?nFQTX?Y8V zJAQAQTX=Q �\nv^�^`X=K�Y
� X=Q�z[_^�nvS_^ �(Y�[ Y�nFQTV�X��AX=QRw OgMvMoY�OgMvMvX ��QR^�X=K�KezO_JAm�X � � m�nv^ / f � nFQ VAX=K!Z\X � QTno^`no[TQ
VAX?Y �AX?^�K�Ogp?k_^�X?^`X=Q V*zJAQAQTX=Q �\nv^�^�X=K�Y!�_X=K�^�K�X?^�X=Q�d � QAOgMv[_SRX?Y�S_nvMv^
nFm y�OgMvM OgVfO 
T^�nv�_X=K
V*zJAQAQTX=K��\nv^�^`X=K �Tu8nFK�V X?nFQTX ��OgY`noYNw JAQA]R^�nv[UQ � � K � I=JAK!OgVfO 
T^`no�RX=Q Z
O_K�Y�^�X?MvMFJAQTS X?nPQTX=Ky�JAQA]_^`no[TQ\�_X=K�u�X=QTVAX?^ �eY�[8Y�nFQTV�X��AX=QTY�[\OgMvMvX8� OaY�nvY�w JAQA]R^�nv[UQTX=Q � � K � m~no^ / f+� nFQ4VAX=K
Z\X � QTnv^�nv[UQ-VAX?Y Z zJAQAQTS_nv^�^�X=K�K�ORJAm�Y��_X=K�^lK�X?^`X=Q���wlzJAK�VAnvX �`C@`|` b � � K � h R �LC@`@`*b � � K � hSRnoMv^=d Z\noX?Y wx[_MvS_^�Y`[gw [TK�^8O_JTY8VAX=K P [UQTY�^lK�JA]R^�nv[UQ VAX=K8V*zJAQAQTX=Q �\nv^�^`X=K�VAX?Y��R[UK�O_QTS_X�

STO_QTS_X=QTX=Q � �TY�p?kAQTno^`^�Y 	 dX3Ad=Z\nvX\m�X=QTS_X=QR^lkTX?[UK�X?^`noY`pqkTX ��X=KNX?nPQTnvSUJAQTS I?u X?nvX=K	Z zJAQAQ�

SRno^`^�X=K�K?zO_JAm~X*wlzJAkAK�^�VfORm�nv^ u8nvX?VAX=K�O_JRwfX?nFQTX=Q�Z zJAQAQTSRno^`^�X=K�K�O_JAm d=Z\nvX?Y�nvY�^*S_MvX?nop?kTI?X?n 

^`noS4VAnvX\^lkTX?[UK�X?^�nvY�p?kTX �
K�JAQTVAMFOgS_X wlzJAK�VAnvX\nFQ � �TY�p?kAQTnv^�^ 3Ad 	 �AX?Y 
AK�[Tp?kTX=QTX � MoSRX��AK�O
ORJRw y�JAQA]_^�nv[UQTX=Q JAQTV�wlzJAK�VAnvX�F 
 X=K�Og^�[UKNX=Q�VAX?Y�QAOgp?kRwx[_MvS_X=QTVAX=Q P O 
Tnv^�X?MvY 6fd
Z\nvX�I=JT�_[UKHS_X=mWOapqkR^�X m~X=QTS_X=Q_^�kTX?[UK�X?^�nvY�p?kTX � JTY�Y�OgS_X�MxzO��a^ Y�nvp?kWm�nv^*VAX=K 	 OgM �TSUK`J 
�


 X=Q_^�kTX?[UK�nvX �AX?Y�p?kAK�X?n �AX=Q�� VAnoX�u8nFK QAOgp?kRw [_MvS_X=QTV ]TJAK�I Y�]_nvI?I?nvX=K�X=Q}u�[_MvMvX=Q�d�Z
OgI=J
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Setze ε = ε/4 ε < ε EndeGilt nun

Berechnungsende Ja
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Verfeinerung des Gitters nach
dem Kriterium F(    ) und         ε
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