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ON THE OPTIMAL CONVERGENCE RATE
OF UNIVERSAL AND NONUNIVERSAL ALGORITHMS
FOR MULTIVARIATE INTEGRATION AND APPROXIMATION

MICHAEL GRIEBEL AND HENRYK WOZNIAKOWSKI

ABSTRACT. We study the maximal rate of convergence (mrc) of algorithms
for (multivariate) integration and approximation of d-variate functions from
reproducing kernel Hilbert spaces H(K4). Here Ky is an arbitrary kernel all
of whose partial derivatives up to order r satisfy a Holder-type condition with
exponent 23. Algorithms use n function values and we analyze their rate of
convergence as n tends to infinity. We focus on universal algorithms which
depend on d, r, and 8 but not on the specific kernel K4, and nonuniversal
algorithms which may depend additionally on K.

For universal algorithms the mrc is (r + (3)/d for both integration and ap-
proximation, and for nonuniversal algorithms it is 1/2+(r+(3)/d for integration
and a+ (r+ 8)/d with a € [1/(4+ 4(r+ B)/d),1/2] for approximation. Hence,
the mrc for universal algorithms suffers from the curse of dimensionality if d
is large relative to r 4+ 3, whereas the mrc for nonuniversal algorithms does
not since it is always at least 1/2 for integration, and 1/4 for approximation.
This is the price we have to pay for using universal algorithms. On the other
hand, if r+ 3 is large relative to d, then the mrc for universal and nonuniversal
algorithms is approximately the same.

We also consider the case when we have the additional knowledge that the
kernel Ky has product structure, Kgq,g5 = ®‘;:1 Krj,ﬁj~ Here Krj,g]. are
some univariate kernels whose all derivatives up to order r; satisfy a Holder-
type condition with exponent 23;. Then the mrc for universal algorithms
is ¢ := minj—y 2 . 4(r; + Bj) for both integration and approximation, and
for nonuniversal algorithms it is 1/2 + ¢ for integration and a + ¢ with a €
[1/(4 + 4q), 1/2] for approximation. If r; > 1 or 8; > 3 > 0 for all j, then the
mrc is at least min(1, 3), and the curse of dimensionality is not present. Hence,
the product form of reproducing kernels breaks the curse of dimensionality even
for universal algorithms.

1. INTRODUCTION

High-dimensional integration and approximation are important in many practical
applications ranging from statistical mechanics to financial engineering. Depending
on the particular problem, functions belong to a specific function class that captures
their a priori known properties. Then the question arises: which algorithm is
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optimal? We can often construct optimal algorithms for a known function class.
But a slight change of the underlying class usually results in a different optimal
algorithm. Furthermore, the class of functions from which a specific given function
stems is usually not known, and thus it is not clear which optimal algorithm should
be used. Therefore, from a practical point of view, algorithms that are optimal for
only one class of functions are of limited interest. Instead one is interested in a
universal algorithm, which works well or (better yet) is almost optimal for a wide
range of function classes.

The problem of universality for integration has been studied for many years. The
earliest papers we could find where universality for integration is considered were
[3, @]. In the univariate case, this problem was also addressed in [5l [14]. In the
multivariate case, the periodic setting was studied in [20, 2I]. The nonperiodic case
was considered in [11] [12]. Here, universality of quadrature was (up to logarithmic
terms) achieved for the classes C7 and FJ, i.e., for Hélder spaces and spaces of
functions with bounded mized derivatives. In more general cases, however, no
results on the convergence rate of universal quadratures are known. The reader
may also consult [2], where the problem of universality is discussed from a more
general point of view.

In this article we study the optimal rate of convergence of universal and nonuni-
versal algorithms for multivariate integration and approximation for d-variate func-
tions from Hilbert spaces. Since we consider algorithms that use finitely many func-
tion values, we assume that the computation of a function value is a continuous
linear functional. This is equivalent to the assumption that the Hilbert spaces have
reproducing kernels. The theory of reproducing kernel Hilbert spaces [I] allows
us to describe function spaces in a concise and elegant way by means of a kernel
function. In this article, we consider universal algorithms that work for all repro-
ducing kernel Hilbert spaces H(K,) whose kernels Ky have all partial derivatives
up to order r satisfying a Holder-type condition with exponent 23. Here, r is a
nonnegative integer and § € [0,1]. We denote the class of such kernels by K, g.
This type of smoothness for reproducing kernels has been studied in many papers.
An extensive list of references up to the year 2000 can be found in [I5]. We stress
that universal algorithms depend only on the smoothness properties of the kernels;
i.e., they depend only on the smoothness parameters  and § and are independent
of the specific form of the kernel, whereas nonuniversal algorithms may additionally
depend on the form of the kernel.

We show that without loss of generality we may use nested linear algorithms, i.e.,
linear algorithms that reuse the previously computed function values. To be precise,
the (n+ 1)st step of such an algorithm uses n function values computed in previous
steps and at most one new function value that needs to be computed at this step.
We present a nested linear algorithm that is universal, since its weights and sample
points are dependent only on d, r, and § but not on the specific kernel. We show
that the error of this algorithm is of the order O(n~("+9)/4) for all spaces H(K)
with Ky from the class K4, 3. Hence, its rate of convergence is (r +3)/d. We prove
that the rate of convergence (r+3)/d is optimal; i.e., there is no universal algorithm
with a better rate of convergence. This holds for both multivariate integration and
approximation. Lower bounds on the optimal order follow from known results,
mostly from [I0, [I7]. Upper bounds are proved here by constructing a kernel (or
equivalently, a Hilbert space) that is difficult for a given universal algorithm.
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We also study the optimal rate of convergence for nonuniversal algorithms. That
is, we want to find the largest possible p such that for every K, from the class Kq g,
there exists an algorithm depending on K, whose error is of the order O(n~P)
for all functions from H(Ky). It turns out that for multivariate integration, the
optimal rate of convergence for nonuniversal algorithms is 1/2 + (r + 3)/d. For
multivariate approximation, we are able to present a bound a + (r + 3)/d, with
a€[1/(4+44(r + B)/d),1/2], on the optimal rate of convergence.

Let us now compare the optimal rates of convergence of universal and nonuni-
versal algorithms. We start with multivariate integration. Observe that for d large
relative to 7 + (3, the optimal rate of convergence of universal algorithms is small
and goes linearly to zero with d~!. This bad property can be seen more clearly if
we want to guarantee that the error achieved by an algorithm is at most . Then we
need to perform n = @(5*‘1/ (”'3)) steps of the corresponding universal algorithm,
and we encounter the curse of dimensionality, since n depends exponentially on the
number d of variables. For nonuniversal algorithms, however, the curse of dimen-
sionality is broken, since their optimal rate of convergence is always at least 1/2;
hence, it is enough to perform n = @(5’2/(1”(”5)/‘”) steps of the corresponding
nonuniversal algorithm to guarantee an error of size €. Note that the exponent of
n is now at most 2. However, the factor in the ©-notation has an (as yet) unknown
dependence on d; this dependence may be exponential, if not worse.

For multivariate approximation, the situation is similar. We have the curse of
dimensionality for universal algorithms, but no curse for nonuniversal algorithms,
since their optimal rate of convergence is always at least 1/4 and the number of
steps of the corresponding nonuniversal algorithm is at most ©(e~4). As before,
the factor in the ©-notation is an unknown function of d, which may grow at an
alarming rate.

In short, the improvements in the optimal rate of convergence for nonuniversal
algorithms are significant for both multivariate integration and approximation. This
shows the price we have to pay if we want to use universal algorithms when d is
large relative to r+ 3. On the other hand, if r 4 3 is large relative to d, the optimal
rates of convergence of universal and nonuniversal algorithms are approximately the
same, so that there is no serious loss in the order of convergence if we use universal
algorithms in this case.

Next, we consider kernels with product structure. In this case, the Hilbert space
H(K,) is a tensor product of Hilbert spaces H(K,, 5,) of univariate functions with
the reproducing kernel K., 5. that is r; times continuously differentiable and sat-
isfles a Holder-type condition with exponent 23; for j = 1,2,...,d. The corre-
sponding class of such kernels is denoted by ICprO dd g This class corresponds to
Hilbert spaces H(K4) of functions with bounded mixed derivatives. We prove that
for the class lerO dd 3 the optimal order of convergence for universal algorithms is
¢ :=minj—q o . 4(r;+0;) for both multivariate integration and approximation. For
nonuniversal algorithms, the optimal rate of convergence is 1/2 + ¢ for multivariate
integration, and a + ¢ with a € [1/(4 + 4¢), 1/2] for multivariate approximation.
The number d of variables now plays a different role than before. Observe that
the optimal rate of convergence of universal algorithms depends on d only through
the minimum of the local regularities r; + (;. If we consider the class K, ;=5
for which min;—1 2 . a{r; + 8} > a > 0 with a independent of d, then the opti-
mal rate is at least a, and the curse of dimensionality is not present for product
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kernels. Indeed, it is enough to use the corresponding universal algorithm with
@(5’1/ @) function values to compute an e-approximation. As before, the factor in
the ©-notation may be exponential in d. For nonuniversal algorithms we have even
better bounds on the optimal orders of at least 1/2 for multivariate integration,
and of at least the number a for multivariate approximation. Hence, we break the
curse of dimensionality of universal algorithms for the class Kg,, 5 if we switch to
the class ’Cprod,d,ﬁﬁ of product kernels with minj—q 2 ¢{r; + 5;} > a > 0 and a
independent of d. This means that the product structure of reproducing kernels is
a powerful property.

The remainder of this paper is organized as follows. In §2 we give some basics
of the theory of reproducing kernel Hilbert spaces. In §3 we state the problem of
multivariate integration and multivariate approximation. Then in §4, we introduce
the class of kernels Ky, g3 with global smoothness properties measured by the two
parameters r and 3. We also recall that the Hilbert spaces H (K ) with K, from the
class Kq,, 3 are subsets of the space of smooth continuous functions C™#(D). In §5,
we consider linear algorithms for the spaces C™#(D) and H(K,) for multivariate
integration and approximation. We present nested linear universal algorithms with
optimal rates of convergence in §6. In §7 we study nonuniversal algorithms and their
optimal rates of convergence. In §8, we consider kernels with product structure and
derive their optimal rates of convergence. We finish with some concluding remarks
and open problems in §9.

2. REPRODUCING KERNEL HILBERT SPACES

In this article we study multivariate integration and approximation for real func-
tions defined on D = [0,1]¢. We assume that these functions belong to a Hilbert
space H with associated inner product (:,-); and norm ||f|lg = ( ,f)}f. We
assume that H is continuously embedded into Lo(D). Thus, we consider inte-

grable functions f with respect to the Lebesgue measure for which ||fl|z,p) :=

([ 2 (t)dt) /2 < 5. Furthermore, there is a nonnegative number c(H) depending
on the space H such that

(2.1) [fllLapy < c(H)|[fllg forall fe H.

We will study algorithms that use finitely many function values. Then we need
to assume that for any x € D, the linear functional f € H — f(z) is continuous.
This is equivalent to the requirement that H be a reproducing kernel Hilbert space;
see [1]. Hence, H has an associated kernel K : D x D — R that is uniquely defined
by the following three conditions:

o Ky(-,t) € Hyq for all t € D,

. (Kd(xi,xj))z j=1 is a symmetric and nonnegative definite matrix for all n
and points z; from D,

o f(t) = (f,Kq(-,t))y for all f € Hy and all t € D (reproducing kernel
property).

The theory of reproducing kernel Hilbert spaces can be found in detail in [II;
further aspects are discussed in, e.g., [15, 24]. This theory allows us to describe
function spaces in a concise and elegant way by means of a reproducing kernel.
Therefore, we denote in the following the Hilbert space H by H(K,) and the as-
sociated inner product and norm by (-,) (k) and || - [#(x,), respectively. We
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now review some known properties of reproducing kernel Hilbert spaces, which are
especially relevant to the proof technique presented in this paper.
From the three properties of reproducing kernels it easily follows that

Kq(t,z) = (Kq(-,x),Kq(-t))y forallt,z € D,
Ky(t,t) = |[Kq(-,)|lu forallt € D,
fO < IfllavKaltt) forall f € H,t € D.

If H = H(K,) is separable, then for an arbitrary orthonormal basis {r;}, we

have Ky(-,x) = Zidi:f(H) cin; with ¢; = (s, Kq(+, ¢)) y = ni(x). Therefore
dim(H)
(2.2) Kq(z,t) = Z n;(x)n;(t) for all z,t € D.
i=1

In a way, the reverse of this argument is also true; see [24]. To this end, let {n;}32,
be a given arbitrary sequence of linearly independent functions defined on D such
that > o2 n2(t) < oo for all t € D. Consider the space H = span{ni,ns,...}
of functions f(t) = Yo, fin:i(t) with real numbers f; such that > =, f2 < oo.
Observe that f(t) is well defined. For f € H the coefficients f; are uniquely
determined since the 7;’s are linearly independent. The inner product in H is given
by requiring that the n;’s be orthonormal, (n;,71;),, = 6; ;. Hence, for f,g € H
we have (f,g)y = > ooy figi» with f; and g; being the coefficients of f and g,
respectively. Then H is a Hilbert space. We claim that

= > m@)mi(t)
i=1

is its reproducing kernel. Indeed, K,4(-,t) € H for all t € D. Consider the matrix
M = (Kq(wi,x;)); ;= for arbitrary n and z;,2; € D. Clearly, M is symmetric.
Moreover, for arbitrary real numbers a; we have

[e’e] n 2
Z a;a; Kq(xi, ;) Z Z a;a;ng(Ti)ne(r;) = Z (Z ain(z > > 0.
k=11i,j=1

3,j=1 k=1

This proves that M is nonnegative definite. Finally, for all f € H and t € D we
have

<faKd H—Zfzm —f )

Hence, K is the reproducing kernel of H , as claimed.

Note that the Hilbert space Lo(D) does not have a reproducing kernel, since
point evaluation ¢ € D +— f(¢) is not well defined for Ly(D) and thus cannot be
continuous. It is easy to see that H(Ky) is continuously embedded in Lo(D) if we
assume that

(2.3) /D Kat,t)dt < .

Indeed, f2(t) < Hf||H(Kd)Kd(t,t), and therefore (ZT]) holds with

(2.4) (H(Ky)) = ( /D Ka(t,t) dt)

1/2
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In this case, Hy(K) is a proper subset of Lo(D), and K4(-,t) € Lo(D) for arbitrary
teD.

We add in passing that if (2.3) does not hold, then H(Kj4) need not be a subset
of Ly(D). Indeed, take a function i : D — R that is not integrable, say, h(x) = 2 *
for 1 € (0,1] and h(z) = 0 for z; = 0. Let Ky(x,t) = h(z)h(t). Then H(K,) =
span{h} is a one-dimensional Hilbert space, and H(Ky) is not a subset of Ly(D).

In this case [, Kq(x,t)dt = (fo _Zda:) = oo0.

Many examples of reproducing kernel Hilbert spaces can be found in the litera-
ture; see, for example, [I5] [24]. Here we only mention one example of a tensor prod-
uct Hilbert space that is often studied for multivariate integration. Let H (K ) =
W1([0,1]) ® W4 ([0,1]) @ - - @ W3 ([0, 1]), where W ([0, 1]) is the Sobolev space of
univariate absolutely continuous functions f : [0,1] — R for which f’ € Ly([0, 1]),
under the inner product

D wi o = F(0) /f

The reproducing kernel K, takes the form

d
= H (1 + min{z;, ¢;})

for x = [x1,29,...,24], t = [t1,t2,...,tq] € D. The inner product in H(K,) is
given by

[u [ul
Gr D = FO90) + 3 /[ O (0 0) L g(4,0) d

0£uc{1,2,...,d} 7 101! Oy Oy,

Here, the sum is over all nonempty subsets u of the index set {1,2,...,d}, and
therefore we have 2¢ — 1 terms. Each term is an integral over the |u|-dimensional
unit cube, where |u| denotes the cardinality of the set u. For x € D, the vector x,
denotes the |u|-dimensional vector that consists of the components of z; with j € w.
Finally, the vector (z,,0) denotes the d-dimensional vector whose jth component
is z; for j € u and is zero for j ¢ u. Details can be found in, e.g., [19].

3. MULTIVARIATE INTEGRATION AND APPROXIMATION

For a reproducing kernel Hilbert space H(K ;) with kernel K, satisfying (23,
we consider multivariate integration, INT, : H(K ;) — R, defined as

INT4(f) = /D f(tydt

and multivariate approximation, APP, : H(Ky) — L2(D), defined as
APP4(f) = f.

Here, we want to approximate functions f from the space H(K ) in the weaker norm

of the space Ly(D). Thus multivariate approximation is an embedding operator.
For the reader’s convenience, we recall some well-known facts about multivariate

integration and approximation. It is easy to see that INT; and APP, are continuous
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linear operators. Their norms are defined as

[INT4l| == sup [INTq(f)| and  [|[APPql| :=  sup  |[|fllz,p)-
fEH(Kq) fEH(Kq)
1l e xe g) <1 Nl e e gy <1

Since [INT4(f)| < [[fllz.(p), the relation [INT4|| < [[APP,4| directly follows. Fur-
thermore, f2(8) < | fll1(x ) Ka(t. 1) and @) imply [INT,|| < [APP,| < c(H(K)).
We first consider multivariate integration. Letting

ha(t) = / Kq(z,t)dz forall t € D,
D

it is easy to verify that hg is the Riesz representer for multivariate integration, i.e.,
that

INTa(f) = (f, ha) i, for all f € H(Kq)

and

1/2 1/2
HINTdH = thHH(Kd) = (/ / Kd(Iﬂf) d$dt) = (/ hd(x)dx> .
DJD D

We approximate INT4(f) by a quadrature
Qna(f) = Zaz‘f(ﬂfz%
i=1

with weights a; € R and sample points x; € D. Note that @y, 4 is also a continuous
linear functional since

Qna(f) = <f7 éain(~,xi)>

H(Ka)

Observe that

1@n.all =

n 1/2
= <Z aiajKd(xi,xj)> .
H(Ka)

ij=1

Z a;i Kq(-, z;)
i=1
The error INT4(f) — Qn,a(f) can be represented as
INT(f) = Qualf) = (fiha = S askiala))
H(Ka)

i=1

The worst case integration error of (), 4 is defined as the largest error for all f in
the unit ball in H(Kjy),

(3.1) e (Qna, Ka) = sup  [INT4(f) — Qu.a(f)]-
fEH(Kq)
112 xc gy <1
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Then it is clear that
2

eINT(Qn,d; Kd)2

[INTg — Qn.all* = ‘

ha =Y aiKa(- ;)
i=1

H(Ka)

hall% s,y — 2Zazhd zi +\|Zade ) e

=1
= //dey dxdy—QZaz/deu
(3.2) + Z a;a; K (x;,2;).
i,j=1

In this way, we obtain a well-known explicit formula for the worst case integration
error.

Next, we consider multivariate approximation APP,; : H(K,) — Lo(D). We
first have to find the adjoint operator APP}; : Lo(D) — H(K,). Observe that for
f e H(K,) and g € Lo(D) we have

(- APPi9) sy = (APPu()9) o = [ O

:L<f7 Kd('7t)>H(Kd) g(t) dt = <f7AKd(.7t)g(t) dt>H(Kd).

APP;(g / Ky(z,t)g(t) dt for all g € Ly(D).

Hence,

For f € H(K,), this yields
112,00y = (APPa(f), APPA(F)) i) = (Walf), Pharcren

where
(3.3) Wy = APP} 0 APP, : H(K,;) — H(Ky)
is given by
Walf) (2) = (AP0 APPaf) (2) = APPi(f) (0) = [ Ka(a.)f(0)dt
for all f € H(Ky).
Clearly, Wy is a self-adjoint nonnegative definite operator satisfying

IAPPq|| = [[Wall*2.

The norm of Wy is equal to the largest eigenvalue of W,; and is bounded by
Jp Ka(t,t) dt.
We approximate APP4(f) by linear algorithms

where, z; € D as before, but the weights w; are now functions from Ls(D). Note
that A, q is a continuous linear operator. The worst case approximation error of
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Ap,q is defined as

(35) A (Ana, Kg) = sup  [|APPu(f) = Ana(H)llap) = [APPa— Ayl
fEH(Ka)
Ifllm(xy) <1

The operator norm of ||APP;— A, 4| is equal to the square of the largest eigenvalue
of the operator (APPy; — A, 4)*(APPy — A, 4), for which no explicit formula is
known. Hence we do not have an explicit formula analogous to ([B.2]) giving the
worst case error for multivariate approximation. But it is known that the error of
Ap.q s at least equal to the square of the (n+1)st largest eigenvalue of the operator
Wy; see, e.g., [22].

However, it is straightforward to show that multivariate approximation is not
easier than multivariate integration. Indeed, for any approximation algorithm A,, 4
of the form (3.4, we can define a quadrature Q;?) 4 by integrating A, 4(f) (t) over

t, so that
1) = ([ woa) sz,
Then .
INTU(7) ~ @A) = [ <f(t) —wat)f(xi)) dt
=1

and
(3.6)

n 2 41/2

INT() - Q) < | [ (#0- L) de] " = 1 = vl

- for all f € H(Ky).
Hence,
(37) BINT( ;?,mKd) S eAPP(An)d,Kd)

for all approximation algorithms A,, 4.

4. GLOBAL SMOOTHNESS

We want to find universal algorithms that will be efficient for a (possibly large)
class of Hilbert spaces with reproducing kernels. We determine these classes by the
global smoothness of their kernels. To this end, for a nonnegative integer r and
B € [0,1] we define K4, 5 to be the class of reproducing kernels K, such that

(4.1) K4 € C™(D x D),

K (@,0) = 2K (2,9) + K (y,9) < Lz — y|*°

(4.2)
for |a| <r and z,y € D.

Here, we use standard multi-index notation: for a = [aq, @, . . ., 4] with nonnega-
tive integers ¢, we write D) = 5‘|a‘/8x‘f‘1 <0z and |af == a1ag+- - +oag <1
We let C™"(D x D) denote the space of functions on D x D whose partial deriva-
tives of order up to r are continuous, with Kéa’a*)(x,y) = Dg‘D{j*K(az,y) for
multi-indices «, o and z,y € D. Note that the nonnegative number Ly, in (L2)
depends only on the kernel K;. Thus we assume that Ky is r times continuously
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differentiable and all its rth derivatives satisfy a Holder-type condition with the ex-
ponent 2. Note that the specific choice of the vector norm in (£.2) is not important
since all vector norms are equivalent.

Kernels having this kind of smoothness have been well studied; see, e.g., [15]
and the references cited therein. In particular, for any f € H(K,) and any « with
la] <7, we have

1/2
(13) e 1@ < iy {7 w0}

Formula (.3) can be derived as follows. Differentiation of f(t) = (f, Ka(-, 1)) gk,
results in

Fo) = (£ KL )
In particular, for f = K((io’a)(-, x) we have

a,a 0, 0,
Kt 2) = (K (a), K1) i)

For x = t we obtain

K8 () = K 0 3,
so that

PO < N F e K (8,1)2,
which yields ([@3]).

Furthermore, for |a| = r we have

FO@) = £ ) = (£ BV a) - KV y)

H(Kq)
and
£ (@) = FO) < Nl IES? Coa) = K6l
= Wl (K5 ) — 2K () + K0, 9)
< N fllercreny L N1z =y,

where we used (2] in the last estimate.

This shows that for K; € Ky, we have H(K,) C C"P(D), where C"#(D)
denotes the space of all functions from C'" (D) whose partial derivatives up to order
r satisfy a Holder condition with the exponent 3. The norm in the space C™?(D)
is given as

|[f (@) — £ ()]

fllcrs = max{ max max|f ) (z sup
” H(N (D) a:|a|<r zeD | ( )|’ a |lal=r ||.’£—yHﬁ
z,yeD, z#y

Furthermore, for f € H(K4) we have

(4.4) | fllerempy < c(Bayr, Bk

with ¢(Kq,r,8) = rnax{ max maxK(a’o‘)(t,t)l/z,L}(/j},

o |al<r teD
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5. ALGORITHMS FOR C"#(D) AND H(Ky) WITH K4 € Kar 3

For the class C™#(D) it is known that the optimal error bounds of algorithms for
multivariate integration and approximation are ©(n~("+#)/4); see [10} p. 34]. Thus,
the optimal rate of convergence is (r + 3)/d. We now briefly discuss algorithms
achieving this optimal rate of convergence.

For k = 1,2,..., we subdive the unit cube D into k% sub-cubes Dy ; of side-
length 1/k. The sub-cubes Dy ; are nonoverlapping with edges parallel to the
coordinate axes. Let { =r—1if f=0,and I =7 if 3 € (0,1]. Let v = (d'H) be the
dimension of the linear space P,;; of polynomials of d variables of degree at most

l. For each sub-cube Dy, ; we use v sample points z, ;1,2 ; o, ..., %}, from Dy j,
and v polynomials wj ; 1, Wy ;1,---, Wy ;,, of d variables of degree at most [ such
that

1%
P = Zp(xzjz) (U Vp € Pay.
i=1
We consider algorithms for which the total number of sample points is n, = v k¢.
For multivariate approximation, we define the algorithm

nkd E E wk]z xkgz

j=11i=1

and for multivariate integration, we define the quadrature

Q;:k,d<f>=/D ol dt—ZZam

j=11i=1

with az’j)i:/ w,ﬁ)j7i(t)dt.
D

Both algorithms involve nj; sample points when k& = 1,2,.... For an arbitrary
positive integer n we proceed as follows. For n < v, we set A} , =@}, ; = 0. For
n > v, there exists a unique k such that n € [ng, ng4+1). We define

(5.1) :L,d(f) = Z,C,d(f) and QZ,d(f) = Q:Lk,d(f)'

The approximation error of A% , in the space C"™#(D) is of order k=9 =
@(n;(r'w )/ d) which can be proven by using Taylor’s theorem on each sub-cube
Dy, ;. Since n = O(ny), the approximation error of A7, ; in the space C™B(D) is of
order n=("+P)/d a5 claimed. Obviously, the same holds for multivariate integration,
due to ([B7). Hence, we have

(5.2)  (APP4(f) — A% q(f)) (z) = o(n*”ﬁ)/d ||f\|cr,ﬁ(D)), for all o € D,
(5:3) IIAPPa(f) = Asa(DlLaioy = O (0 fllcro )

(5.4) INT(f) = QaalF)l = O (n= O forimy) -

Here, the factors in the O-notation do not depend on x, n, and f but may depend
on d, r, and f.

We emphasize that for different values of n the algorithms A , and @}, ; may
use different sample points. For example, consider the case n = ngpy; — 1. If we
increase n by 1, then we use a different partition of the cube D, and the new
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sample points xj ., ;, may not be related to the previous sample points zj ;..
This is not a desirable property, since the number of function values used by, say,
AT 00 A5 4o - A, g may be of order n?. The same holds for the quadrature case.
It would be better to have “nested” algorithms A‘ﬁ'f; and Q7% i.e., algorithms of

the form
nes( Z wy 5 f(z5) and nes( Z an,; f(x;)

for some functions w, ;, numbers a, ;, and some sequence xi,Z2,...,Ty,... Of
sample points. The main idea behind nested algorithms is that the function values
used by, say, A}% are reused by A7, ;. so that we only need to compute at
most one extra function value f(z,11) to obtain A}, ;(f). Hence, the number of
function values used by the sequence A}%, A5%, ..., A% is n. The same holds in
the quadrature case for the sequence Q75, @55, -, Q“es

We now show that it is possible to have nested algorlthms for multivariate ap-
proximation and integration with the same order of convergence as A;, ; and Q;, ;.
respectively. Let X be the set of the sample points used by A; , and Q.- We

form the sequence {z;} of sample points by taking
(5.5) S X X,

with an arbitrary ordering of the elements in the sets X5.. Observe that the
cardinality of |J;", X5 is at most ¢,, = 2™T! — 1. We are ready to define the
nested algorithms Ai‘f; and Qi‘f; For an arbitrary n > 1, there exists a unique m
such that n € [¢p, ¢mi1). We set

(5.6) nalf) = Az q(f)  and ma(f) = Qam 4(f).

Thus, the algorithms A?ﬁ; and Q% are the same forn € {em,em+1,...,¢my1—1}
coinciding with the algorithms A3,. ; and Q3. ; that use the sample points from
the set X3.. So A7% and Q% use the first n elements of the sequence (5.3) as
sample points; the Welghts assoc1ated to the sample points not from the set X5m
are zero. Clearly, n = ©(2™) and therefore

IAPPa(f) = Axa(F)llzzp) = [APPa(f) — Azm a(H)ll2(p)
= O mrtA/dy — O(p~(r+A/d),

as claimed. Obviously, the same results holds for multivariate integration.
We now comment on the errors of A% and Q)% for f € H(Ky) with K4 € Ky .

We know that H(Kg) € C™#(D). Also, formula ([@4) states that [|f|crsp) <
c(Kq,m,B) | fllg(ky) for all f € H(Kq). Therefore for all f € H(Kg) with Kgq €

Ka,rg, the estimates (5.2), (53), and (54) yield
(APP,4(f) — A2S(f)) () = O (n’(”ﬁ)/dc(Kd,r, ﬂ)||f\|H(Kd)) , forallze D,
|APP(f) = AR5 Dllaoy = O (n~ T (K, D) i )

[INTu(f) = Qu3(H)| = O (0= e(Ka,r, )| fllmeres ) -
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Furthermore, for the worst case approximation and integration errors of A% and

nes M
ned We obtain

eAPP( ?L?osh Kd) = O(C(.K—d7 r, ﬁ) n_(T+B)/d)
and

eINT( nes Kd) — O(C(Kd,r, ﬁ) n*(“rﬁ)/d)

n,d»

for all Kq € Ky p with ¢(Kq4,r,3) given by (4). The factors in the O-notation
in the last five formulas are independent of x, n, and K4, but may depend on d, r,
and S.

6. UNIVERSAL ALGORITHMS

We are now ready to define the optimal rate of convergence for universal algo-
rithms for multivariate integration and approximation over H(Ky), with Ky from
the class g, r 3.

We begin with multivariate integration. Let @@ = {Qy 4} be an arbitrary se-
quence of quadratures @Qn q(f) = Z;—Ll an,;f(2n ;) for some numbers a,; and
some sample point Zn; from D. We want to find universal quadratures @, 4,
i.e., quadratures that approximate integrals for all functions from the space H(K )
and for all kernels K, from the class Ky, g with the optimal (largest possible) rate
of convergence. We stress that these quadratures may only use the smoothness
property of the kernels; i.e., they may depend on the number of variables d and the
smoothness parameters r and 3, but they must be independent of the specific form
of the kernel K;. The optimal rate of convergence is defined as

PN (Kar,5) = sup {p >0 :3Q={Qna}
(6.1) such that VKg € Kgrp Ve H(Ky)
lim np ‘INTd(f) _Qn,d(f)| = 0}
n—oo
We say that Q = {Qn.q} is a universal quadrature for the class K4, g if
T [INT(f) ~ Qualf)] = 0.

Vp < p™NT(Karp), Vf € H(Ky), VKq € Kayp.

For multivariate approximation, we proceed similarly and define the optimal
order of convergence as

PP (Kg,r5) = sup {p >0 :3A={A,q}

(6.2) such that VKg € Kq,p5 Vf € H(Ky)
i [APPA() = A Dlacoy = 0

In fact, we can even consider more general quadratures of the form Qn,a(f) =
o(f(zn,1), f(xn,2),..., f(xn,n)) for some nonlinear mapping ¢ with an adaptive choice of
points x, j; i.e., £, ; can be an arbitrary function of the already computed function values

J(@n1), f(@n2), . f(Tn,j-1).
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We say that A = {A,, 4} is a universal approximation algorithm for the class Ky, g
if

Jim n? [APPa(f) = An.a(f)ll o) = 0,
Vp < p*PP(Karp), V€ H(Ky), VKqg€ Karp.

From (B.6) it follows that pAFPT (Kg.5) < p™NT(Karp)-
We are now ready to prove the main theorem of this paper.

Theorem 1. The nested quadrature Q" = {Q“es} and the nested approximation
algorithm A" = {A}%} defined by (B.6) are universal quadrature and universal
approximation algorzthms for the class Kq.r 3. Their optimal rates of convergence
are

r+0
T

Proof. From the considerations in §i we know that the errors of @)% (f) and
Achl(f) are of order n=("tA/d for all f H(Ky) and all K4 € Kg4, . Hence,

INT (Karp) > p*TP(Karp) > (r+3)/d. Thus, it remains to show that p™ 7T (Ky,,. 5)
< (r+p3)/d.

The proof of this estimate will use a technique due to Bakhvalov [4] for finding
lower bounds for multivariate integration for the class C™#(D); see also [10], as well
as the result of Trojan [23] for analyzing the asymptotic setting for linear problems.
See also [22] Chapter 10].

Define g(z) = (z(1 — z))"! for z € [0,1] and g(z) = 0 for z € R\ [0,1].
Clearly g € C™P(R), and the support of g is [0,1]. We partition the domain
D =[0,1]¢ as before into k¢ sub-cubes D; ;. of side-length 1/k. For each of the k%
sub-cubes Dy, ;, let t; = [tj1,;2,...,t;q] denote the lower left corner of Dy, ;, and
for x = [x1,22,...,24] € D let

pAPP (Kde) pINT (K 77‘)5) _

i () —k(’““’)Hg zi—t;) forj=1,2,.. k.

Note that the sub-cube Dy, ; is the support of g ;. For a = (o, e, ..., aq] with
|a] <7 we have

d
gic) (@) = k=D T g (k(a; — 1),
i=1
Thus, | g,g?‘j) (z)| = O(1) with the factor in the O-notation independent of x, k, and
j-
Choose a multi-index a with |a] = r. Suppose that z and y lie in the same
sub-cube, say Dy ;. We have

d
o)) oy —w(HW = ) = [T (it 130 ).

i=1
It can be checked by induction on d that

Hal Hb = Zalag ~aj_1(a; —b;)bjt1bj42- - ba
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for any choice of numbers a; and b;. Using this identity, the fact that all (i) (y)
are of order 1 for all y, and using the property that the ¢(®) satisfy the Lipschitz
condition for a; < r, we have

d
)@ o) = O(K NIy —ul) = 0 (F-2le 1 - o)
Jj=1
= O0(K Pz —y|) = Ol - yI}).

Here ||z|; = Z;l=1 |;| is the {1-norm.

Keeping in mind the fact that || = r, we now suppose that 2 and y belong to
different sub-cubes. Let x € Dy ;. Then there is a point z lying on the boundary
of the sub-cube Dy ; and belonging to the interval {cz + (1 —c¢)y : ¢ € [0,1] } for
which ||z —z[|; < ||z —y]||1. Since y is outside of Dy, j, we have g,(f])(y) = gl(f)(z) =0
and

9 (@) - g\ W) = g1 (2) — 9i) (2) = Oz — z]1) = Ollz —ylY).

Hence, the Holder condition holds for the /1-norm, and since all vector norms are
equivalent, this also holds for any other vector norm. Therefore g ; € C"P(D)
and ||gk,jllc~s = O(1), with the factor in the O-notation being independent of k&
and j. Furthermore,

/ gk,j(t) dt = / gk,j(t) dt = k*(dJrTJrﬁ) / g(t) dt = @(k*(d+T+ﬂ)).

We now partition the cube D into sub-cubes Dy ; with k = 2° for i = 1,2,....
Let

(6.3) G={gn;:j=12..2%i=12..}

be the set of functions g,: ; obtained by all such partitions of D. We claim that the
elements of the set G are linearly independent. To this end, take arbitrary numbers
¢;,; for which

oo 2%

Z Zci,jggi’j(.’ﬂ) =0 for all x € D.

i=1 j=1
We need to show that this can happen only for ¢; ; = 0. Let

27,d

r; = |J oDy
j=1

be the union of the boundary points of all sub-cubes Dy: ;. Clearly, I'; is a proper
subset of Ty ;. For i* = 1,2,... and j* = 1,2,...,2", choose a point 2 € I« 1
belonging to the interior of Dyi+ ;.. Then x € I'; for all i > i* + 1. Since the
support of each g, ; is the interior of Dy: ;, we have go: ;(x) = 0 for all i > 4* 41
and all j =1,2,...,2". For such x, we obtain

o) Qid i* Qid

0= chi,jgw,j(x) = chi,jg2¢7j(x).

i=1 j=1 i=1 j=1
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Since the supports of go: ; are disjoint, the sum over j may have at most one nonzero
term for j = j(i) with x € Dgi j(;). Thus

(6.4) 0= Zcm(z)g?w (i) ().

If i* = 1, then j(1) = j* and ¢; ;« = 0. Since j* can be any integer from [1,29]
we see that all ¢; ; = 0. Then we use induction on ¢* and assume that all ¢; ; = 0
fori =1,2,...,4* —1land j =1,2,...,2". From formula (6.4)), we conclude that
Cix j=Goir j+(x) = 0. Thus, ¢;« j« = 0, which holds for all j* =1,2,.. ., 214 Hence
the ¢; ; are all zero, as claimed.

Now consider an arbitrary quadrature @ = {Qn qa}, and let z,1,2n2,...,Znn
be the sample points used by @ 4. Let us assume that for some positive p we have

Jim n” [INTq(f) = Qna(f)| = 0, VfeH(Ka), VEq € Karp.
We want to show that p < (r + 3)/d.

As before, we can switch to a nested quadrature Qn,d that uses the first n points
of the sequence {z;} of sample points given by

x171,x2,1, 1’272, e ,1’27?171,%2771)27 SN ,xgm,Q'm, ey
with Q.4 = Qam 4 for n € [2™,2mF1). Since n = O©(2™), we also have
nIer;o n? |INTd(f) — Qn,d(f)' = 0, Vf S H(Kd), VK4 € Kd,r,ﬁ~

Fori=1,2,... 77deﬁne n; = 2971 For j =1,2,...,n,, the sample point x; used
by the algorithm @, 4 belongs to Dai ;) for some index I(j) € [1,2"]. Let

Clearly |J;| € [214~1,24). Define
g2i(t) = > gai 5(1)
jed;
as the sum of functions gy: ; whose supports Dy: ; do not contain the sample points

used by Qn, a- Thereforeﬁ gai(x;) =0 for j =1, 2 ,ni, and Qp, a(goi) = 0. We
also have

(6.5) gai(t) = O (24<r+ﬁ>>

and
/921 t)dt = Z/ g2 5 (¢

jeJ;

—i(d+r+03) ‘J|/ dt _ @ i(r+,3)) — @(ni—("‘-i'ﬁ)/d).

The function gy: also belongs to C™7 and | gy
the O-notation independent of i.

Let 0 be an arbitrary positive number. Consider the sequence of functions
{27%g,:}. These functions are linearly independent since they are from the set

cre(p)y = O(1) with the factor in

2For a more general form of quadrature, it is enough to work with z,, ; for which we obtain the
zero function values f(z,,;) = 0. Then Q. 4(gn) = $(0,0,...,0). It is easy to see that the best
choice of ¢(0,0,...,0) is zero, since otherwise the error for sign(—¢(0,0,...,0))gn is even larger.
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G = {92 ;} (see [@3)) of linearly independent functions as shown before. Due to
(63), we find that

i=1 i=1
As shown in §2] the Hilbert space

2_2’5947 R 2_i6g2i S e } ,

with inner product (27 gy:,279%g,;) . = &; j, has the reproducing kernel

H = span{2_5g2,

o0

Ky(z,y) = Z 270 g0 () 27 P goi () for all x,y € D.
i=1

We now show that Kq € Kg,- 3. Indeed, for |a| < r we have

ES Y (a,y) = 327050 (@) 27780 (),
i=1

where the last series is convergent because
2—i5gé?)($> 2—zdg§a) (y) = 0(2—21‘(T+5—\a|+5)>

with 7+8—|a|+d > § > 0. Hence, K4 € C™"(Dx D), and (&1 holds. Furthermore,
for |a] = r we have

2
K (@,@) = 265 (0,y) + K§ (9,9) 22 20 (g8 (@)~ 0 )

Since g( ) satisfies the Holder condition with the exponent 3 and a constant, say
¢, of order 1 independent of ¢, the condition (2] holds with the exponent 23 and
Lk, <c/(1—272°). Hence, Ky € Ky .

For the space H(K,) we first compute the worst case error e"°'(Q,, 4) of the
quadrature @, 4; see B.1)). It is well known (see, e.g., 22 p. 76]) that

(66) ewor(Qn,d) > €n,d ‘= sup |INTd(f>|
feH(Ka)
Il ey <1
f(z1)="=f(zn)=0,

For a given integer n, take an integer ¢ such that
20i=Dd  on < 2 and f= 2_i592
Then f € H(Ky) and || f||g(x,) = 1. Furthermore, by the construction of the

function g and since n < n; = 2471 we have flz;) =0for j =1,2,...,n. We
also have 27%; < n < n; and n = O(n;). Finally,

en.d 2 INTd(f) _ @( 5+T+/3)) @(n*(5+7“+/3)/d)).

We now apply Trojan’s theorem (see [22, p. 384]), which states that for any
positive ¢ and for any nested quadrature Q = {Q 4}, the set

{f EH(Kd) . |INTd( ) Qnd(f)| :0}

n—>oo 5/de .d
is nowhere dense. We apply this theorem to the nested quadrature Qn,d. Hence,
there exists a function f in H(Ky) for which [INTy(f) —Qn,a(f)| does not go to zero
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faster than n~(29t7+8)/d_ Therefore p < (25+r+f3)/d. Since the positive number §

can be chosen arbitrarily small, we conclude that p < (r+ 3)/d. Since Q@ = {Qn a}

is an arbitrarily chosen nested quadrature, we have p™NT (K4, 5) < (r + 8)/d, as

claimed. This completes the proof. (I
7. NONUNIVERSAL ALGORITHMS

Universal algorithms work for all Hilbert spaces H(K,) for K4 € K, 43, and
their optimal rate of convergence is (r + [3)/d. We now want to study how this
optimal rate can be improved if we allow nonuniversal algorithms that depend on
the specific kernel Kg; i.e., we consider algorithms of the form Y. | b, ; f(xy,;) with
by, and z, ; depending on K. Here, b, ; = a,; € R for multivariate integration,
and b, ; = wy,; € Lo(D) for multivariate approximation. Let

pnonuni—INT(K:d’rﬁ) = sup {p > 0 : VKd c K:d,r,ﬁ 5 Q = {Qn,d}

such that V f € H(Ky)
Jim n? [INTa(f) = Qna(f)] =0 }»

pnommiiApP(/Cdmg) = sup {p >0 : VK4 € Kd,r,ﬁ JA= {An,d}

such that V f € H(K,)

i |APPACS) = Aoy = 0

denote the optimal rates of convergence that can be achieved by using nonuniversal
algorithms for multivariate integration and approximation for the spaces H (K )
with K4 € K4, 5. As before, (3.0) implies that

pnonuni—APP (ch ﬁ) < pnonuni—INT (Kd B)
)T7 - 7”‘) N

Theorem 2. We have

i 1 r+p
nonuni—INT _ -
p (Kdﬂ"’ﬁ) - 2 + d )
nonuni—APP T+ 6 . 1 1
Karg) = th S
P (Karp) @+ g with ac A+ 4(r+B)/d 2

Proof. Let 7 := 1/24 (r + 8)/d. We first consider multivariate integration. Using
known results, we can easily see that proruni—INT (Ka.r5) > 7. Indeed, it was proved
in [I7] (see also [I5, p. 136]) that for any K4 € Ky, p there are sample points
Tn1,Tn,2s .- &n,y from D and real numbers a,1,0n,2,...,0,,, all depending on
K, such that the quadrature Qp q4(f) = Z?=1 an,; f(xn ;) has a worst case error
of the order n~". The proof of this fact is nonconstructive. Its idea is as follows:
the worst case error of a quadrature for the unit ball of H(Kj) is the same as the
average case error of the same quadrature for the space of continuous functions
equipped with a zero mean Gaussian measure with the covariance function Ky.
We stress that the covariance function and the reproducing kernel are the same.
Then the average case error is bounded by roughly n~/2 times the average case
error for the approximation problem in the Lo norm for the same space and the
same measure; see [25]. Furthermore we know from [28] that the average case
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error for this approximation problem is bounded by the worst case error of the
approximation problem for the unit ball of H(Kj) in the Lo, norm. Finally, since
in our case H(K,) C C"P(D) for K € K4, 3, and since the approximation problem
in the Lo, norm has the rate n=("+9/? (see [10]), the result follows.

We now prove that pronwni=INT(jC, ;) < 7. Again, it is known that for even r
(see [16] and also [I5] p. 153]), and for an arbitrary integer r and 3 € (0,1) (see
[15, p. 140]), there is a kernel K, from Kg4, 5 for which the worst case error of any
quadrature using n sample points is of order n~7. Applying Trojan’s theorem we
conclude that promuni—INT (Karp) <T.

To show the same upper bound for all integers r and 8 € [0,1], we use the
construction from the proof of Theorem 1. For an arbitrary positive §, we take the
set G of linearly independent functions defined by (6.3)) and form the Hilbert space

(7.1) H =span{n,; =20gu;: i=12,..., j=12,...,2")}
with orthonormal n; ;. The reproducing kernel of H is

) 2id

ZZWW x)ni.5(y) for all z,y € D.

=1 j=1

We emphasize that the inner sum over j has at most one nonzero term, and therefore

oo 2% o)
Zznij (l‘) -0 (Z 2—2i(6+’r+5)> < 00.

i=1 j=1 i=1
As before, we can show that K4 € Kg ., g.

Now take an arbitrary quadrature Q, q4(f) = ZZ=1 ankf(znk). We choose an
integer 7 such that 20-14 < 25 < 24, The sample point Zn,k belongs to a sub-cube
Do 1y for some index j(k) € [1,2%]. Let

no= {1,2,.,29 0\ {5(1),5(2),...,5(n)}
Then |J,,| € [214 —n, 2 —1] C [2471, 2! — 1], and obviously |J,,| = ©(n). Consider

the function
|J |1/2 Z Mi.j-

j€Jn
Since the 7; ; are orthonormal, we have || f||z(k,) = 1. Furthermore, f(x,x) =0
for k =1,2,...,n, since the supports of the functions n; ; for j € J,, do not contain

the sample points x,, ;. We also have

1 ] ) 1\ V/2+0+8)/d=5/d
INTd(f) = T |Jn| 2—16 2—Z(d+r+ﬁ) / g(t) dt = © - ]
‘Jn‘ D n

From (6.6) we see that e (Qn.d) > end = O(n~"-%/4). Applying Trojan’s the-
orem and letting § tend to zero, we conclude that pronwi=INT(iC, ;) < 7 as
claimed.

We now turn to multivariate approximation. Obviously, proruri—APP (Karp) <T
since multivariate approximation is not easier than multivariate integration. This
proves that a < 1/2. We now show that

pnonunifAPP (ch,r,ﬁ) > 7_2/(7- + 1/2),
which is equivalent to a > 1/(4 + 4(r + 3)/d).
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We know from the proof of Theorem 1 that for any integer n there are sample
points z; = x;, and functions w; = w;, from Ly(D) such that the algorithm
An(f) = Y% w; f(x;) approximates f pointwise with error of order p=(r+p)/d,
Thus, for any f € H(K4) we have

gpn(@) = f@) = An(£)@) = O (0= flye,) )

with the factor in the O-notation independent of x,n and f. Obviously, g¢, €
Ly (D). Observe that gy, (z) = (f, hn(",2)) gr(fc,) With

n

ho(2) = Ka(2) =Y wi(x) Ka(-2:) € H(Ky).
i=1

Taking f = hn (-, 2)/||hn(-, ©)|| m(k,) We conclude that
(7.2) (@)l (rca) = O (m(rw)/d) for all z € D,

with an O-factor independent of = and n but depending on d, r and f.

To improve the error bound of the algorithm A,, for the space H(K), we need
to consider the operator Wy defined by ([B.3]). We denote its eigenpairs by (X}, 7;);
i.e., dej = )\j?]j with /\1 Z )\2 Z Z O, and <ni7nj>H(Kd) = 57;73‘. ‘Without loss of
generality we assume that \; is positive, and set (; = A;lmm. Then for f € H(Ky)

we have

1
(f, 77i>H(Kd) U N (f, WdTh'>H(Kd) o

(7.3) 1
= )\_z <APPdfa APPdT/i>L2(D) N = <f, Ci>L2(D) Cz

Putting f = n;, we conclude from the known facts that

(7.4) <77i777j>L2(D) = Aidi,; and <Cia<j>L2(D) = 8ij-
We now show that
(7.5) Ay = O(n™%7)  for all n.

1/2
It is known (see, e.g., [22, p. 234]) that (Z;’;HH /\i) / is the minimal average case
error of algorithms (using at most n linear evaluations of f) for the multivariate
approximation problem defined on the space of continuous functions equipped with
a zero mean Gaussian measure with the covariance function Ky. It is proved in
[T7] (see also [I5] p. 135]) that the average case error for algorithms using at most

n function values is of order n~("+#)/d_ Therefore,

Az < 0 A= O (n720H0/),
i=n-+1
This yields Ao, = O(n~(+20+80)/d)) = O(n=27), as claimed.
Now let m be an integer, which will be specified later, and define the projection

m

Ppnf = (f,G)pypy ¢ forall f € Ly(D).

i=1
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Let t1,t2, ..., t, be sample points from D that will be also specified later, and define
the algorithm

A2n,m(f) = PmAn(f) + Bn,m(f)v
where

m 1 n
B = 3£ L a1t 60 )<
i=1 N j=1
Observe that the algorithm As,, ., uses at most 2n function values; f(z1), f(z2),...,
f(xn) are used by A, (f) and f(t1), f(t2),..., f(t,) are used by By, 1.
Let f € H(K4). Then (7.3) implies that P, f = > ", (f, i) r(x,) Mi- Therefore
=Y )y = Puf + Pl

1=1

where PLf =37 (f, i) 1(x,) M- The relations (Z.4) and (T5) yield

o0

2 —2T
HPTJer”%g(D) = Z Ai <f,77i>H(Kd) = )‘m+1||f||%-1(Kd) =0 (m ? ||f||2H(Kd))'
i=m-+1

N

We now estimate the error of Asy, ., for the space H(Kg) with Kq4 € Kqr .
Clearly,

fﬁAQn,m(f) = en,m(f) + Pylr;fa

where
en,m(f) = Pn (f - An(f)) - Bmm(f)'
We have
en,m(f) = Z (<gf,m <i>L2(D) - % ng,n(tj)Ci(tj)><i

i=1 j=1

] D N4 H(Kg)
Therefore .

lenm (DT, < 11 F ZO%
i=1

where

2

Q;

H/D o )G da — ghn(.Jj)Q(tj)

H(Ka)

[
S
o
o

(@G () (P (), o (1)) pr e A dlt

_ %;Q(tj)/,j@(x) (P (@) P 85)) pr e,y A

+ % Z Ci(tk)cz'(tj) <hn("tk)’hn('7tj)>H(Kd).

k.j=1

Observe that a; = «;(t1,12,...,t,). We take the sample points ¢; as independent
random variables distributed uniformly over D and compute the average value
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of a(ty,ta,....tn) == >oit  a;(t1,ta,...,t,). Using the same analysis as for the
classical Monte Carlo method (see, e.g., [10} [15] 22]), we obtain

/ alty,ta, ... ty)dty -+ dty
1 m )
=2 ([ @) o)y, do

=1

/Q )Gi(t) mx(wmmm@.

Since [ G(@)G (1) (@), B 0) gy ot = || [y GV, 2) [,y = 0, we

obtain
1 m
/MWMWM%WMSEZ/ﬁmem%mm
" i=17D

From (C.2) and the second part of (T.4]) we obtain

m
\/n Oé(tl,tQ,...,tn)dtl"'dtn =0 (W) .

From the mean value theorem applied to the integral of o, we conclude that there
are sample points t1,ts,...,t, which may depend on K, for which

m
Oé(tl,tQ,...,tn) =0 (m) .

Combining all these estimates and using the algorithm As,, ,,, with the sample points
from the mean value theorem, we obtain

I1f = Aznm (Dl 220y < Nenm(Hllaoy + 1P Fll (o)

= o((m(2) + (£) ) M)

We choose m to minimize the expression in the O-notation. Then m=0© (n7/(7+1/2))
and

1\ 7/ EH1/2)
@6 1= Az Dl = 0 ( (1) Pl )
This proves that pronwi=APP(xc, 5y > 72/(7 + 1/2), as claimed, and completes
the proof. 0

We now comment on Theorem 2. For multivariate integration, the optimal rate of
convergence for nonuniversal algorithms is 1/2 larger than for universal algorithms.
As already mentioned in the Introduction, this is important when d is large relative
tor+ f.

For multivariate approximation, we only presented bounds on the optimal rate
of convergence for nonuniversal algorithms. Weaker bounds on pronui=APP(iC, )
can be concluded from the known results. For example,

pnonuni—APP(ICd)T’ﬁ) Z T/(2T—|—1)

follows from [26], Corollary 1] and (ZH). Note that our bound 72/(7 +1/2) is larger
than 7/(27 + 1) for 7 > 1/2, which holds iff » + 8 > 0. In fact, more can be said
about the optimal rate of convergence of nonuniversal algorithms using a proof
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technique similar to that in [§], where this problem is studied in the average case
setting. We leave further bounds on pPonuni=APP(jC,  5) for future research.
It is easy to check that 7 > 1/2 implies
1
> —.
— 4
Altogether, the optimal rate of convergence of nonuniversal algorithms cannot be
smaller than 1/2 for multivariate integration and 1/4 for multivariate approxima-
tion. This is in sharp contrast with the optimal rate of convergence of universal
algorithms that can be arbitrarily small depending on the values of d, r and 3.
On the other hand, if we consider the favorable situation where the sum of the
smoothness parameters r + (3 is much larger than d, then 7/(7 +1/2) ~ 1 and

pnonunifAPP (’Cd 5) pnonunileT (Kd B)
1T7 7"”7

~ pMT (Karp) = pN T (Karp) =

pnonuni—APP (IC )
7T7

%

r+ 0

7
In this case, the difference between the optimal rates of convergence between uni-
versal and nonuniversal algorithms for multivariate integration and approximation
disappears.

8. SMOOTH PRODUCT KERNELS

So far, we have studied kernels K; with given smoothness whose structure is
unspecified. In this section we assume additional knowledge about the kernel,
namely that K, is of product form. To be precise, we consider

d
(8.1) Ka(x,y) = [[ vy, (25, 95),

Jj=1

where the kernel K., 5 : [0,1]> — R corresponds to the Hilbert space H(K,, g,)
of univariate functions f : [0,1] — R. As before, to guarantee some smoothness of
functions from H(Kg), we assume that for each j = 1,2,...,d, we have K, 5, €
Ki,r,,; for some nonnegative integer r; and some real 3; € [0,1]. This means that
the space H(Kg) is the tensor product of spaces H (K, ;) of univariate functions.
If span{n;1,7;2,...} is an orthonormal basis of H(K,, s,), then span{n;}, with
k = [ki, ko, ... ka] and np(x) = 01k, (21)02,8, (T2) -+ - Na,ky (2a), is an orthonormal
basis of the space H(K,). The space H(K ) consists of functions

F@) = D Chika ka1 (T1) 02,0 (22) -+ Ny ()

o0

: E 2
Wlth ckl,k27~u,kd < 0Q.
k1,k2,....kq=1

Let ICprO d.dr g denote the class of all such kernels K; having the product form
@BI) with K, 3, € K1,,3, for j = 1,2,...,d. We study universal and nonuni-
versal algorithms in the class ICpmd’dfﬁ with fixed ¥ = [r1,72,...,74] and ﬁ =
[B1, B2, ..., 04). The optimal rates of convergence are defined as in (GI) and
([62), the only difference being that the kernels K; are now taken from the class
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K orod.ar g I this way we obtain the optimal rate pProd—INT of convergence for uni-
versal algorithms and pronuni—prod—=INT £ nonuniversal algorithms for multivariate
integration, and correspondingly pPT@d—APP and promuni—prod—APP f4) myltivariate
approximation. As before, pProd—APP (Korod.aimg) < ppmd_INT(ICpm d.ar7)- Using
previously known results, as well as the results of this article, it is easy to establish

the following theorem.

Theorem 3. Let qq := minj—y o __q4{r; +5;}. Then

pprodleT(’CDrOd’d’F’g) — qd.
pnonunifprodleT(’CprOCLdﬁ’B) = 5 + qa,
prod—APP(K:prOdAfﬁ) _ 4,
pnonuni—prod—APP(’Cprod7d7ﬁﬁ) = a-+gqq with a € {ﬁ, %] .
Proof. For universal algorithms, since
ppmd*APP(/Cpmd’dﬁﬁ) < pprOdilNT(K:prod,d,f’,ﬁ)’

it is enough to prove that

prod—INT (IC prodePP(

p
Let j* be such that

prod,d,F,E) S 4d and p prod,d,F,E) 2 dd-

’f‘j* —+ ﬁ]* = j:{{lgi?"d{rj + ﬁ]}

To show that

pprod—INT (IC

consider an arbitrary algorithm @, q(f) = Y.y @inf(®i,) for some a;, € R
and x;,, € D = [0,1]¢ . We now apply this algorithm to the space H(K,) with
d . .
Ka(z,y) = [lj=1 Kr;p;(z,y;), and with an arbitrary K, . g. from Ki,. g,.
and K, g = 1 for all j # j*. For j # j*, we have H(K,, 3,) = span{l},
and H(K,) consists of functions depending only on the j*th variable. Hence,
Qn.a(f) = Yi i ainf(Tin), where z;, ;« denotes the j*th component of the
sample point z; ,, and f is a univariate function from H(K, . .). We now apply
Theorem [[lwith d = 1 and conclude that the optimal rate of convergence is at most
qd-

To prove that gg < ppmd_APP(lerod’Ul’Fﬁ)7 we observe from §4 that H(K,, 5,) C
€735 ([0,1]) and that |l 5, o1y < €Kr, 5,075 B Flln (i, )5 see @D, Fur-
thermore, from §5 we know there are algorithms A7 ; for multivariate approxima-
tion such that

IAPP4(f) = A33 (Pl Lapy) = O (”_(Tj+ﬁj)C(Krj,ﬁj)Hf||H(KTj,ﬁj))-

It is now enough to apply Smolyak’s algorithm (see [I8]), using the univariate
algorithms A7 5 for j = 1,2,...,d as its components. It is known that the error
of Smolyak’s algorithm is of order n~9 times a logarithmic factor log n raised to
a power that is linear in d — 1; see, e.g., [27, Remark 2] and the literature cited
therein. (Further details on various aspects of Smolyak’s algorithm can be found

in [6, [7, [11], 12} 21].) This proves that pprOd*APP(lerOd a.7,3) = 4a, as needed.

prod,d,7, ) < dd»
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The bounds on the optimal rates of convergence for nonuniversal algorithms can
be shown similarly. For multivariate integration, the bound

nonuni—prod—INT (’C

1
p prod.d,r,f) < 5 T dd

follows from the construction of K, as above and from Theorem 2. The opposite
inequality prommi—Prod=INT(IC - 5) > 5 + qa follows from the application of
Smolyak’s algorithm for the univariate algorithms with errors of order n~(1/2+75+5;)
whose existence is established in Theorem 2. For multivariate approximation, we
only need to prove that proruni—prod—APP (Korod.a.m) = 1/(4+4g4) +gq. This again
follows from the application of Smolyak’s algorithm for the univariate algorithms
with errors of order n (47 +0) with a; = 1/(4 + 4(r; + B;)), whose existence is
established in Theorem 2. Since
. 1 _

j—g?-.,d{4+4(Tj +ﬂj) Tt ﬂj} B 4+ 4qq

the result follows. (]

+ qa,

As already mentioned in the Introduction, the number d of variables plays a
much weaker role for product kernels. If we assume that
min min {7; i+ >0,
d=1,2,... j:1,2,...7d{ i+ 0}
then even the optimal rates of convergence for universal algorithms do not suffer
from the curse of dimensionality. This shows that the product structure of re-
producing kernels is a powerful property that breaks the curse of dimensionality
present in the nonproduct case.

9. CONCLUSION AND OPEN PROBLEMS

In this paper we studied the optimal rate of convergence of universal and nonuni-
versal algorithms for multivariate integration and approximation. We considered
functions from a reproducing kernel Hilbert space H(K,;) with an arbitrary Kg,
all of whose partial derivatives up to order r satisfy a Holder-type condition with
exponent 2(. For universal algorithms, the weights and sample points may depend
on d, r and 3, but are independent of the specific kernel K. For nonuniversal algo-
rithms, the weights and sample points may additionally depend on K4. We proved
that for universal algorithms, the optimal rate of convergence is (r + 3)/d for both
multivariate integration and approximation, whereas for nonuniversal algorithms,
the optimal rate of convergence is 1/2 + (r + 3)/d for multivariate integration and
a+ (r+0)/d with a € [1/(4 + 4(r + (8)/d),1/2] for multivariate approximation.
Thus, universal algorithms are applicable to wide classes of functions without a
priori knowledge of the specific form of reproducing kernels, but they suffer from
the curse of dimensionality; i.e., for fixed smoothness r and [, their optimal rate of
convergence goes to zero with increasing d. This is the price we have to pay for uni-
versality. For nonuniversal algorithms, we know the reproducing kernel of a specific
Hilbert space from which the data stem. This knowledge may then be exploited in
the design of an algorithm, and leads to an optimal rate of convergence that does
not suffer from the curse of dimensionality. Unfortunately, in practical applications,
this additional knowledge may often not be available. If r + ( is large relative to
d, then both the universal and the nonuniversal algorithms exhibit approximately
the same optimal rates of convergence.
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We also considered the case of a kernel K; having product structure. This case
is closely related to spaces of bounded mixed derivatives. Then the optimal rates
of convergence of both universal and nonuniversal algorithms for multivariate inte-
gration and approximation only depend weakly on d. Furthermore, if the minimal
smoothness of product kernels does not deteriorate with d, then the curse of di-
mensionality is not present. However, we stress that in all cases, the multiplicative
factors in the order estimates are unknown functions of d, which means that they
could possibly grow exponentially (if not faster).

Finally, let us mention a few open problems.

e We were only able to give bounds on the optimal rate of convergence for
nonuniversal algorithms and multivariate approximation. This involves a
value a from the interval [1/(4 + 4(r 4+ 5)/d), 1/2] in the general case and
[1/(4+4qq),1/2] with g = minj—y _q{r; + £;} in the product kernel case,
respectively. Clearly, if we can improve our estimates of a, then we will
attain tighter bounds.

e In this paper we restricted ourselves to two multivariate problems, namely
integration and approximation. It is natural to study universal (and nonuni-
versal) algorithms for other practically important problems such as partial
differential equations or general linear problems. Such problems are in some
cases closely related to multivariate approximation, and we therefore hope
that it will be possible to apply our multivariate approximation results here
as well.

e As already often mentioned in this article, we do not control the depen-
dence on d of the factors in the order estimates. It is a natural question
to also study this question and to check on the optimal order of universal
algorithms for which the dependence on d of these factors is only polyno-
mial. This problem is related to the problem of tractability that so far
has only been studied for nonuniversal algorithms; see [13] for a survey.
Here, it seems natural to also consider universal algorithms for classes of
weighted spaces, with limited knowledge about smoothness and weights of
reproducing kernels.

e Universality of algorithms may also be studied in the randomized, average
case, and probabilistic settings. To illustrate this point, let us stress that
we have only considered deterministic algorithms in this article. In the
randomized setting, for example, randomized algorithms can be employed,
such as the classical Monte Carlo method for multivariate integration. It
would be natural to study the optimal rate of convergence for both uni-
versal and nonuniversal randomized algorithms in the classes Kg, 3 and
ICprod,d,F,B"

e For multivariate approximation and related problems, it is also reasonable
to consider algorithms that use information that is more general than func-
tion values. An example is given by algorithms that use arbitrary linear
functionals L;(f) for i = 1,2,...,n for some finite n. It would be useful to
determine the optimal rates of convergence for universal algorithms using
this more general information and to compare them to the optimal rates of

convergence obtained in this paper for the classes Ky, 3 and ICprO d.di g

These and similar problems concerning universal and nonuniversal algorithms
will be the subject of future research.
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